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Abstract. The brief description of a new approach based on the Wave-Packet Continuum Discretization
method recently developed by the present authors towards solving few-body quantum scattering problems is
given. The formalism uses the complete continuum discretization scheme in terms of the momentum stationary
wave-packet basis, which leads to formulation of the scattering problem on a lattice in the momentum space.
The solution of the few-body scattering problem can be found in the approach from linear matrix equations with
non-singular matrix elements, averaged on energy over lattice cells.

1 Introduction

For last decades a lot of different methods for treatment
of the few-body scattering problems have been developed.
Along with effective direct techniques for solving Faddeev
and Faddeev–Yakubovskyscattering equations [1–4], many
alternative approaches usingL2 type wave functions for
a description of processes in continuum have been pro-
posed [5–13]. Nowadays suchL2 methods become very
actual because most of them allow to formulate the scat-
tering problems in terms of matrix equations and make the
solution of few-body scattering to be quite similar to the
treatment of bound state problems. So the development of
L2-type techniques is a very perspective way on which the
few-body scattering problems could be treated most effec-
tively and with the usage of even modern PC instead of
powerful supercomputers. However the main part of exist-
ing L2 methods could not be treated as universalL2 formal-
ism for the quantum few-body scattering theory and most
of them are used in particular cases only.

Few years ago the present authors have developed a
new approach to solving few-body scattering problems
based on the complete discretization of few-body continu-
ous spectrum [14–17]. We constructed universal formalism
for such a discretization, which uses the stationary wave
packets, i.e.L2 functions, instead of the exact scattering
wave functions. This leads to formulation of the scatter-
ing theory on the lattice in the momentum space. In such
an approach, finite-dimensional (f.-d.) approximations for
basic scattering-theory operators have been obtained and
matrix analogs for the scattering equations have been con-
structed. The approach have recently been tested for the
elastic scattering and breakup of a composite projectiles
scattered off heavy targets (with neglecting the stripping
processes), where a perfect agreement with the conven-
tional Continuum Discretized Coupled Channel method
(CDCC) method have been found [14]. Further, the method
has been successfully applied to the solution of the Fad-
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deev equations forn−d scattering above the three-nucleon
breakup threshold [16]. Very recently some new method —
the Discrete Spectral Shift (DSS) formalism has been de-
veloped on the base of the lattice approach. This approach
allows to find observables for the multi-channel scattering
problems from the one-fold diagonalization of the Hamil-
tonian matrix without solution of any scattering equations
[18].

Here we briefly outline main features and results of the
wave-packet approach. The present paper is organized as
follows. In the section II we introduce the generalized sta-
tionary wave-packet basis and describe different ways how
to extract scattering information from the total Hamilto-
nian matrix in such a basis. We define the DSS formal-
ism and construct the total resolvent f.-d. representation.
In the section III, we generalize the above technique to
the solution of multi-channel scattering problem. Three-
and few-body lattice bases are defined in the Section IV,
where wave-packet scheme for solving general three- and
few-body problems is derived. Brief conclusion is given in
Section V.

2 Two-body scattering problem

2.1 Introduction of the lattice basis

Let’s define the lattice wave-packet basis corresponding to
the discretization of the continuous spectrum of the free
Hamiltonianh0. By the discretization procedure, the con-
tinuum of h0 is confined within the maximal valueEmax
and the interval [0, Emax] is divided into a finite number of
non-overlapping energy bins [ǫi−1, ǫi]N

i=1 (with E0 = 0 and
EN = Emax)1 with widths Di ≡ ǫi − ǫi−1. Each such en-
ergy bin corresponds to the momentum (or wave number)
interval [qi−1, qi] with the widthdi = qi − qi−1 on momen-
tum axisq, whereq =

√

2µǫ andµ is the reduced mass.

1 Here we assume that the valueEmax is sufficiently large to
provide a proper solution of the discussed problem.
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Consider further a complete set of theh0 continuum states
|ψ0q〉 (plane waves), which are normalized according to the
Diracδ-function on the momentum valueq. The set offree
stationary wave packets (WPs) is defined as integrals of
the plane waves (corresponding to thefree motion) over
the above momentum bins:

|xi〉 =
1
√

Bi

∫ qi

qi−1

dq f (q)|ψ0q〉, i = 1, . . . ,N, (1)

where f (q) is some weight function andBi are normaliza-
tion factors, directly interrelated to each other

Bi =

∫ qi

qi−1

dq| f (q)|2. (2)

The main advantage of the integration in eq. (1) is that
wave-packet functions belong toL2-space, i.e. they are
normalizable in a usual sense (similarly to bound state
functions) and vanishing at infinity in contrast to the ini-
tial plane waves. Thus, wave-packet functions belong to a
Hilbert space. Different choices of weight function lead to
different sets of WPs. In our previous calculations [14–17],
we used two types of these states:

(i) energy wave-packets with weight functionsf (q) =
√

q
µ
,

(ii) momentum wave-packets with constant weight func-
tion f (q) = 1.

It should be mentioned that nevertheless different weight
functions, both type of WP states are orthogonal to each
other for different bins while the overlap of energy and
momentum WP functions on the same bin is very close
to unity (the difference from unity goes to zero when the
bin width decreases). So, two type of basis functions are
very close one to another. It is rather convenient to use en-
ergy WPs for spectral expansions of the operators, while
the momentum ones have analytical expressions and are
very useful in calculation of interaction potential matrix
elements [14–17].

In the Fig.1 coordinate behaviors of the free momen-
tum packets (for angular momentumL = 0)

xi(r) =

√

2
π

sin(qr)
r

sin(dir/2)
dir/2

(3)

for cases of broad, intermediate and narrow bins are given.
Here q is the bin midpoint anddi is the bin width. It is
evident that theseL2-type functions are not vanishing at
very far asymptotic region up toqr ∼ 200. Thus, the wave-
packet basis is very suitable for the expansion of contin-
uous spectrum wave functions. This long-range behavior
of the basis functions plays a crucial role in the three-body
scattering, especially above the breakup threshold, because
it provides a proper overlapping between basis functions in
different Jacobi-coordinate sets.

General properties of WPs have been considered in de-
tails previously [14–17]. They form an orthonormal set.
Approximations for operators in the Wave-Packet Subspace
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Fig. 1. The coordinate behavior of the dimensionlesss-wave WP
function rxi(r) for different values of the bin widthdi (in ratio
to the momentum valueq): di/q = 0.25 (a),di/q = 0.1 (b) and
di/q = 0.05 (c).

(WPS) are defined by the applying the following projection
operator

p =

N
∑

i=1

|xi〉〈xi|. (4)

We will denote finite-dimensional (f.-d.) representations
for the basic scattering operators in WPS by gothic letters.

Direct interrelation between WP’s and plane wave func-
tions allows to find explicit analytical expressions for a
projection of any operator which has an explicit functional
dependence ofh0. For this purpose, a spectral expansion of
the operator should be used.

The most useful property of the WP basis for solu-
tion of scattering problems is the finite-dimensional rep-
resentation for the resolvent of free Hamiltoniang0(E) =
[E + i0− h0]−1:

g0(E) ≡ pg0(E)p =
N
∑

i=1

|xi〉gi(E)〈xi|. (5)

Here the corresponding complex-valued eigenvaluesgi(E)
have the following form:

gi(E) =
1
Bi

∫ qi

qi−1

dq
| f (q)|2

E + i0 − q2

2µ

. (6)

and can be evaluated analytically for the momentum and
energy WP states [15,17]. It is clear that the imaginary
part of the eigenvalues doesn’t vanish only in a single inter-
val with i = k to which the respective on-shell momentum
value q belongs, i.e.q ∈ [qk−1, qk]. Although the eigen-
value (6) has logarithmic singularities ifq is equal to one
of the singular bin endpoints, the finite-dimensional (f.-
d.) representation (5) for the free resolvent with eigenval-
ues (6) can be used directly to obtain scattering observ-
ables (we assume that energyE does not coincide with any
energy-bin endpoint [17] in that case). But usually the ad-
ditional averaging-on-energy procedure is applied to the
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eq.(6) leading to the free resolvent representation which
has no singularities at all on the real energy axis [17].

In the few-body case, few-body wave-packet bases are
constructed as direct productions of two-body ones. Si-
multaneously few-body momentum space become a dis-
cretized one. Thus, implementation of the WP basis is sim-
ilar to the formulation of the few-body scattering problem
in the multi-dimensional momentum lattice. That is why
we call our wave-packet basis as the lattice one.

2.2 Discrete spectral shift formalism: scattering
observables from the simple diagonalization .

Using the finite-dimensional WP analog (5) for the free
resolvent one can derive easily a matrix scheme for WP
solution of the Lippmann–Schwinger equation for the total
Hamiltonian

h = h0 + v, (7)

wherev is the short-range interaction potential from [15,
17]. But for the simple one-channel interaction there is
another possibility of extracting scattering information di-
rectly from the diagonalization procedure for the Hamilto-
nian matrix in the lattice basis via the novel Discrete Spec-
tral Shift formalism (DSS) [18].

After the diagonalization procedure for the the total
Hamiltonian matrix on the free WP basis, one gets the set
of eigenenergies{Ei}Ni=1 and corresponding eigenfunctions
{|zi〉Ni=1} ∈ L2. Some part of the eigenfunctions withi ≤ Nb

approximates the bound states of the system (if they ex-
ist) while the rest (N − Nb) of the eigenfunctions can be
considered as discretized (normalized) analogs of the scat-
tering wave functions of the Hamiltonian — the so-called
pseudostates.

It has been shown in our recent paper [18], that local
differences of the total discretize spectrum ofh0 caused by
the switching on the perturbationv, i.e. h0 → h = h0 + v,
are related to the spectral shift functionξ(E). This function
has been introduced in the rigorous mathematical quantum
scattering theory [21–23] and is directly related to the scat-
tering operatorS

detS (E) = exp(−2πiξ(E)). (8)

In a single-channel case, eq.(8) implies that the SSF, within
a factor (−π), is equal to a partial phase shift:

δ(E) = −πξ(E). (9)

It has been shown [18,20] that the discrete analog of the
SSF, defined for the discretized spectrum of the free Hamil-
tonianh0, can be found from the simpliest formula:

ξi =
Ei − E0

i

Di
, i = Nb + 1, . . . ,N. (10)

Such dimensionless discrete shifts have been demonstrated
in Ref.[18] to relate to exact continuous SSFξ(E) accurate
with inverse basis dimensionN: ξi = ξ(E0

i )+o(1/N). Thus,
by making use the explicit interrelation (9) between SSF

and phase shifts one gets discrete approximation for phase
shift as a function of energy:

δ(E0
i ) = −π

Ei − E0
i

Di
+ o(1/N), i = Nb + 1, . . . ,N. (11)

Because the whole discretized spectrum ofh in a broad
energy range, i.e.{Ei}, can be found from a single diag-
onalization of the Hamiltonian matrix, so that the eq.(11)
allows to find, besides of eigenenergies and eigenfunctions
of bound states, also partial phase shifts in a very broad en-
ergy range. When the basis dimensionN increases and the
respective discretized spectrum becomes more dense we
should observe convergence of the discretized phase shifts
(11) to the exact ones.

So, for finding the accurateS -matrix in a single- and
also multi-channel scattering (see below) in a broad en-
ergy range, it is not necessary at all to solve the respective
single- or multi-channel scattering equations.
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Fig. 2. Real parts ofS -wave phase shiftsδ (a) and inelasticity
parametersη (b) for neutron-nucleus scattering obtained via DSS
formalism in a lattice basis with dimensionN = 100 (dashed
line) andN = 200 (full line). Black circles denote the accurate
phase shifts found with local phase-shift equivalent potentials at
neutron energiesEn = 7 and 26 MeV.

It is important to emphasize here that the DSS method
is fully applicable to a broad class of interactions. We found
that it is valid even for complex-valued interaction poten-
tials. In this case one can choose as previously, a real wave-
packet basis, however the total non-Hermitian Hamiltonian
eigenvalues will be complex-valued. So, the phase shifts
derived from these complex eigenvalues will be also com-
plex. As a good illustration of the applicability of the above
new technique we find the complex phase shifts for the
neutron scattering off a nuclear target when then−A inter-
action has the form ofa complex non-local potential of the
Perey and Buck type [19].

The complexS -wave phase shiftδ0(E) calculated from
the complex-valued eigenenergies{Ei} as a function of en-
ergy together with those found from the direct numerical
integration of the Schrödinger equation at two energies (for
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the local phase-equivalent potentials) are displayed at Fig.
2. The potential parameters are taken the same as in the
Ref. [17]. The respective angular distributions of the dif-
ferential cross sections at various energies, all being found
from discretized partial phase shifts for all required par-
tial waves, are shown at Fig.3 at incident neutron energies
En = 2, 7, 26, 50 MeV. Simultaneously, we have obtained
also the differential cross sections for other energies in the
region 0< E ≤ 200 MeV using just a single diagonaliza-
tion of the total Hamiltonian matrix at each partial wave.
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Fig. 3. Differential cross sections for neutron-nucleus scatter-
ing by a non-local complex optical potential at different ener-
gies obtained via DSS formalism in lattice bases of dimension
N = 100 (dashed line) andN = 200 (full line). Dashed-dotted
curve reflects the results for local phase-shift equivalent potential
at En = 7 MeV.

2.3 Scattering wave packets and a f.-d.
representation for the resolvent of the total
Hamiltonian.

It is also possible to construct f.-d. representation for the
scattering operators using pseudostate WP formalism.

Indeed, let’s define complete set of eigenfunctions of
the total Hamiltonianh: bound states{|znb 〉}Nb

nb=1 and con-
tinuous set of scattering wave functions|ψq〉 normalized
on δ-function onq. Simultaneously we define some par-
tition of the h continuum (similarly to free Hamiltonian
case) [¯qi−1, q̄i]N

i=Nb+1. The scattering wave-packets can be
constructed from the exact scattering wave-functions sim-
ilarly as in (1):

|zi〉 =
1
√

Ai

∫ q̄i

q̄i−1

dqw(q)|ψq〉, i = N−Nb+1, . . . ,N, (12)

wherew(q) andAi are weight function and normalization
factors. To distinguish these scattering wave packets from
the free ones, we denote them by another letter.

The properties of the scattering WPs are absolutely the
same as those of the free WPs. The full set of bound states
of h and scattering WPs states{|zi〉}Ni=1 form a basis in a

Hilbert space. Similarly to the free lattice basis, any op-
erator commuting with Hamiltonianh has a diagonal f.-d.
representation in such a basis [17]. So, one has the analyt-
ical representation for the total resolvent in the scattering
WP basis:

g(E) =
Nb
∑

nb

|znb〉〈znb |
E − Enb

+

N
∑

i=Nb+1

|zi〉gi(E)〈zi|, (13)

where complex eigenvaluesgi(E) can be evaluated by the
similar formula to free WPs (6)

gi(E) =
1
Ai

∫ q̄i

q̄i−1

dq
| f (q)|2

E + i0 − q2

2µ

. (14)

Further, the constructed resolvent operator can be used to
find observables (t-matrix) or to construct three-body chan-
nel resolvents.

The main problem in this scheme is how to construct
scattering WPs|zi〉 without solution of the scattering prob-
lem for the Hamiltonianh. The answer is that pseudostates
of h constructed in the previous subsection can be consid-
ered as approximations for the scattering WPs without any
additional normalization factors. We found the direct cor-
respondence between these two type of states if psedostate
energyEi and the total Hamiltonian wave-packet eigenen-
ergy〈zi|h|zi〉 are equal one to another [15]. It is also possi-
ble to construct the partition bound-points ¯qi from the set
of pseudo energiesEi [15].

In practice, we use exact scattering WPs to find explicit
analytical formula for the total resolvent while in numeri-
cal calculations we construct these scattering WPs by sim-
ple diagonalization procedure in the free lattice basis.

It should be stressed that correspondencebetween pseu-
dostes and scattering WPs assists also in a case of the long-
range Coulomb interaction. In the Fig.4, we compare Cou-
lomb scattering wave packets, corresponding to thepp in-
teraction, constructed by the diagonalization of Coulomb
Hamiltonian on the free WP basis with those obtained from
exact Coulomb regular scattering wave functions by the
formula (12). It is clear from the Figure that pseudostates
are indistinguishable from the exact Coulomb WPs. This
result reflects the interesting fact, that nevertheless exact
regular Coulomb wave functions could not be expanded
over plane waves, Coulomb WPs can be expanded over
finite-dimen-sional set of the free WPs.

3 Multi-channel scattering problem.

It is more convenient to use in this section the energy wave-
packet states. These states are constructed from the scat-

tering (or free) wave functions|ψE〉 =
√

µ

q |ψq〉 normalized

with theδ-function on energy.

3.1 Multi-channel DSS formalism.

Usually, realistic two-body interactions are taken in multi-
channel form (e.g.including tensor force). Consider now
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Fig. 4. Comparison of exact Coulomb wave-packets (solid
curves) and Coulomb pseudostates obtained in the lattice basis
(dashed curves) at two different energiesE = 0.07 MeV (a) and
E = 11.3 MeV (b) of the Coulombpp Hamiltonian.

the multi-channel scattering case withK channels. The to-
tal Hamiltonian of the system can be written in a matrix
form (on the channel indices)

hνν′ = h0νδνν′ + vνν′ , ν, ν′ = 1, . . . ,K, (15)

whereh0ν — free channel Hamiltonians having a simple
continuous spectrum in the interval [Eν,∞) with Eν be-
ing the threshold ofν-th channel, andvνν′ are the cou-
pling potentials. The continuous spectrum of the multi-
channel free Hamiltonianh0 is degenerate, in contrast to
a single-channel case, and the degree of degeneracyk is
equal to the number of open channels and depends upon
energy. The continuous spectrum of the total Hamiltonian
h in the multi-channel case coincides with those of the free
Hamiltonian, so that at each energy there should existk
independent solutions corresponding to different boundary
conditions for the initial scattering problem. Thus, the dis-
cretization procedure becomes unclear here, because when
the total Hamiltonian is represented by a respective matrix
in some arbitrary finiteL2 basis the required degeneration
disappears, in general, and one has only one pseudostate
solution at each discrete eigenenergy which can hardly be
treated.

To avoid this problem in our approach, we have to ar-
range the partitions of spectra of the channel free Hamilto-
niansh0ν using the special condition: the discretized multi-
channel free Hamiltonian matrix should have degenerate
eigenvalues and the corresponding degrees of degeneracy
should be the same as those of the continuous spectrum of
the free Hamiltonianh0 [18].

To construct such a type discretization, let’s divide the
total continuum toK regions between thresholdsΩk =

[Ek,Ek+1] with EK+1 ≡ ∞. Each partΩk of the spectrum
has constant degeneracy valuek (we assume here that all
the thresholds are different and the channels are arranged
in order of increasing of the threshold energy values). Be-
cause the number of open channels in each region is pre-
served, we can define at each energyE ∈ Ωk two sets of
eigenfunctions ofh2:

2 Here the denote each state by its total energyE which is sum
of the kinetic energy and the threshold energy value.

- wave functions{|ψ(ν)
E 〉}kν=1 corresponding to the incom-

ing waves in the channelν and
- wave-functions{|ψ̃(κ)

E 〉}kκ=1 defined in the so called eigen-
channel representation.

The eigenchannel representation (ER) corresponds to the
diagonal form of the multi-channelS -matrix [24]. The ER
states differs from the ordinary channel states by the rota-
tion and the rotation matrixU(E) depends on the energy
E:

|ψ(ν)
E 〉 =

k
∑

κ=1

Uνκ(E)|ψ̃(κ)
E 〉. (16)

Matrix U(E) is unitary:

k
∑

κ=1

Uνκ(E)U†
κν′(E) = δν,ν′ . (17)

and its dimension is equal to the number of open channels
k.

Now one can construct the partition of the total contin-
uum as unification of partitions of regions between thresh-
olds. In particular, each regionΩk is divided into finite
number of energy bins [ǫi−1,k, ǫi,k]

Nk

i=1 with widths
Di,k ≡ ǫi,k− ǫi−1,k, whereNk is local region partition dimen-
sions,ǫ0,k ≡ Ek and ǫNk ,k ≡ Ek+1 (for the last region we
confined the continuum with some sufficiently large value
Emax and assignEK+1 = Emax) .

To define energy wave-packet bases in each initial chan-
nelν, one should use the following partitions of the kinetic

energy operators:
K
⋃

k=ν

[ǫi−1,k − Eν, ǫi,k − Eν]Nk

i=1. Using such

partitions, the corresponding set of free WPs:

|x(ν)
i,k 〉 =

1
√

Di,k

∫ ǫi,k−Eν

ǫi−1,k−Eν
dǫ|ψ(ν)

0ǫ 〉, i = 1, . . . ,Nk, k = ν, . . . ,K

(18)
can be constructed from the plane waves|ψ0ǫ〉, whereǫ is
kinetic energy value.

It is evident, that the obtained by the above procedure
discretized spectrum of the total free Hamiltonian isk-
times degenerate in each regionΩk similarly to the exact
continuous spectrum ofh0. The dimension of the WP ba-
sis in each channel is defined by the sumNν =

∑K
k=ν Nk.

The total WP dimension is the following:

N =
K
∑

ν=1

Nν =

K
∑

k=1

k · Nk. (19)

It can be proven [18,20], that, for the constructed spec-
trum, the switching on the perturbation removes the de-
generacy: eachk-fold degenerated levelE0

i,k of the free
Hamiltonian matrix produces a set of (non-degenerate)k-
sublevels in the perturbed spectrum{E(κ)

i,k }kκ=1, arranged in

an increasing order. Then, each suchκ-th branch{E(κ)
i,k }

Nk

i=1
of the discretized spectrum can be confronted with the re-
spective branch in the continuous spectrum of the total
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Hamiltonian in ER. So, we have a one-to-one correspon-
dence between the discretized (quasi-continuous) spectrum
of the multi-channel Hamiltonian matrix and the continu-
ous spectrum of the initial total Hamiltonian. Due to such
a classification of branches in the discretized spectrum,
one can determine the parameters of the multi-channelS -
matrix using differences between perturbed and unperturbed
eigenenergies.

In this way, one can generalize the relation (10) for the
case of a degenerate multi-channel spectrum and define a
set of discretized spectral shift functionsξ(κ)(E) for each
spectral branch

ξ
(κ)
i,k =

E(κ)
i,k − E0

i,k

Di,k
, κ = 1, . . . , k. (20)

Further, the basic interrelation (9) between SSF and phase
shift can be generalized here as

δ(κ)(E) = −πξ(κ)(E), κ = 1, . . . , k, (21)

where theδ(κ)(E) are the so-called eigenphases, or the phase
shifts in the (ER) and the energyE belongs to the region
where the continuous spectrum isk-fold degenerate [18].
As a result, one gets a simple formula for the phase shifts
of the multi-channelS -matrix in ER :

δ(κ)(E0
i,k) ≈ −π

E(κ)
i,k − E0

i,k

Di,k
, κ = 1, . . . , k. (22)

It is important to stress here that the main interrelation (21)
between multi-channel SSFsξ(κ)(E) and eigenphasesdoes
not follow from the original Birman–Krein formula (8) but
should be considered just as its generalization. The crucial
point here is that we introduce different “channel” SSFs
ξ(κ)(E) for eachκ-th branch of the multi-channel spectra
in contrast with a conventional definition of single SSF
ξ(E). The present authors are unaware about any previous
works devoted to such generalization of SSF formalism to
the multi-channel case but we made sure in validity of the
relation (22) for the phase shifts by numerous examples.

Thus, the knowledge of phase shifts in ER is quite suf-
ficient for finding total scattering cross section because the
S -matrix in its own ER is diagonal with the following eigen-
values:

S κ = exp(2iδ(κ)). (23)

However for many applications one needs justS -matrix
elements in the representation of the initial channelsS νν′ .
At every energy, these matrix elements are related to the
diagonal matrix elementsS κ in ER by the same rotation
matrix U(E) as in (16):

S νν′(E) =
∑

κ

S κ(E)Uκν(E)U∗
κν′(E). (24)

In our discretization scheme, we have discretized on en-
ergy analogs for the rotation matrix, i.e. set of matrices
Ui,k. To determine elements of these matrices one needs
to use the expansion coefficients for the discrete pseudo-
states (at given energy, i.e. having sub-indexi, k) over the
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Fig. 5. Eigen phase shifts for the 1st (1) and 2nd (2) channels
and the mixing angle (3) for the potential (27) obtained in the
lattice basis of dimensions (N1 + N2): (100+50) – dashed curve
and (200+100) – full curve.

channel basis functions (18)

|z(κ)
i,k 〉 =

K
∑

k′=1

K
∑

ν=k′

Nk′
∑

j=1

C(κ,ν)
ik, jk′ |x

(ν)
j,k′〉. (25)

By making use of straightforward matrix algebra one can
show that the rotation matrix elements can be found from
the formula

U i,k
κνU

∗i,k
κν′ =

K
∑

k′=κ

Nk′
∑

j=1

C(κ,ν)
jk′,ikC

∗(κ,ν′)
jk′,ik . (26)

So that, by using the presented formalism for the discrete
phase shifts in the lattice basis one can derive all the el-
ements of the complete multi-channelS -matrix in a wide
energy range using justa single diagonalization of the total
Hamiltonian matrix.

To illustrate the workability and efficiency of the above
DSS method we use the Burke potential which is model
for the two-channel electron-hydrogen scattering (see for
example [25]):

V11 = V22 = −1.5
e−r

r
, V12 = −0.25e−r. (27)

The second channel threshold is shifted to the value∆2 =

0.75 (∆1 = 0). At energyE > ∆2 the continuum is two
times degenerated. In the Fig.5 the eigenphases and the
mixing parameter for the potential (27) obtained by for-
mulas (22) and (26) are given [18].

Also we found theS -matrix element and correspond-
ing elastic and reaction cross sections for 1→ 1 transi-
tions. They are displayed in the Fig.6. For the comparison
we add to this figure the results of the Ref. [25] (black
circles) obtained by the reduction of initial two-channel
problem to the one-channel one with complex non-local
potential.
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Fig. 6. Elastic cross sectionσel (1) and the reaction cross section
σr (2) for the potential (27)obtaiden by the DSS formalism with
bases of dimension: (50+25) – dotted curve, (100+50) – dashed
curve, (200+100) – full curve. Black circles (•) reflects the results
of the Ref. [25].

As is evident from Fig.6, our fully discretized approach
based on the SSF gives quite accurate results for realistic
two-channelS -matrix.

3.2 Representation for the multi-channel resolvent.

It is also possible to derive the analytical f.-d. representa-
tion for the total multi-channel resolvent (similar to one-
channel case) using just the new treatment of the multi-
channel pseudostates in the lattice basis.

Indeed, similarly to the one-channel case we can re-
late pseudostates in the ER with themulti-channel scatter-
ing wave packets. For this purpose, we define now multi-
channel scattering wave-packets as integrals of the scat-
tering wave-functions in ER similarly to the one channel
case:

|z(κ)
j,k 〉 =

1
√

A j,k

∫ E j,k

E j−1,k

dE|ψ̃(κ)
E 〉. (28)

Now we should derive the spectral expansion of the to-
tal multi-channel resolvent using ER scattering states. The
spectral expansion of the resolvent over the ’ordinary’ set
of the initial channel eigen functions ofh can be writ-
ten as sum of bound-state and continuum partsg(E) =
gb(E) + gc(E), where

gb(E) =
Nb
∑

nb=1

|ψnb〉〈ψnb |
E − Enb

, gc(E) =
K
∑

ν=1

∫ ∞

∆ν

dq′
|ψ(ν)

q′ 〉〈ψ
(ν)
q′ |

E + i0 − E′
.

(29)
Further, thegc(E) part can be written in the form of a sum
of integrals over the regionsΩk:

gc(E) =
K
∑

k=1

k
∑

ν=1

∫ Ek+1

Ek

dE′
|ψ(ν)

E′ 〉〈ψ
(ν)
E′ |

E + i0 − E′
, (30)

whereE′ denotes total energy of the state. It is easy to
show, using the property (17), that the following relation is
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Fig. 7. 3S 1 phase shiftsδ0 (a),3D1 phase shiftsδ2 (b) and mixing
angleǫ (c) for the coupled-channel NN potential [26] calculated
via multi-channel pseudostate formalism in WP bases of dimen-
sionN = 50 (dashed line) andN = 100 (full line) in each channel.
Black circles represent results of direct numerical integration of
the Lippmann–Schwinger equation at each required energy.

valid:
k
∑

ν=1

|ψ(ν)
E′ 〉〈ψ

(ν)
E′ | =

k
∑

κ=1

|ψ̃(κ)
E′ 〉〈ψ̃

(κ)
E′ |. (31)

Thus, we come to the spectral expansion of the continuum
part of the total resolvent over Hamiltonian eigen functions
in ER:

gc(E) =
K
∑

k=1

k
∑

κ=1

∫ Ek+1

Ek

dE′
|ψ̃(κ)

E′ 〉〈ψ̃
(κ)
E′ |

E + i0 − E′
. (32)

Applying the discretization procedure one gets the fol-
lowing f.-d. representation for the total multi-channel re-
solvent over multi-channel WPs

gc(E) =
K
∑

k=1

Nk
∑

j=1

g j,k(E)















k
∑

κ=1

|z(κ)
j,k 〉〈z

(κ)
j,k |














, (33)

where complex eigenvalues are defined as integrals

g j,k(E) =
1

D j,k

∫ ǫ j,k

ǫ j−1,k

dE′
1

E + i0 − E′
. (34)

It looks like the multi-channel pseudostates, which we ob-
tained in the previous subsection can be considered as ap-
proximations to the multi-channel WPs. This fact allows
to simplify drastically the evaluation of the channel three-
body resolvents in the case of multi-channel two-body sub-
systems.

As illustration we calculate the coupled-channel3S 1 -
3D1 partial phase shifts and the mixing angleǫ for a re-
alistic NN potential [26] with tensor force in the triplet
channel:S = 1, I = 0. The two-channelT matrix has been
obtained from the formulat(E) = v + vg(E)v, where f.-
d. representation for the resolvent (33) in the two-channel
pseudostate basis has been used. In the Fig. 7 the phase
shiftsδ0(E), δ2(E), and mixing parameterǫ1(E) (i.e. those
which enter theNN differential scattering cross sections –
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in the Stapp parametrization) are shown in very wide en-
ergy range 0< Elab < 900 MeV. They are found from
just a single diagonalization of the respective two-channel
Hamiltonian of theNN interaction. We compare them to
values obtained from direct numerical solutions of the two-
channel Lippmann–Schwinger equation at many energies
in the above energy range.

4 Solution of the general three-body
scattering problem

Here we will briefly describe how the wave-packet tech-
nique can be applied to the general three- (or few-) body
scattering problem with any type of interaction potentials
including local, non-local etc. ones by the introduction of
the two-dimensional momentum lattice.

4.1 Lattice representation for the channel resolvent

Let’s consider the general three-body scattering problem
for particles 1,2 and 3, interacting via pair short-range po-
tentialsvi (i = 1, 2, 3). It is convenient to use three Jacobi
coordinate sets corresponding to three channel Hamiltoni-
ansHi (i = 1, 2, 3) which define asymptotic motions in
the system. In the general case the respective wave-packet
basis should be constructed independently for each Jacobi
set [17].

The channel HamiltonianH1 has the form of the direct
sum of the two-body subHamiltonians

H1 ≡ h1 ⊕ h1
0, (35)

where subHamiltonianh1 defines the interaction in the{23}-
subsystem (i.e. including the potentialv1) and the subHamil-
tonian h1

0 corresponds to the free relative motion of this
subsystem (its center of mass) and the spectator particle 1.
The eigenfunction of the three-body HamiltonianH1 cor-
responding to the given value of the total angular momen-
tumΛ and its projectionM can be written in the following
form:

〈p′, q′|ψl
p, ψ

L
0q, ΛM〉 ≡ ψl

p(p′)ψL
0q(q′)YΛM

lL (p̂′, q̂′), (36)

wherep′ andq′ are the relative and c.m. Jacobi momenta;
ψl

p(p′) andψL
0q(q′) are the radial wave functions correspond-

ing to the subHamiltoniansh1 and h1
0 with angular mo-

mental andL respectively. TheYΛM
lL (p̂′, q̂′) are six-dimen-

sional spherical harmonics given by the convolution of the
spherical functionsYlµ1(p̂

′) andYLµ2(q̂
′).

Now we introduce the WP bases for two-body sub-
Hamiltoniansh1 andh1

0. Assume further there areKl
b bound

states (for a fixed partial wavel) in the {23} subsystem

with corresponding bound-state wave functions{|zl
n〉}

Kl
b

n=1

and eigen energies{ǫl∗
n }

Kl
b

n=1. Let’s define the partition

[ǫl
i−1, ǫ

l
i ]

Kl

i=Kl
b+1

of the continuous spectrum ofh1 (with cor-

responding momentum bins [pl
i−1, pl

i]
Kl

i=Kl
b+1

) and construct

the set of the scattering wave packets (12) from the respec-
tive exact scattering wave functions|ψl

p〉. The full lattice

basis{|zl
i〉}

Kl

i=1 for theh1 subHamiltonian includes the bound
state functions and the scattering wave packets. Free wave
packets (1) corresponding to theh1

0 subHamiltonian are
constructed with the usage of the partition [qL

j−1, q
L
j ]

NL
j=1 in

the continuous spectrum of theh1
0.

Now one can build the three-body wave-packets (3WP)
just as products of two type wave-packet states (for the
above two subHamiltonians) whose angular parts are com-
bined to the total angular momentum valueΛ similarly to
eq.(36):

|ZΛMS 〉 ≡ |zl
i, xL

j , ΛM〉, i = 1, . . . ,Kl, j = 1, . . . ,NL,

(37)
whereS = i, l, j, L is the multi-index. Further, we will omit
the indexM. The properties of the 3WP constructed in
this way are the same as properties of the two-body wave
packets, viz. they form an orthonormal set and any opera-
tor functionally dependent of the channel HamiltonianH1
has the diagonal projection onto the subspace spanned on
this basis. It allows us to construct an analytical f.-d. ap-
proximation for the three-body channel resolventG1(E) ≡
[E + i0 − H1]−1.

Indeed, the exact three-body channel resolvent is the
convolution of the two-body subresolventsg1(E) andg0(E):

G1(E) =
1

2πi

∫ ∞

−∞
dǫg1(ǫ)g0(E − ǫ). (38)

Using spectral expansions for the two-body resolvents and
performing the integration, one gets an explicit expression
for the exact channel resolventG1 as a sum of two terms
G1(E) = GBC

1 (E) +GCC
1 , where the bound-continuum part

takes the form:

GBC
1 (E) =

∑

l,L

Kl
b
∑

n=1

∫ ∞

0
dq
|zl

n, ψ
L
0q, Λ〉〈zl

n, ψ
L
0q, Λ|

E + i0 − ǫl∗
n − q2

2M

, (39)

whereM is the reduced mass in the{23} + 1 channel. The
continuum-continuum part ofG1 takes the form:

GCC
1 (E) =

∑

l,L

∫ ∞

0
dp
∫ ∞

0
dq
|ψl

p, ψ
L
0q, Λ〉〈ψl

p, ψ
L
0q, Λ|

E + i0 − p2

2µ −
q2

2M

,

(40)
whereµ is the reduced mass in the{23} subsystem.

Projecting further the exact channel resolvent onto 3WP
basis defined in eq. (37), one can find the following analyt-
ical formulas for the diagonal f.-d. approximation of the
G1 operator:

G
BC
1 =

∑

l,L

Kl
b
∑

n=1

NL
∑

j=1

GBC
nl jL|zl

n, xL
j , Λ〉〈zl

n, xL
j , Λ|,

G
CC
1 =

Kl
∑

i=Kl
b+1

NL
∑

j=1

GCC
il jL|zl

i, xL
j , Λ〉〈zl

i, xL
j , Λ|, (41)
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where the matrix elementsGBC
nl jL andGCC

il jL are defined as
integrals over the respective momentum bins:

GBC
nl jL =

1

BL
j

∫ qL
j

qL
j−1

| f (q)|2dq

E + i0− ǫl∗
n − q2

2M

, (41a)

GCC
il jL =

1

Al
iB

L
j

∫ pl
i

pl
i−1

∫ qL
j

qL
j−1

|w(p)|2| f (q)|2dpdq

E + i0− p2

2µ −
q2

2M

. (41b)

These matrix elements depend, in general, on the spectrum
partition parameters (i.e.pl

i and qL
j values) and the total

energy only and do not depend explicitly on the interac-
tion potentialv1. When the wave-packet expansions of the
three-body amplitude is convergent, the final result turns
out to beindependent upon the particular spectral parti-
tion parameters. The integrals in eqs.(41a) and (41b) can
be taken in a closed form which gives a convenient analyt-
ical f.-d. representation for the three-body channel resol-
ventG1. We have calculated these matrix elements for the
case of energy packets [17].

The representation (41) for the channel resolvent is the
basic feature for the wave-packet approach since it allows
to simplify solution of the general three-body scattering
problem drastically. In particular, this representation has
been used to solve the f.-d. analog for the Faddeev equa-
tions for the Faddeev components of the total scattering
wave function [16]. Alternatively this representation has
been used also to solve some particular three-body scat-
tering problems with employment of the three- (or few-)
body Lippmann-Schwinger equations [14], e.g. for com-
posite projectile scattering off nuclear target (see below) or
for electron–atom and electron–molecule scattering above
the first ionization threshold etc.

4.2 Application to the general Faddeev equations.

In case when rearrangement channels cannot be neglected
the general Faddeev formalism should be used to solve the
full three-body scattering problem of 2→ 2 or 2 → 3
type. So, in the Faddeev approach we introduce three sets
of 3WPs{Z(a)

S }, a = 1, 2, 3 related to three channel Hamil-
toniansHa

3. Further, we apply the complete discretization
procedure directly to the system of three Faddeev equa-
tions (e.g. for the wavefunction with the initial state|Φ01〉
defined by the channel HamiltonianH1):

|ψ(a)〉 = |Φ01〉δa1 +Gava

∑

b,a

|ψ(b)〉, a = 1, 2, 3. (42)

Now, in the wave-packet approach we replace each Fad-
deev component|ψ(a)〉 with its projection onto 3WP basis
in the channel (a):

|ψ̂(a)〉 =
∑

S

Oa
S |Z

(a)
S 〉, a = 1, 2, 3, (43)

3 We omit in this subsection partial wave indices

and then one replaces exact channel resolventsGa = (E −
Ha)−1 with their f.-d. 3WP analogues given in eq. (41). Fi-
nally, one gets the following f.-d. equations for the Faddeev
components of the “packetized” wavefunction:

|ψ̂(a)〉 = |Z(1)
S 0
〉δa1 +Gava

∑

b,a

|ψ̂(b)〉, a = 1, 2, 3, (44)

where|Z(1)
S 0
〉 is the 3WP state corresponding to the initial

state|Φ01〉. One of the main advantages of the momentum-
lattice scheme here is that the transformation between com-
ponents in the different Jacobi sets can be expressed by a
f.-d. matrix of the “permutation operator”, i.e.

〈ψ̂(b)|ψ̂(a)〉 =
∑

S ,S ′
Oa∗

S Ob
S ′P

ab
S ,S ′ , Pab

S ,S ′ ≡ 〈Z
(a)
S |Z

(b)
S ′ 〉, (45)

in contrast to the direct solving the Faddeev equations in
the momentum space, where time-consuming multi-dimen-
sional interpolations for scattering solution should be taken
in different Jacobi coordinates are required in each step of
the iteration. Using the expansion of the scattering pack-
ets |Z(a)

S 〉 on the wave-packet basis, one can express the
above permutation matrixPab in terms of the overlap ma-
trix for free three-body packets in different Jacobi coordi-
natesP0ab

k j,k′ j′ ≡ 〈xk, x j, (a)|xk′ , x j′ , (b)〉which do not depend
on the interaction and can be calculated easily (each matrix
element can be found through a one-dimensional numeri-
cal integration [16]).

Thus, the wave-packet approach can provide direct so-
lutions for the general Faddeev equations for any two-body
interactions at the real energy and without any deformation
of integration path. So, the WP technique with momentum
lattice representation looks quite universal and convenient
for practical applications to general three-body scattering
problems.

4.3 Solution of the n − d scattering problem

As illustration of the effectiveness for the above lattice
technique, we calculated the real phase shifts and inelas-
ticity parameters for the three-body elasticn − d scatter-
ing in the quartet and doubletS -wave channels with model
Malfliet-Tjon NN potential [16]. The results of these cal-
culations are shown in Figs. 8 and 9 for the spin-quartet
channel.

To check the accuracy of the method we have com-
pared our results with the the previous benchmark calcu-
lation results from ref. [27] (below the deuteron breakup
threshold) and ref. [28] (above the deuteron breakup thresh-
old) The parameters of theNN potential are taken from
ref. [28].

As it is seen from the Figs. 8-9 the wave-packet dis-
cretization technique for the three-body continuum works
successfully for the general three-body scattering problem
both below and above breakup threshold. Thus, at the first
time we have solved the three-body scattering problem above
the break-up threshold using f.-d. approximation of theL2-
type for the Faddeev kernel. Just the use of the momentum-
lattice basis allowed us to achieve a good convergence and
accuracy on this way.
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Fig. 8. The energy dependence of the real phase shift forS -wave
quartetnd scattering calculated by means of momentum-packet
discretized Faddeev equation at different dimensionsM×N of the
lattice basis: 100× 100 (dashed curve), 200× 200 (solid curve).
Results of the direct Faddeev equation solution from ref.[27,28]
are marked asN.
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Fig. 9. The same as in Fig. 8 but for the inelasticity parameter.

5 Conclusion

We have demonstrated here that the formulation of the quan-
tum scattering problems in terms of a wave-packet lattice
basis is a very convenient language of discretization and an
effective tool for practical solutions. Along with the main
results explained in this paper, the wave-packet approach
has a wide field of application: very economical solving
coupled-channel problems for atomic, molecular and nu-
clear physics cases [14], construction of effective optical
potentials of composite particle interaction [29] etc.

It should be mentioned, that although the above lattice
wave-packet technique seems to be close to well known
lattice approach in the effective field theory [30] it is es-
sentially different. The main difference relates to the im-
plementation of the special wave-packet basis to make the
discretization of the momentum space in our approach. So
all the operators are represented by matrices, we do not
need in a formulation of asymptotic boundary conditions

on the lattice. As a result, the WP formalism do not depend
on the lattice geometry and mesh-point distributions. Re-
cently developed Discrete Spectral Shift formalism in the
lattice basis allows to find phase shifts from the differences
of perturbed and unperturbed eigen energies of the lattice
states, which looks very similar to Lüscher finite-volume
formula [30] for phase shifts in the lattice EFT. But the
DSS scheme seems to be more general, because it follows
from the spectral shift formalism and remains the same for
different lattice geometry. Moreover, it fully applicable for
the multi-channel scattering.
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