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Abstract. Astrophysical reactions proceeding through compound states represent one of the crucial part of
nuclear astrophysics. However, due to the presence of the Coulomb barrier, it is often very difficult or even
impossible to obtain the astrophysicalS (E) factor from measurements in the laboratory at astrophysically relevant
energies. The Trojan Horse method (THM) provides a unique tool to obtain the information about resonant
astrophysical reactions at astrophysically relevant energies. Here the theory and application of the THM for the
resonant reactions is addressed.

1 Physics of the Trojan Horse method or
why and how it works

Here, we describe the physics of the THM which explains
why this method works. The THM, first suggested by Baur
[1] and significantly modified by Spitaleri [2] to make it
workable, involves obtaining the cross section of the binary
process

x + A→ b + B (1)

at astrophysical energies by measuring the Trojan Horse
(TH) reaction (the two-body to the three-body process (2→
3))

a + A→ y + b + B, (2)

in the quasi-free (QF) kinematics regime.

(i) The primary goal of the THM is to determine the
astrophysical factor for rearrangement reactions at astro-
physically relevant energies, at which direct measurements
are impossible due to the very low cross section or dis-
torted by the electron screening. To measure the cross sec-
tion at astrophysical energies one has to overcome the Coulomb
barrier in the initial channel of the binary reaction. In the
THM it is achieved by using the TH particlea = (y x),
which contains one of the initial nuclei,x, of the binary
reaction (1). Thus in the THM in the initial channel one
usesa = (y x) + A rather thanx + A. The price we pay for
this is the presence of three particles in the final state of
the TH reaction,y+b+B, rather than the two-particle final
stateb+ B in the binary reaction. To increase the TH triple
differential cross section the relative kinetic energyEAa in
the initial channel of the TH reaction should be higher then
the Coulomb barrier between particlesA anda. Then the
probability to find nucleusA neara is not suppressed by the
Coulomb barrier, i.e. there is a finite probability thatA can
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be in the proximity ofx. It means that there is no additional
Coulomb barrier betweenA and the constituent particlex
of the TH nucleusa. Usually in literature the TH process
is described as follows: the projectilea (or A), which is
accelerated to an energy above the Coulomb barrierVCB

Aa ,
approachesA (or a) and then breaks down in the vicinity of
A. Particlex then remains interacting withA while y leaves
the scene as a spectator.
(ii) To make this mechanism workable two additional con-
ditions should be fulfilled. First, the QF kinematics (the
relative momentum ofy andx pyx = 0) should be chosen.
It provides the best condition to treaty as the spectator
because it minimizes the interaction betweeny and x by
favoring the maximal distances between these particles. In
addition, the initial relative momentumkaA should be large
enough (typicallykaA > κ

a
y x), so thatA will probe distances

smaller than the distances betweeny andx available in the
QF kinematics. Hereκay x =

√

2µyx εa
yx, µyx is the reduced

mass of particlesy andx, andεa
yx is the binding energy for

the virtual decaya→ y + x.
(iii) Assuming that the TH reaction mechanism is described
by the pole diagram, Fig. 1(a) from [3] (we use here a dif-
ferent notation for the final-state nuclei,y, b andB rather
than s, c and C used in [3]). Then from the energy and
momentum conservation in the three- and four-ray vertices
of the pole diagram we get the basic equation of the TH
reaction:

EAx =
p2

Ax

2µAx
−

p2
yx

2µyx
− εa
yx, (3)

whereEi x andpi x are the relative kinetic energy and
momentum ofi and x. In the QF kinematics (py x = 0)

it reduces toEAx =
p2

Ax

2µAx
− εa
yx. Thus in the THM always

p2
Ax/(2µAx) > EAx. We also can conclude that the binding

energy of the TH nucleusa compensates for the relative
motion x and A making available low and even negative
relative energyEAx.
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Here we need to add one more important comment.
In the QF kinematics there is an unique correspondence
between the incident energyEA of nucleusA and EAx. It
means that, to cover a finiteEAx energy interval, the TH ex-
periments should be performed at different accelerator en-
ergies, what practically is hardly feasible. That is why the
TH experiments were performed at fixed projectile energy
EA but the spectator momentum was allowed to change in
an intervalpy x < κ

a
yx. It allows one to cover enough in-

terval in ExA from astrophysically relevant energies up to
energies where direct data are available. These higher en-
ergies are needed to normalize the TH astrophysical factor
to the direct one.

(iv) There are two important tests of the THM. In the
majority of the previous THM papers, see [4] and refer-
ences therein, the plane wave impulse approximation (PWIA)
was used. Comparison of the experimental momentum dis-
tribution of the spectator with the momentum distribution
of the spectator in a free TH particlea provides the test
of the PWIA. In a more accurate approach the initial and
final state interactions in the TH reaction should be taken
into account.

The second important test of the THM is comparison of
the angular distribution of the fragmentsb andB measured
in the TH reaction with the angular distribution of these
fragments in the binary reaction (1). This test becomes es-
pecially important for resonant binary reactions [5].

(iiv) It is instructive to compare the QF kinematics with
the kinematics of a standard stripping reaction to a bound
state. It will help us to elucidate the difference between the
QF kinematics employed in the THM and the conventional
stripping process. To this end, let us compare the stripping
A(d, n)F reaction in the QF and conventional kinematics.
Assume, for simplicity, thatmA >> md, wheremi is the
mass of particlei.

Then in the QF kinematics,pnp = 0, pp = −kn and the
momentum of the neutronkn =

kd

2 . The energy conserva-
tion in the center of mass (c. m.) of the stripping reaction
is (kdA = kd andknF = kn, ki is the momentum of particle
i)

k2
d

2µA d
+ Q =

k2
n

2µF n
, (4)

we get that in the QF kinematicsEA d ≈ −2 Q. Thus
the QF kinematics can be achieved only for endothermic
reactions, which are stripping to unbound states or loosely
bound states,εa

yx > ε
F
Ax. Note that for the stripping to

the bound stateQ = εF
Ap − ε

d
np and for the stripping to

the unbound stateQ = −EAp − εd
np. In the QF kinemat-

ics the stripping probes the distances between the nucle-
onsrnp > 1/κdnp, i.e. the nucleons in the deuteron are un-
correlated during the stripping and the angular distribution
of the neutron-spectator is forward-peaked independently
on the value of the orbital angular momentum of the res-
onance state inF, which is populated by the transferred
proton.

To consider the classical stripping to the bound state,
we assume, for simplicity, thatEAd >> |Q| andmA >> md.

Then from Eq. (4) we getkn =
kd√

2
. Thus the spectator

momentum is higher by a factor of
√

2 than the one in
the QF kinematics. Hence, the relative momentum of the
nucleons in the deuteron can be large enough (pnp > κ

d
np)

to probe small distancesrnp < 1/κdnp, i.e. the nucleons in
the deuteron in the classical stripping to the bound state
can be correlated.

Fromkd = kn+pp and the requirement thatppR ∼ lAp,
wherepp is the momentum of the transferred proton,lAp

is the orbital angular momentum of the proton bound state
in the final nucleusB = (Ap) and R is the radius ofB,
we find that the angle of the exiting neutron may depend
on lAp: the largerlB, the larger the angle. That is why the
classical stripping to bound states was used and is being
used (for exotic nuclei) as one of the major spectroscopic
tools to determine the orbital angular momentum of the
bound state.

2 Trojan Horse method for resonance
reactions

Astrophysical reactions proceeding through compound states
represent one of the crucial part of nuclear astrophysics.
The THM provides a unique tool to obtain the informa-
tion about resonant astrophysical reactions at astrophysi-
cally relevant energies due to the absence of the Coulomb
barrier in the sub-systemA + x. Let us consider the reso-
nant reactionA+ x→ F → B+b. Its cross section is given
by

σ(EAx) =
π

k2
Ax

ĴF

ĴA Ĵx

ΓBb(EBb)ΓAx(EAx)

(EBb − ER)2 +
Γ2(EBb)

4

∼ 1

k2
Ax

Pli (EAx, r0(Ax)) Pl f (EBb, r0(Bb)), (5)

whereĴi = 2 Ji + 1, Ji is the spin of nucleusi.
We note that such an expression appears in theR ma-

trix approach, where, in contrast to the Breit-Wigner ex-
pression, the resonance widths depend on the energy. Here,
Γi j(Ei j) is the partial resonance width in the channeli + j,
Γ(EBb) = ΓAx(EAx)+ΓBb(EBb) is the total resonance width
andER is the real part of the resonance energy in the chan-
nel B + b.

We took into account that in theR matrix approach
Γi j(Ei j) = 2 Pli j (Ei j, r0(i j)) γ2

i j, wherePli j (Ei j, r0(i j)) is the
barrier penetrability factor in the channeli+ j with relative
orbital angularli j, which depends onEi j and the channel
radiusr0(i j), andγi j is the observable partial reduced width
in the channeli + j. This penetrability factor is the major
obstacle to measure resonant cross sections at astrophysi-
cally relevant energies because atEi j → 0 Pli j (Ei j, r0(i j)) ∼
exp(−2π ηi j), whereηi j = Zi Z j e2 µi j/ki j is the Coulomb
parameter in thei+ j channel,Zi e is the charge of nucleus
i. We use the system of units in which~ = c = 1.

The main advantage of the THM is that its triple differ-
ential cross section does not containPlAx . The TH double
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differential cross section d2σT H

dΩk̂yF
dEyF

has a structure similar

to theR matrix resonant cross section (5). The amplitude
of the TH resonant reaction (2), which takes into account
thea + A scattering in the initial state andy + F scattering
in the intermediate state, is given by [6]

MT H
MA Ma;My MB Mb

(kyF , kBb, kAa)

=

∑

MF

MMF
MB Mb

(kBb) MMyMF ;MA Ma (kyF , kAa)

EBb − ER + iΓ(EBb)
2

(6)

and describes the two-step process. The amplitudeMMyMF ;MA Ma

corresponds to the first step, which is the transfer reaction
A(a, y)F populating the resonance stateF = A+ x = B+b.

The amplitude of the second step

MMF
MB Mb

(kBb) =
2π

√

µBb kBb

∑

S f MS f l f ml f

< S f MS f l f ml f |JF MF >< JB MB Jb Mb|S f MS f >

[ΓBb(S f l f ) (EBb)]1/2ei δS f l f Yl f ml f
(k̂Bb)

(7)

corresponds the resonance decayF → B+b, Mi is the pro-
jection of the spinJi, S f andMS f are the channel spin and
its projection of the resonance in the exit channelB + b,
l f = lBb andml f are the relative orbital angular momen-
tum and its projection of the fragmentsB and b in the
resonance stateF; ki j is the relative momentum of the
real (on-the-energy-shell) particlesi and j; ΓBb(EBb) =
∑

S f l f

ΓBb(S f l f ) (EBb) andΓAx(EAx) =
∑

S ili
ΓAx(S i li)

(EAx), ΓBb(S f l f )(EBb)

andΓAx(S ili)(EAx) are the observable partial widths in the fi-
nal channel (B+ b)(S f l f ) and the initial channel (A+ x)(S ili).

For the resonant reaction the energy conservation is
EAx + Q2 = EBb, whereQ2 = mA + mx − mB − mb, and
ERAx + Q2 = ER, whereERAx is the resonance energy in
the channelA + x. Also δS f l f is the nonresonant scattering
phase shift of the fragmentsB andb in the channel with
givenS f andl f ; Yl f ml f

(k̂Bb) is the spherical harmonics and

k̂ = k/k. MMyMF ;MA Ma is the exact amplitude of the direct
transfer reactiona + A → y + F populating the resonance
stateF = A + x = B + b.

The triple differential cross section of TH reaction in
the reaction c.m. is given by [6]

d3σT H

dΩk̂yF dΩk̂Bb
dEyF

=
µBb µyF µAa

2π5

kBb kyF
kAa

1

Ĵa ĴA
∑

My MB Mb MA Ma

|MT H
MA Ma;My MB Mb

(kyF , kBb, kAa)|2.

(8)

Inserting Eqs. (6) and (7), integrating Eq. (8) over dΩk̂Bb

and using the orthogonality properties of the spherical func-
tions and the Clebsch-Gordan coefficients, we obtain the
TH double differential cross section

d2σT H

dΩk̂yF dEyF
=

1
2π

ΓBb (EBb)

(EBb − ER)2 + 1
4Γ

2(EBb)

×
dσ(A(a,y)F)

dΩyF
. (9)

Here dσ(A(a,y)F)/dΩk̂yF is the differential cross section for
the strippingA(a, y)F to the resonant state

dσ(A(a,y)F)

dΩk̂yF

=
µyF µAa

4π2

kyF
kAa

1

ĴA Ĵa

×
∑

MF My MA Ma

|MMF My;MA Ma (kyF , kAa)|2. (10)

Eq. (9) is the basic one and all the other equations can be
obtained from it. This equation explains the advantage of
the THM for resonant reactions. Comparing the TH dou-
ble differential cross section, Eq. (9), with the binary res-
onant cross section (5) we can see that the presence of
dσ(A(a,y)F)

dΩk̂yF
rather then the resonance width in the entry chan-

nel ΓAx(EAx), which is exponentially small forExA → 0,
makes the TH cross section non-vanishing at astrophysi-
cally relevant energies.

The only, but crucial, difference is that the former con-
tainsdσ(A(a,y)F)

dΩk̂yF
rather than the entry widthΓAx(EAx). To avoid

the impact of theA − a Coulomb barrier on the transfer
reaction cross section in the THM the energyEAa in the
entry channel of the TH reaction is chosen to be above the
Coulomb barrier, i.e.dσ(A(a,y)F)

dΩk̂yF
is not small making it possi-

ble to measure the TH reaction cross section at any small
EAx including EAx = 0 and evenEAx < 0. In the THM
the absolute cross sections are not measured and the free
resonant cross section can be obtained by normalization of
the TH cross section to the available direct measurements
at higher energies assuming thatΓAx(ERAx ) is known. Such
normalization, given by

σR
(A(x,b)B) =

d2σT H

dΩk̂yF dEyF

ΓAx(EAx)
dσ(A(a,y)F)

dΩk̂yF

2π2

k2
Ax

ĴF

ĴA Ĵx
,

(11)

provides the resonant cross section down to astrophysically
relevant energies where direct data are not available or, if
available, may be distorted by the electron screening. We
note that Eq. (11) is the extension of the PWIA by taking
into account the rescattering of the nuclei in the initial and
final states of the transfer reactionA(a, y)F. The momen-
tum distribution of the spectator is given bydσ(A(a,y)F)

dΩk̂yF
.

Another possibility to use the TH data to determine
the resonance cross section is the presence of two isolated
resonances, when only one of them is known from direct
measurements [5]. In this case, by comparing the TH cross
sections of two resonances at resonance energies one can
deduce the strength of the unknown resonance. Since the
TH data are obtained with a finite energy resolution, which
can be significantly larger than the resonance width in the
astrophysically relevant energy region, the energy resolu-
tion should be taken into account when determining the
TH cross section at the resonance energy. The finite ex-
perimental energy resolution can be taken into account by
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folding the TH double differential cross section with, for
example, the Gaussian function whose width is fixed by
the energy resolution (assuming that the experimental en-
ergy resolution∆ EBb is greater than the total resonance
width Γ(ER)) :

d2σT H

dEyF dΩk̂yF

=
1

2π

∫ ER+∆ EBb

ER−∆ EBb

dx

exp

[

−
1
2

( x − EBb

σ

)2] ΓBb(x)
(x − ER)2 + Γ2(x)/4

×
dσ(A(a,y)F)

dΩk̂yF

. (12)

For a narrow resonance we get

d2σT H

dEBb dΩk̂yF

=
ΓBb(ER)
Γ(ER)

×
dσ(A(a,y)F)

dΩy
exp

[

−1
2

(EBb − ER

σ

)2]

. (13)

Assume that there are two isolated resonances and one
of them is known. Then the ratio of the TH experimental
peaks at resonance energies is

dσ(A(a,y)F1)(ER1)

dσ(A(a,y)F2)(ER2)
ΓBb(ER1)
Γ(ER1)

Γ(ER2)
ΓBb(ER2)

=
N1

N2
, (14)

where the right-hand-side is the ratio of the TH cross
sections at the resonance peaks. Note that in the THM only
the relative cross sections are measured.

Eq. (14) allows one to determine the resonance strength
of the unknown resonance from the TH measurements if
the strength of one of the resonances is known [5]. The
resonance strength is given by

(ωγ) =
ĴF

Ĵx ĴA

ΓAx(ER) ΓBb(ER)
Γ(ER)

, (15)

where the first fraction on the right-hand-side is the sta-
tistical factorω. Then from Eq. (14) we can express the
unknown resonance strength in terms of the known one:

(ωγ)1 =
N1

N2

dσ(A(a,y)F2)(ER2)

dσ(A(a,y)F1)(ER1)
ΓAx(ER1)
ΓAx(ER2)

(ωγ)2
ĴF1

ĴF2

. (16)

3 Two interfering resonances. Two-level,
two-channel case

Consider now the two-level, two-channel case. The THM
reaction amplitude in the presence of two interfering reso-
nances in the compound nucleusF takes the form (if nu-
clear spins are neglected) [7]

M(T H) =
∑

τ,ν=1,2

Γ
1/2
bB(τ)(EbB) [L−1]τ νMν(kyF , kaA),

(17)

where L is the level matrix,Γi j(τ)(Ei j) is the partial
width of resonanceτ in the channeli + j, Mτ is the ampli-
tude for the direct transfer reactionx+A→ y+Fτ populat-
ing the compound stateFτ of the systemF = A+a = B+b.
It is a general expression for the double differential cross
section for the TH reaction (2), which proceeds through
the subreaction (1) contributed by interfering resonances.
Eq. (17) is generalization of the two-level, two-channelR
matrix amplitude for the TH reaction.

Correspondingly the double TH differential cross sec-
tion is given by

d2σT H

dEyF dΩk̂yF

=
1

2π

dσA(a,y)F1

dΩkyF

×|
∑

τ,ν=1,2

Γ
1/2
bB(τ)(EbB)[L−1]τν Rν|2, (18)

Rν(kyF , kaA) =
Mν(kyF , kaA)

M1(kyF , kaA)
. (19)

To derive Eq. (18) we took out from the sum amplitude
M1(kyF , kaA) for the transfer reactionA(a, y)F1 populating
the first resonance.

4 Application of the TH for analysis of the
CNO cycle reaction 15N(p, α)12C

15N(p,α)12C is an important CNO cycle reaction and plays
a crucial role in the production chain of the key isotope
19F in AGB stars. Because of its astrophysical relevance
(see [8] and reference therein) it has been subject to both
direct [9–11] and indirect (via the Trojan Horse method
(THM)) [8] investigations to extend our knowledge down
to the Gamow window. A recentR matrix fit to the direct
measurements of this reaction by Zyskind and Parker [9]
and Redder [11] was presented in [12]. In these fits two dif-
ferent sets of data from [11] were used: one that included
the full 71 data points (R71), and one that used the lowest
energy data (R32). TheR matrix fit in [12] to the direct
data yieldsS (0) ≈ 80 MeVb, which is considerably above
the values recommended by all other publications except
for the result from [9], which has a 15% systematic and
8% statistical uncertainty.

Moreover, the reliability of the THM data was ques-
tioned in [12]. The15N(p,α)12C reaction is contributed by
two interfering 1− resonances in16O at 312 and 960 keV.
In [8] the astrophysicalS (E) factor for this reaction was
obtained using the TH reaction15N(d, nα)12C.

New calculations shown in Fig. 1 present compelling
evidence that the THM measures the same cross section
as the direct measurements [13] . The smearing over the
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Fig. 1. (Color online) Black solid line is a 20 keV energy res-
olution folded R matrix fit to THM data (red dots)[8], giving
S (0) = 70 ± 8 MeVb (χ2/N = 1.16) . The parameters of the
fit are given in [13]. The blue solid line is the R matrix fit of the
R32 data (χ2/N = 1.39) obtained with the same parameters as the
solid black line. For comparison, theS (E) factor from Ref. [11]
is given as open squares.

energy resolution affects only the maximum value of the
resonance peak keeping the resonance area the same and
does not affect the low-energy tail. This effect was not in-
cluded in the analysis carried out in Ref. [12], which led
to a different result quoted there. TheS (E) factor folded
with 20 keV energy-resolution and obtained using Eq. (12)
(the black solid line in Fig. 1), where Eq. (18) is used for
the TH double differential cross section with the infinite
resolution, is in a perfect agreement with our THM data.
The total uncertainty of the TH data is 16% [8]. An ad-
ditional 11% comes from the uncertainty of the ratio of
the direct transfer amplitudes corresponding to the popula-
tion of the resonances at 312 and 960 keV, which is caused
by the transfer reaction experimental uncertainties not re-
lated to the TH reaction. Then the total uncertainty of the
TH S (E) factor we estimate to be 19%. Thus we get from
the THM S (0) = 70.0 ± 13.5 MeVb factor, which agrees
with the direct R71 and R32 data fits. A significant part of
theχ2 for the THM data fit comes from the energy region
E > 400 keV, where the contribution from the non-THM
mechanism, sequential decay of13C, becomes significant.
We have verified that the modifiedR matrix approach cor-
rectly describes the THMS (E) factor in the case of reso-
nant reactions. This provides, on one hand, an explanation
of why the THM is working and, on the other, allows one to
deduce a reliableS (0) factor for astrophysical application.

Fig. 2 demonstrates that all the experimental values are
in agreement with each other within the experimental un-
certainties, resulting inS (0) ≈ 62 [10],S (0) = 78±13 [9],
S (0) = 65± 4.0 [11], andS (0) = 68± 11 MeV b [8]. The
compilations by NACRE [14] and Adelberger et al. [15]
recommendedS (0) = 65± 7 andS (0) = 67.5± 4.0 MeV
b, correspondingly, relying on the results from Ref. [11].

5 Reaction 18O(p, α)15N via the THM

The knowledge of the reaction rates for the18O(p, α)15N
reaction can help to pin down the uncertainties, due to nu-
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Fig. 2.Summary of the available astrophysicalS (0) factors of the
15N(p,α)12C reaction.
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Fig. 3. (Color online) The TH excitation function (in arbitrary
units) for the18O(p, α)15N reaction obtained for a fixed scattering
angleθc.m. = 55◦, in the 0−250 keV energy range. A Gaussian fit
(red lines) is used to disentangle the contribution of each peak to
the overall normalized coincidence yield. The black solid line is
the sum of the obtained Gaussian functions and of a straight line
to provide for the nonresonant contribution.

clear physics input, affecting present-day models of asymp-
totic giant branch stars. Its reaction rates can modify both
fluorine nucleosynthesis inside such stars as well as oxy-
gen and nitrogen isotopic ratios, which allow one to con-
strain the proposed astrophysical scenarios. This reaction
is contributed by low-energy resonances at 20, 90, 144 keV
and two higher energy resonances. Due to the very small
penetration factor in the entry channel18O + p it is prac-
tically impossible to observe directly the two lowest res-
onances. That is why the THM is the only method which
allows one to observe the low-energy resonances at 20 and
90 keV and determine their contribution to the reaction
rates. To determine the reaction rates for the18O(p, α)15N
reaction the TH reaction18O(d, nα)15N was used [5] The
low-energy TH spectrum is shown in Fig. 3.
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reaction for the three resonances in the 0 - 250 keV energy range.
The full lines are the theoretical angular distributions for the free
18O(p, α)15N reaction, calculated using the equations from [16].

Only using the THM we could observe the low-energy
resonances. Note that the partial widths of the resonances
are very small and the observed broadening of the widths
in Fig. 3 is due to the experimental energy resolution.

We find that the momentum distribution given by the
Fourier transform of the deuteron bound state wave func-
tion is very close to the one given by the DWBA transfer
cross section atpnp < 40 MeV/c. To test the THM in Fig.
4 we compare the measured from the TH reaction angu-
lar distributions of the fragmentsα − 15N with the calcu-
lated one for the binary reaction18O(p, α)15N proceeding
through the three low-lying resonances.

For the resonance at 144 keV the THM data confirm
the assignmentJπF =

1
2
+
, li = 0 and l f = 1, whereli

andl f are the orbital angular momenta in the initial and fi-
nal states of the resonant reaction. Assuming that the spin-
parity assignments in [5] is correct, we have calculated the
angular behavior of the differential cross sections for the
resonances at 20 and 90 keV. Agreement of these calcu-
lations with the experimental angular distributions deter-
mined from the TH reaction confirmed the validity of the
assignments in [5]:JπF =

5
2
+
, li = 2 andl f = 3 for the

resonace at 20 keV andJπF =
3
2
+
, li = 2 andl f = 1 for the

90 keV resonance.
In [5] using Eq. (16) the resonance strengths for the 20

and 90 keV resonances were determined and the reaction
rates for the18O(p, α)15N reaction were calculated.
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