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Abstract. One of the most important characteristics of a two-body interaction is existence and properties of its
bound states or resonances. When the interaction is used in a few- or many-body calculation they also strongly
influence the properties of the few- or many-body system. We investigate the dependence of the three-body
resonance properties in the K̄NN system on the different models of K̄N interaction, providing one or two poles
for Λ(1405) resonance. The K̄NN − πΣN system is described by coupled-channel Faddeev equations in AGS
form, our two-body K̄N − πΣ interaction models reproduce all existing experimental data on K−p scattering and
K−p atom level shift.

1 Introduction

Kaonic atoms and, especially, possibility of kaonic nuclear
clusters formation attracted large interest recently. Had-
ronic nuclei are useful tools for studying hadron-nucleon
interactions and in-medium properties of hadrons. Among
K̄– nuclear systems, the study of three-body “exotic” sys-
tems offers the advantage that Faddeev equations [1], ex-
actly describing the dynamics of few particles, provide.
The history of the lightest possible antikaon-nucleus sys-
tem, K−pp, started by theoretical prediction made in [2]
with values of 48 MeV and 61 MeV for the binding energy
and the decay width, respectively. The first experimental
evidence for a bound state K−pp state was observed by
FINUDA collaboration at DAΦNE [3] through its decay
into back-to-back Λ-proton pairs. The deduced binding en-
ergy (115 MeV), but not the width (67 MeV), differs con-
siderably from the theoretical prediction of [2]. In [4] the
first genuinely three-body K̄NN − πΣN coupled-channel
Faddeev calculation was performed in search for quasi-
bound states in the K−pp system. Since that, many theo-
retical works and some experimental evidences appeared.
The most recent information about current situation in K̄–
nuclear field can be found, say, in [5].

One of the most important characteristics of a two-
body interaction is the existence and properties of its bound
states or resonances. When the interaction is used in a few-
or many-body calculation they also strongly influence the
properties of the few- or many-body system. For the ba-
sic for K̄– nuclear systems K̄N interaction Λ(1405) is the
resonance, which plays an important role.

2 Λ(1405) resonance and K̄N − πΣ system

It is known, that K̄N is strongly coupled to the πΣ channel
through the Λ(1405) resonance. However, already the na-
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ture of the resonance is a question. A usual assumption is
that it is a resonance in πΣ and a quasi-bound state in K̄N
channel. There is also an assumption suggested by a chi-
ral model, that the bump, which is usually understood as
Λ(1405) resonance, is an effect of two poles (see e.g. [6]).

Experimental K̄N data are imprecise, old or controver-
sial. The data on cross-sections of elastic and inelastic scat-
tering with K−p in the initial state are old and have large
errors, while threshold branching ratios of K−p scattering
were measured more accurately. Another source of knowl-
edge about K̄N is kaonic hydrogen atom. Several experi-
ments were performed for measuring 1s level shift caused
by strong K̄N interaction. The two recent ones are KEK [7]
and DEAR [8] results. More recent DEAR value of 1s level
shift and width significantly differs from the older KEK re-
sult. It has smaller errors, but is inconsistent with the scat-
tering K−p data as was shown in [9,10].

Our aim was to construct two versions of phenomeno-
logical coupled-channel K̄N − πΣ potential having one- or
two-pole form for Λ(1405) resonance and, if possible, si-
multaneously reproducing all other experimental data: the
level shift and width of kaonic hydrogen 1s level (KEK or
DEAR values), K−p threshold branching ratios, elastic and
inelastic K−p scattering. For proper description of kaonic
hydrogen atom we directly included Coulomb interaction,
which breaks isospin symmetry, into the calculations. One
more isospin-breaking effect was using of physical masses.

The total potential acting in K̄N − πΣ system consists
of Coulomb Vc and strong Vs parts

Vtot = Vc + Vs. (1)

The strong part Vs of the potential is separable, in momen-
tum representation it has a form:

Vαβ
Ii,I j

(kα, k′β) = λ
αβ
Ii,I j

gαIi
(kα) gβI j

(k′β). (2)

Here Ii is a (non-conserving) two-body isospin, α is a chan-
nel index: α = K (K̄N-channel) or π (πΣ-channel). Param-
eters λαβIi,I j

were fitted to reproduce K−p experimental data.
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For the one-pole form of Λ(1405) we used Yamaguchi
form-factors:

gαIi
(kα) =

1
(kα)2 + (βαIi

)2 (3)

for both particle channels. We assumed Λ(1405) as a res-
onance in πΣ and a quasi-bound state in K̄N channel. So,
calculation of the pole position was done at physical sheet
for K̄N and non-physical sheet for πΣ channel.

For the two-pole case we assumed that there are two
resonances in πΣ channel. One of them, as before, orig-
inates from a bound state in K̄N channel, the other one
from a resonance in πΣ channel (with K̄N − πΣ coupling
switched off). It is known that in one-channel case one-
term separable potential with Yamaguchi form-factors (3)
and real strength parameters can not describe a resonance.
So, in order to have a resonance in the uncoupled πΣ chan-
nel, for two-pole Λ(1405) case we used πΣ form-factors in
the following form:

gαIi
(kα) =

1
(kα)2 + (βαIi

)2 +
s (βαIi

)2

[
(kα)2 + (βαIi

)2
]2 , (4)

while for the K̄N channel here we used Yamaguchi form-
factors (3). Both poles are once more situated at physical
sheet for K̄N and non-physical sheet for πΣ channel.

All physical values for data fitting were obtained by
solving coupled-channel Lippmann–Schwinger equations
with direct inclusion of Coulomb potential. Thus, the ob-
tained resonances are dynamically generated ones. It is
necessary to note, that energies of atomic (kaonic hydrogen
1s level) and nuclear (one- and two-pole Λ(1405)) states
were obtained from the same system of equations. Details
of the formalism can be found in [11].

2.1 Experimental data

2.1.1 Kaonic atom

The K−p atomic 1s level shift ∆E1s and width Γ1s mea-
sured in the KEK experiment [7]

∆EKEK
1s = −323 ± 63 ± 11 eV, (5)

ΓKEK
1s = 407 ± 208 ± 100 eV (6)

and in the DEAR collaboration experiment [8]

∆EDEAR
1s = −197 ± 37 ± 6 eV, (7)

ΓDEAR
1s = 249 ± 111 ± 30 eV (8)

sufficiently differs from each other. We tried to reproduce
one of these values within 1σ interval. We would like to
stress, that in our approach there is no intermediate refer-
ence to K−p scattering length when reproducing the level
shift and the width. Of course, after finding a set of poten-
tial parameters we can calculate a strong scattering length,
which exactly corresponds to the obtained 1s level shift
∆E1s and width Γ1s.

2.1.2 K−p scattering cross-sections

Elastic and inelastic total cross sections with K−p in the
initial state were measured in [13–17] (we did not take into
consideration data from [18] with huge error bars). It is in-
teresting, that there are no comments about non-existence
of the total elastic cross-sections (except [9] and [10]) due
to the singularity of the pure Coulomb transition matrix Tc,
while the “total elastic” cross-sections are plotted by al-
most every author of K̄N interaction models. Having Cou-
lomb interaction directly included into the calculations we
could not ignore the problem. We defined “total elastic”
K−p cross-section following the experimental works [13,
18]. Namely, the total cross-sections were obtained by in-
tegrating differential cross-sections in the −1 ≤ cos θ ≤
0.966 region instead of −1 ≤ cos θ ≤ 1.

2.1.3 Threshold branching ratios

Three threshold branching ratios of K−p scattering were
measured rather accurately [19,20]. One of them is

γ =
Γ(K−p→ π+Σ−)
Γ(K−p→ π−Σ+)

= 2.36 ± 0.04 . (9)

We oriented on the medium value

γ = 2.36. (10)

The other two ratios Rc and Rn, containing K−p → π0Λ
cross-sections,

Rc =
Γ(K−p→ π+Σ−, π−Σ+)

Γ(K−p→ all inelastic channels)
= 0.664 ± 0.011,

Rn =
Γ(K−p→ π0Λ)

Γ(K−p→ neutral states)
= 0.189 ± 0.015, (11)

could not be used in a straightforward way because we
did not include π0Λ channel directly into our calculations.
However, the effect of the channel was effectively taken
into account by allowing λ1

K̄N,K̄N
parameter to have non-

zero imaginary part (it significantly improved the agree-
ment with the experimental cross-sections). It is easy to
find from the measured K−p threshold branching ratios γ,
Rc, and Rn, that relevant weight of π0Λ channel at K−p
threshold among all possible inelastic channels is approxi-
mately equal to 6%. So, the introduced imaginary part only
slightly breaks unitarity in contrast to what happens when a
one-channel complex K̄N potential is used, approximately
accounting for the main inelastic πΣ channel.

From existing Rc and Rn we constructed a new thresh-
old branching ratio:

RπΣ =
Rc

1 − Rn (1 − Rc)
= 0.709 ± 0.011 . (12)

We tried to reproduce the medium value

RπΣ = 0.709. (13)

03018-p.2
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Fig. 1. The calculated pi-Sigma elastic cross-sections in different charge channels: (a) π0Σ0 (proportional to purely I = 0) cross-sections
given by the one-pole and two-pole Λ(1405) potentials, (b) three charge channel cross-sections for the one-pole potential. The vertical
line marks the medium PDG mass MPDG

Λ = 1406.5 MeV of the resonance [12].

2.2 Two-body results

The best sets of the obtained parameters for the one- and
two-pole Λ(1405) can be found in [11]. Some physical
characteristics of the obtained potentials are shown in Ta-
ble 1: pole positions z1 and z2 (obviously, z2 exists in two-
pole variant of the potential only), 1s kaonic hydrogen le-
-vel shift ∆E1s and width Γ1s. Threshold branching ratios
γ (10) and RπΣ (13) are reproduced exactly in both cases.
Having complete set of potential parameters it is possible
to calculate the strong K−p scattering length correspond-
ing to the given ∆E1s and Γ1s exactly. The aK−p for both
potentials are also shown in the Table 1.

Table 1. Physical characteristics of the obtained one-pole and
two-pole potentials: pole positions z1 and z2, level shift ∆E1s and
width Γ1s of kaonic hydrogen, and corresponding exact strong
scattering length aK− p. Threshold branching ratios (10) and (13)
are reproduced exactly.

one-pole Λ(1405) two-pole Λ(1405)

z1 (MeV) 1409 − i32 1412 − i32
z2 (MeV) − 1380 − i105
∆E1s (eV) −396 −407
Γ1s (eV) 370 476
aK− p (fm) −1.07 + i0.59 −1.08 + i0.76

The first pole positions z1 for both versions of the po-
tential have close real parts and the same imaginary ones,
however, all three numbers differ from the PDG data for
mass and width of Λ(1405) resonance:

M PDG
Λ = 1406.5 ± 4.0 MeV, (14)

Γ PDG
Λ = 50.0 ± 2.0 MeV. (15)

The characteristics of the two poles z1 and z2 in the two-
pole Λ(1405) version are the same as in chiral-based po-
tentials: one of them has less mass and larger width, while
the other is heavier with narrower width.

It is not absolutely clear, how to relate the obtained po-
tentials to the shape of the Λ(1405) resonance. The exper-
imental shape of the resonance is deduced from missing
mass experiments since direct πΣ data are not available.
However, their relation to the pole structure of the two-
body T -matrix is not trivial and needs further investigation.
Examples of this interpretation ambiguity are shown in
Fig. 1, where elastic πΣ cross-sections in different charge
channels are plotted. It can be seen, that from the shapes of
these curves it would be hard to deduce unambiguously
the resonance parameters, given in Table 1. The impor-
tant fact here is that cross-sections for different charged
states in Fig. 1(b) are plotted for the one-pole version of the
Λ(1405) resonance. It proves, that difference in shapes and
maxima hight, seen at the figure, has nothing in common
with two-pole structure of the resonance in K̄N system.

Our results for the cross-sections with best set of the
obtained parameters with one-pole and two-pole Λ(1405)
are presented in Fig. 2: the elastic K−p → K−p cross-
section and inelastic K−p → K̄0n, K−p → π+Σ−, K−p →
π−Σ+, and K−p → π0Σ0 cross-sections are compared with
existing experimental data [13–17]. It is seen, that both ver-
sions of the potential are equally good in describing the ex-
perimental data within the experimental errors. Due to this
fact, unfortunately, it is not possible to give preference to
one of the Λ(1405) versions.

We plotted also the obtained parameters of kaonic hy-
drogen (Γ1s, |∆E1s|), shown in Table 1, together with the
experimental 1σ regions of KEK and DEAR results, see
Fig. 3. It is seen, that obtained ∆E for the one-pole ver-
sion is situated inside the KEK region, while for the two-
pole variant it is slightly outside. Both values are close
to each other, they definitely prefer the largest values of
KEK |∆E|. All our attempts to move the shift values to the
DEAR region led to drastic worsening of the agreement
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EPJ Web of Conferences

Fig. 2. Comparison of the obtained theoretical cross-sections (lines) with experimental data [13–17] (points). Solid lines: calculation
with one-pole Λ(1405) resonance, dashed lines: calculation with two-pole Λ(1405) resonance.
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with the experimental cross-sections. From this fact we do
the same conclusion as did authors of [10]: the DEAR data
on kaonic hydrogen measurements are inconsistent with
the existing scattering data.

As for the widths, both are situated inside KEK 1σ
limits, while the one-pole potential gives Γ1s also inside
DEAR, closely to its highest possible value. The important
fact is that the obtained theoretical values of Γ1s for the two
versions of potentials have rather large difference. But, un-
fortunately, the accuracy of KEK results does not allow to
make a unique selection between them.

Fig. 3. DEAR and KEK 1σ confidence region of kaonic hydro-
gen 1s level shift |∆E| (absolute value) and width Γ. The obtained
theoretical results for the one-pole (solid circle) and two-pole
(empty circle) variants of the potential are shown. The results
of other theoretical models are also depicted: [9] (solid square),
[10] (empty sqare), and [21] (empty triangle).

For comparison we plotted also the results of other
theoretical models: [9], [10], and [21]. The first two val-
ues of (Γ1s, |∆E1s|) were obtained from the K−p scatter-
ing lengths using approximate formula from [22], which in
what follows will be called “corrected Deser-Trueman for-
mula” (cDT). The third value was calculated directly. The
chiral potential [10], aiming to reproduce mainly the K−p
scattering data, have the result (corresponding to the best
aK−p value in the full approach) impressively close to our,
though the correctness of it is limited by the cDT formula
accuracy.

The differences of the exact K−p level shifts and widths,
obtained from our potentials, from results provided by ap-
proximate formulae are demonstrated in Table 2. The ap-
proximate Deser-Trueman (DT) [23] and corrected Deser-
Trueman [22] values for the shift and width were obtained
using our exact scattering length given in the Table 1. It is
seen, that DT formula [23] gives very inaccurate result for
both characteristics of kaonic atom: the absolute value of
the level shift and the width are overestimated. The same
result was obtained with several model one-channel com-
plex K̄N potentials in [24]. The widely used nowadays

Table 2. Kaonic hydrogen 1s level shift ∆E (eV) and width Γ
(eV), corresponding to the obtained scattering length: exact ([11]
and this work), derived from Deser-Trueman formula [23], and
from corrected Deser-Trueman formula [22].

one-pole Λ(1405) two-pole Λ(1405)

∆Eexact
1s −396 −407

Γexact
1s 370 476
∆EDT

1s [23] −441 −445
ΓDT

1s [23] 486 626
∆EcDt

1s [22] −395 −411
ΓcDt

1s [22] 338 434

cDT formula gives rather accurate result for the shift, but
underestimates the width of 1s level by 9 − 10%.

We see that one- and two-pole versions of our poten-
tial reproduce experimental cross-sections equally well, by
construction they exactly reproduce threshold branching
ratios γ and RπΣ . The obtained values of the kaonic hydro-
gen level shift ∆E1s in both versions of Λ(1405) resonance
are close to each other. There is rather large, more than 100
eV, difference between the K−p widths Γ1s. More precise
experimental data on K−p atom, for example, from forth-
coming SIDDHARTA experiment [25] could choose one
of the variants of Λ(1405) structure. However, at the mo-
ment it is not possible to draw conclusions about “nature”
of Λ(1405) resonance.

One possible way to clarify the situation is to perform a
few- or many-body calculation using two versions of K̄N−
πΣ potential as an input. Having this in mind, we repeated
our calculations of K̄NN − πΣN system [4] looking for
three-body poles in it. As before, coupled-channel Faddeev
equations in AGS form [26] were solved.

3 Three-body poles in K̄NN − πΣN system

3.1 Coupled-channel AGS equations

Original three-body Faddeev equations in the Alt-Grass-
berger-Sandhas (AGS) form [26]

Ui j = (1 − δi j)G−1
0 +

3∑

k=1

(1 − δik) Tk G0 Uk j (16)

define unknown operators Ui j, describing the elastic and
re-arrangement processes j + (ki) → i + ( jk). The inputs
for the AGS system of equations (16) are two-body T -
matrices, immersed into three-body space. The operator
G0 is the free three-body Green’s function. Faddeev par-
tition indices i, j = 1, 2, 3 denote simultaneously an inter-
acting pair and a spectator particle. When the initial state is
known, as is usually assumed, the system (16) consists of
three equations. Direct inclusion of the πΣN channel leads
to the coupled-channels equations:

Uαβ
i j = δαβ (1−δi j)

(
Gα

0

)−1
+

3∑

k,γ=1

(1−δik) Tαγ
k Gγ

0 Uγβ
k j , (17)
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where additional “particle” indices α, β = 1, 2, 3 are intro-
duced in addition to the usual Faddeev indices, see Table 3.

Table 3. Interacting two-body subsystems for three partition (i)
and three ‘particle’ channel (α) indices. The interactions are fur-
ther labelled by the two-body isospin values, entering the AGS
equations with total three-body isospin I = 1/2.

i \ α 1 (K̄NN) 2 (πΣN) 3 (πNΣ)

1 NN I=0,1 ΣN I= 1
2 ,

3
2

ΣN I= 1
2 ,

3
2

2 K̄N I=0,1 πN I= 1
2 ,

3
2

πΣ I=0,1

3 K̄N I=0,1 πΣ I=0,1 πN I= 1
2 ,

3
2

All operators in Eq. (17) act in this additional “particle”
space. The two-body T -matrices have the following form:

T1 =


T NN

1 0 0
0 TΣN

1 0
0 0 TΣN

1

 , (18)

T2 =


T KK

2 0 T Kπ
2

0 T πN
2 0

T πK
2 0 T ππ

2

 , (19)

T3 =


T KK

3 T Kπ
3 0

T πK
3 T ππ

3 0
0 0 T πN

3

 , (20)

where T NN
i , T πN

i and TΣN
i are the usual one-channel two-

body T -matrices in three-body space, describing NN, πN,
and ΣN interactions, respectively. The T KK

i , T ππ
i , T πK

i , and
T Kπ

i are elements of the coupled-channel T -matrix, found
in the previous section. The free Green’s function is diag-
onal in channel indices: Gαβ

0 = δαβ Gα
0 , while the transition

operators Uαβ
i j have the most general form.

As in the previous calculation, we use a one-term sep-
arable form for K̄N − πΣ and ΣN two-body potentials:

Vαβ
i,I = λ

αβ
i,I |gαi,I〉〈gβi,I | , (21)

which leads to a separable form of T -matrices:

Tαβ
i,I = |gαi,I〉ταβi,I 〈gβi,I | , (22)

while for NN interaction a two-term separable potential
was used:

VNN =

2∑

m=1

|gm(NN)〉 λm(NN) 〈gm(NN)| (23)

with

TNN =

2∑

m,n=1

|gm(NN)〉τmn(NN)〈gn(NN)| . (24)

The relations (22) and (24) allow to introduce new tran-
sition and kernel operators Xαβ

i j,IiI j
and Zαβ

i j,IiI j
, correspond-

ingly, and rewrite the AGS system (17). The number of

equations in the system on new unknown operators Xαβ
i j,IiI j

is defined by the number of possible form-factors g. Thus,
in contrast to the previous calculation, after antisymmetri-
zation our system consists of 10 equations due to the two-
term TNN .

As before, to solve the homogeneous system we trans-
form the integral equations into algebraic ones and then
search for the complex energy at which the determinant
of the kernel matrix becomes equal to zero. We are look-
ing for a three-body pole, the real part of which is situated
between the K̄NN and πΣN thresholds, corresponding to
a resonance in the πΣN channel and a quasi-bound state
(a bound state with non-zero width) in the K̄NN channel.
Therefore, we work on the physical energy sheet of chan-
nel one and on an unphysical sheet of the second channel.

3.2 Two-body input

The separable potential (21), in momentum representation,
has a form:

Vαβ
i,Ii

(kαi , k
′β
i ) = λ

αβ
i,Ii
gαi,Ii

(kαi ) gβi,Ii
(k′βi ). (25)

Not only basic K̄N−πΣ interaction was changed during the
calculations, other two-body inputs were also improved.
We once more neglected the πN interaction since its dom-
inant part is in the (3,3) p-wave channel.

3.2.1 K̄N − πΣ potential

We used one- and two-pole versions of the coupled-chan-
-nel potential described in Section II. Here we do not use
Cou-lomb part of the interaction. Values for binding ener-
gies of the quasi-bound state in K̄NN system (50-70 MeV)
obtained in our calculations [4] show, that Coulomb inter-
action plays a minor role and safely can be omitted. Thus,
only strong part Vs of the obtained in Section II potential
was used during tree-body calculation.

3.2.2 NN potential

In comparison with our previous three-body calculations
we used also a new NN potential [27]. The potential has
two terms:

VNN(k, k′) =

2∑

i=1

gi(NN)(k) λi(NN) gi(NN)(k′) , (26)

it reproduces Argonne NN v18 phase shifts and therefore
has repulsion at short distances, see Fig. 4. Two versions of
the potential (“A” and “B”) differing by form-factors were
used:

gA
i(NN)(k) =

2∑

m=1

γA
im

(βA
im)2 + k2

, i = 1, 2 (27)

gB
1(NN)(k) =

3∑

m=1

γB
1m

(βB
1m)2 + k2

, gB
2(NN)(k) =

2∑

m=1

γB
2m

(βB
2m)2 + k2

.

03018-p.6
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Fig. 4. 1S 0 pp phase shifts for two versions of the NN poten-
tial [27] (lines) in comparison with those of Argonne v18 poten-
tial (solid circles).

The potential reproduces the following scattering length
and effective radius:

aA(pp) = 16.553 fm, rA
eff(pp) = 2.845 fm, (28)

aB(pp) = 16.558 fm, rB
eff(pp) = 2.880 fm. (29)

3.2.3 ΣN(−ΛN) interaction

It was shown in [4], that this interaction has rather small
influence on the three-body results. However, in order to
be consistent we constructed new version of ΣN interac-
tion in such a way, that it reproduces existing experimental
data [29–33]. As before, a separable potential (25) with
Yamaguchi form-factors

gΣN
I (k) =

1
k2 + (βΣN

I )2
(30)

was used for the two isospin states.
The parameters of the I = 3/2 ΣN interaction were

fitted to the Σ+ p→ Σ+ p cross-sections. It is a one-channel
interaction, so λI=3/2 parameter is real.

Another situation is in I = 1/2 state because it is cou-
pled with ΛN channel. Due to this we started by construct-
ing a coupled-channel potential of the ΣN − ΛN interac-
tion, were all λ parameters are real. This coupled-channel
I = 1/2 ΣN − ΛN together with I = 3/2 ΣN reproduces
Σ−p → Σ−p, Σ−p → Σ0n, Σ−p → Λn, and Λn → Λn
cross-sections. After this we obtained an equivalent to the
coupled-channel ΣN−ΛN optical potential for one-channel
I = 1/2 ΣN interaction. The scattering lengths for the dif-
ferent isospin states are:

aΣN
3/2 = 1.95 fm, aΣN

1/2 = −2.40 + i 0.85 fm. (31)

3.3 Three-body results

The preliminary results of the three-body calculations for
the one-pole version of K̄N − πΣ potential:

z1pole
NN(A) = −29.63 − i 47.31 MeV (32)

z1pole
NN(B) = −30.90 − i 47.38 MeV (33)

and for the two-pole version:

z2pole
NN(A) = −59.50 − i 41.13 MeV (34)

z2pole
NN(B) = −59.66 − i 41.31 MeV (35)

show very small difference between results obtained with
“A” and “B” versions of NN interaction. However, differ-
ent pole structure of the K̄N −πΣ interaction seems having
large influence on the three-body pole positions. This find-
ing is opposite to what we have seen in two-body case,
where all experimental data were reproduced by these two
versions of K̄N − πΣ interaction indistinguishably well.
More detailed calculation is in progress.
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