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Abstract. An α-cluster model is applied to study low-lying spectrum of the9
Λ
Be hypernicleus. TheααΛ three-

body problem is numerically solved by the Faddeev equations in configuration space using phenomenological
pair potentials. Found is a set of the potentials that reproduces experimental data for the ground state (1

2
+
) binding

energy and excitation energy of the5
2

+
and 3

2

+
states, simultaneously. This set includes the Ali-Bodmer potential

of version ”e” forαα and modified Tang-Herndon potential forαΛ interactions. The spin-orbitαΛ interaction
is given by modified Scheerbaum potential. Low-lying energy levels are evaluated applying a variant of the an-
alytical continuation method in coupling constant, and the experimental data for excitation energies are well
reproduced by our calculations. This result improves previousα-cluster calculations. It is shown that the spectral
properties of9

Λ
Be can be classified as an analog of9Be spectrum with the exception of several ”genuine hypernu-

clear states”, which agrees qualitatively with previous studies. The energy splitting of spin-flip doublet (9
2
+
, 7

2
+
)

is predicted.

1 Introduction

Long time interest to the9
Λ
Be hypernucleus can be ex-

plained by usefully applying this system in the hyperon -
nucleon interaction studies (in particular, for the spin-orbit
component of this interaction) [1–5].

The clear cluster structure of this nucleus allows to ap-
ply well established few-body physics methods. The bound
states have been studied within theα + α + Λ model in
a number of works [2,3,5–12]. Nevertheless, theoretical
studies for resonance states of9

Λ
Be in the cluster model

are limited by qualitative description of the9
Λ
Be spectrum

[3,13–15]. In particular, a classification of the resonance
states, including ”genuine” hypernuclear states [3], is pre-
sented.

In the present work we renew the theoretical results
[16] for energy of the9

Λ
Be resonances using theα + α + Λ

cluster model. Mathematical basis of our calculations are
the configuration space Faddeev equations [17].

For description ofαα nuclear interaction the Ali - Bod-
mer potential [18] is used. This potential withs, d and
g-wave components has strong repulsives-wave core that
simulates the Pauli blocking for twoα particles. To reach
better agreement with experimental data we considered
three modifications of this potential. For theαΛ potential a
type of coordinate dependence is uncertain. TheαΛ exper-
imental data are limited by the value of the binding energy
of the5

Λ
He hypernucleus, which is considered as the bound

s-wave state of theαΛ system. In our calculations, several
phenomenological models are applied for the central part

a e-mail: ifilikhin@nccu.edu

of αΛ interaction. A new model motivated by the Tang-
Herndon potential [19] is proposed in present work. Also
we have focused on the spin-orbit component ofαΛ in-
teraction. We adjusted the parameters of theαΛ spin-orbit
potential known from literature [5] to construct the model
that reproduces experimental data for the ground state (1

2
+
)

binding energy and excitation energy of the5
2
+

and 3
2
+

states, simultaneously. Note that in our model the central
part (s-wave) ofαΛ interaction is used for all partial waves
of the pairαΛ (see alternative models in [10,20]). Based
on the model we predicted the energy spacing of spin-flip
doublet (92

+
, 7

2
+
).

Additionally our model well reproduces the experimen-
tal data for excitation energies of9

Λ
Be low-lying levels.

Thus new classification for peaks measured in the (π+,K+)
experiments [16] is given. This result improves previous
calculations of the9

Λ
Be spectrum [14]. It is shown that the

spectral properties of9
Λ
Be can be classified as an analog of

9Be spectrum with the exception of several ”genuine hy-
pernuclear states”. This agrees qualitatively with previous
studies [2,3,21].

2 Formalism

The Faddeev equations in coordinate space [17] are used
for description of the9

Λ
Be hypernucleus, considered as a

three-bodyααΛ system. General form of the equations is
as follows:

{H0 + V s
γ(|xγ|) +

3
∑

β=1

VCoul.
β (|xβ|) − E}Ψγ(xγ, yγ) =
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= −V s
γ(|xγ|)

∑

β,γ

Ψβ(xβ, yβ),

here VCoul.
β

is the Coulomb potential between the particles
belonging to the pairβ, andV s

γ is the short-range pair po-
tential in the channelγ, (γ=1,2,3).H0 = −∆xγ − ∆yγ is the
kinetic energy operator,E is the total energy andΨ - the
wave function of the three-body system.Ψ is given as a
sum over three Faddeev components,Ψ =

∑3
γ=1Ψγ. For

theααΛ system including two identical particles the cou-
pled set of the Faddeev equations is written as:

(H0 + V s
αΛ
+ VCoul. − E)W = −V s

αΛ
(U + P12W),

(H0 + V s
αα + VCoul. − E)U = −V s

αα(W + P12W),
(1)

whereP12 is the permutation operator for theα particles
(particles 1,2),V s

αα andV s
αΛ

are nuclear potentials ofαα
and αΛ interactions, respectively.VCoul. is the potential
of Coulomb interaction between theα particles,U is the
Faddeev component corresponding to the rearrangement
channel (αα) − Λ and W corresponds to the rearrange-
ment channel (αΛ) − α. The total wave function is ex-
pressed by the componentsU and W with relationΨ =
U + (1 + P12)W. The total orbital angular momentum is
given byL = ℓαα+λ(αα)−Λ = ℓαΛ +λ(αΛ)−α, whereℓαα (ℓαΛ)
is the orbital angular momentum ofα’s (pair of αΛ) and
λ(αα)−Λ (λ(αΛ)−α) is the orbital angular momentum of aΛ
hyperon (α particle) relatively to the center of mass of the
pairα (αΛ) particles.

Possible combinations for relative momentaℓαα,λ(αα)−Λ
andℓαΛ, λ(αΛ)−α written as a block have form:

( {ℓαΛ} ) ( {ℓαα} )
( {λ(αΛ)−α} ) ( {λ(αα)−Λ} ),

where each block represents all quantum numbers taken
into account. For example the combinations corresponding
the 0+ state are:

( {ℓαΛ} ) ( {ℓαα} ) = ( 0 1 2 . . . ) ( 0 2 4 . . . )
( {λ(αΛ)−α} ) ( {λ(αα)−Λ} ) = ( 0 1 2 . . . ) ( 0 2 4 . . . ).

The ground state of theααΛ system, having zero total an-
gular momentumL, is considered as the (1

2)+ state of the
9
Λ

Be hypernucleus.
More detail description of this formalism is given in

Ref. [10], where the particles of theααΛ system interact
only by local pairwise central potentials. In the present
paper the spin-orbital component of theαΛ interaction is
taken into account. Thus theαΛ potential is written as a
sum of central and spin-orbit parts:V s

αΛ
= Vc

αΛ
+ V so

αΛ
. In

theLS basis the matrix elements of the spin-orbital poten-
tial V so

αΛ
are given by the following form:

V so
αΛ(r) =

2L + 1
2

∑

j=l±1/2

(2 j + 1)

{

J L 1/2
l j λ

}2

(2)

×( j( j + 1)− l(l + 1)− 3/4)vso(r),

whereJ is the total three-body angular momentum,L is
the total three-body orbital momentum,j, and l are total

orbital momenta of theαΛ pair (spin of the pair is equal to
1
2), λ is orbital momentum ofα-particle with respect to the
center of theαΛ pair, andvso(r) is a coordinate part of the
αΛ spin-orbit potential. In theLS basis theαΛ potential
is represented by diagonal matrix with diagonal elements:
V s
αΛ

(r) = vlc(r)+V so
αΛ

(r), wherevlc(r) is centrall-partial com-
ponent of theαΛ potential.

3 Potentials

For description of the central part of theαΛ interaction,
phenomenological potentials are used. The Gibson [22]
and Tang-Herndon (TH) [19] potentials have the form of
one range Gaussian and are fully attractive:

vc(r) = −Vc exp(−αcr
2).

The rangeVc and strengthαc parameters of these potentials
are listed in Tabl. 1.

The Isle potential [23] has two range Gaussian form
with weak repulsive core. These potentials reproduce well
experimental value of the binding energy for the5

Λ
He hy-

pernucleus, which is considered as ans-wave bound state
of theαΛ system with energy of 3.12±0.02 MeV. For the
ααΛ calculations we assume that the centrals-waveαΛ
potential acts in all partial waves of theαΛ subsystem.

For the spin-orbit part of theαΛ interaction there are
several models [4,5] and we used one that simulates the
Scheerbaum (S) potential [5]. Our fit for the potential is
given by one range Gaussian form:

vso(r) = Vso exp(−αsor2). (3)

HereVso=-9 MeV is the strength parameter andαso=0.3241
fm−2 is the range parameter. The models [4,5] of theαΛ
spin-orbit interaction overestimate the experimental value
of the doublet spin orbit splitting of the52

+
and 3

2
+

states

of 9
Λ
Be. In Ref. [24] the experimental value for (5

2
+
, 3

2
+
)

energy splitting is explained by taking into account the
ΛN → ΣN coupling effect. In this work we restrict our-
selves by a model without theΛN → ΣN conversion. It is
assumed that this effect is small and that it can be effec-
tively taken into account by phenomenologicalαΛ poten-
tial.

Nuclearαα interaction is given by the phenomenologi-
cal Ali-Bodmer (AB) potential [18]. This potential has the
following form: Vαα(r) =

∑

l=0,2,4 V l
αα(r)Pl, wherePl is a

projector onto the state of theαα pair with the orbital mo-
mentuml. The functionsV l

αα(r) have the form of one or
two range Gaussians:

V l
αα(r) = V l

rep exp(−βl
repr)2 − V l

att exp(−βl
attr)

2 . (4)

The s-wave componentV0
αα(r) has a strong repulsive core

which simulates Pauli blocking effect for theα’s at short
distances. There are different sets of the parameters for par-
tial componentsV l

αα(r) [18]. The parameters of version ”e”
of the Ali-Bodmer potential (ABe) are given in Table 1.

07004-p.2
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Table 1. Parameters of theαα andαΛ potentials. The pair angular
momentum isl. V l

att (V l
rep) andVc are given in MeV,βl

att (βl
rep) in

fm−1 andαc in fm−2.

Interac. Pot. l V l
rep βl

rep V l
att βl

att

αα ABe [18] 0 1050 0.8 150 0.5
2 640 0.8 150 0.5
4 – – 150 0.5

Vc αc

αΛ TH [19] 0 60.17 0.6172
Gibson [22] 0 43.48 0.4024

4 Methods

Bound state problem based on the configuration space Fad-
deev equations (1) for theααΛ system is solved numer-
ically, applying the finite deference approximation with
spline collocations [25,10]. For calculation of the eigen-
values the method of inverse iterations is used. To estimate
the energies and widths of low-lying resonance states we
applied the method of analytical continuation in coupling
constant [27]. A variant of this method with an additional
non-physical three-body potential is used. The strength pa-
rameter of this potential is considered as variational param-
eter for analytical continuation of the bound state energy in
complex plane [28–30]. This potential is considered as a
perturbation to corresponding three body hamiltonian and
is added to the left hand side of the equations (1). The
three-body potential has the form:V3(ρ) = −δ exp(−bρ2).
Parameters of this potential areb=0.1 f m−1 andδ ≥0 (vari-
ational parameter),ρ2 = x2

α + y
2
α, wherexα, yα are the mass

scaled Jacobi coordinates (α = 1, 2) [11]. For each res-
onance there exist a region|δ| ≥ |δ0| where a resonance
becomes a bound state. In this region we obtain 2N three-
body bound state energies corresponding to 2N values of
δ. The continuation of the energy into complex plane is
carried out by means of the Padé approximation:

√
−E =

∑N
i=1 piξ

i

1+
∑N

i=1 qiξ
i whereξ =

√
δ0 − δ. The Padé approximation for

δ = 0 gives the energy and width of resonance:E(δ = 0) =
Er + iΓ/2. Note that accuracy of the Padé interpolation for
resonance energy and width decreases with increasing dis-
tance from the scattering threshold. Accuracy of the calcu-
lated resonance parameters can be evaluated by the differ-
ences of their values obtained for different ordersN of the
Padé aproximants.

5 Calculations

5.1 Bound states

The9
Λ
Be hypernucleus has two bound states: ground state

with total angular momentumL = 0 (0+ state) and excited
state withL = 2 (2+ state). The latter state is splitted into
two states due toαΛ spin-orbit interaction. Total orbital
momenta of these states are1

2
+
, 3

2
+

and 5
2
+
, respectively.

Subsystem momentum configuration for the 0+ state may
be restricted by the values:

( ℓαΛ ) ( ℓαα ) = ( 0 1 2 ) ( 0 2 4 )
( λ(αΛ)−α ) ( λ(αα)−Λ ) = ( 0 1 2 ) ( 0 2 4 ).

It is well known that thes-wave component of the total
wave function brings the main contribution to the energy
of the state and for calculation of the binding energy one
may take into account the first three partial waves in each
channel [8,10]. The configuration of the angular momenta
corresponding to 2+ state taken into account are:

( ℓαΛ ) ( ℓαα ) = ( 0 1 1 2 2 2 ) ( 0 2 2 2 4 4 )
( λ(αΛ)−α ) ( λ(αα)−Λ ) = ( 2 1 3 0 2 4 ) ( 2 0 2 4 2 4 ).

This set of momenta provides convergence for binding en-
ergy with satisfactory accuracy, as it is found in [8,9,11,
10].

In Tabl. 2 calculated energies for the bound states of
theααΛ system are presented. We used various potential
models in these calculations. In particular three variants
of theαα Ali-Bodmer potential are used [18] (ABa, ABd,
ABe). Note that the model ”a*” of the ABa potential is
modified in [31]. For theαΛ interaction we apply the TH,
Gibson, and Isle potentials.

Detail comparison of the results of Faddeev calculation
for theααΛ system with the Gibson (or TH) and Isle po-
tential (ABa potential for theαα interaction) one can find
in [10]. The calculated energy of the ground state is close
to the experimental emulsion data [32] for Gibson poten-
tial whereas the Isle potential overbinds theααΛ system
for about 1.5 Mev. In [10] it is shown that this overbind-
ing can be explained by two effects: first the Isle potential
has the weak repulsive core which is absent for the Gibson
potential. This deference leads to more space spreading of
the wave function of theααΛ system calculated with the
Isle potential in comparison with the Gibson (or TH) po-
tential. In the compactααΛ system the repulsive core of
theαα potential gives smaller absolute value of the ground
state energy (so called ”core effect” in [10,11]). The sec-
ond results from the first: in a more compactααΛ system
(with Gibson potential) the contributions of higher partial
waves ofαΛ potential in the energy is smaller. It may give
smaller absolute value of the ground state energy for the
Gibson (or TH) potential.

As it is found in [10] the energy contribution of the
p-wave component of the IsleαΛ potential is unnaturally
large and results obtained for energy of the bound states
are too large in absolute value, compared with experimen-
tal data. For Gibson potential one can see from Tabl. 2 that
agreement with data is good. However, it is shown in Ref.
[15] that application of the combination of the ABa+Gibson
potentials for calculation of ground band levels of theααΛ
system leads to appearance of the additional virtual states
and resonances, which have not been found in previous
studies [16]. Localization of the state on energy scale is
obtained to be in clear disagreement with the experimental
picture.

We modified the TH potential parametersVc andαc

to be 54.36 MeV and 0.538 fm−2, respectively, this model
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Table 2. Binding energyEB (in MeV) and excited energyEx

(in MeV) of degenerate (3/2+,5/2+) spin doublet state of the
ααΛ system for different models of theαα andαΛ interactions.
The energy of spin-flip doublet splitting∆E (in keV) is given
for the Scheerbaum (S) potential from Ref. [5] (Vso=-9 MeV,
αso=0.3241 fm−2). Modification S(M) of the spin-orbit potential
is made by changing theα parameter to be similar toαΛ potential.
Energy is measured from theα + α + Λ threshold. Orbital quan-
tum numbers are{lαΛ}=0,1,2,{lαα}=0,2,4 for the ground state and
{lαΛ} ≤2, {lαα}≤4 for the excited states. The experimntal data are
taken from [26,16].

AB TH TH(M) Gibson Isle Exp.

EB a∗ -5.990 – -6.709 -8.119 -6.62
d -5.994 – -6.751 -8.348
e -6.280 -6.602 -7.073 -8.714

Ex a∗ 2.562 – 2.621 2.902 3.04
d 2.738 – 2.756 2.927
e 2.990 2.99 3.032 3.193

∆E a∗ 450 – 509 511 43
S d 346 – 447 512

e 352 378 457 525

∆E e 126 172 – –
S(M)

∗ a0a2d4.

is denoted as TH(M). One can see that the TH(M) model
together with the ABe potential leads to good reproduction
of the experimental data for9

Λ
Be bound states.

The energy of spin-flip doublet splitting∆E is calcu-
lated for the potential S [5] (αso=0.3241 fm−2) and for its
modified version S(M). In the first case we have very large
values for the energy splitting, if compared by the experi-
ment data. This disagreement may be decreased by a modi-
fication of the spin-orbit potential motivated by assumption
that the range parameter of this potential should be similar
to the range of the central part (see also Tabl. 1). After this
modification the energy of the spin-orbit splitting (TH(M)
+ABe+S(M) model) is decreased to the value that is com-
parable to the results of previous calculations: 160 keV [4]
and 147 keV [5].

Our next modification of the spin-orbit potential S(M)
is performed by adjusting strength parameterVso. The ex-
perimental value of 43(5) keV [26] is reproduced by our
calculation using forVso=2.25 MeV (this value ofVso is
three times smaller then initial value (the S potential)). The
excitation energy for the doublet members is 3.016 MeV (
3
2
+
) and 2.972 MeV (52

+
). The state3

2
+

is upper member of
this doublet, which agrees with previous calculation [21].
Keeping this value for the strength parameterVso we eval-
uated the energy spacing of other spin-flip doublet (7

2
+
, 9

2
+
)

that has orbital momentum 4+. Our prediction for this en-
ergy is 200 keV and upper member of the doublet is the
state7

2
+
.

5.2 Resonances

For calculation of the energy of the resonance states a vari-
ant of the method of analytical continuation in coupling
constant is applied [27]. We changed the coupling constant
δ of an additional three-body potential (1) to construct the
analytical continuation of negative bound state energy, de-
pendent onδ, in complex plane. The energy of resonance
is calculated using the Pade extrapolation (as function of
δ) to the point withδ=0.

The configurations of the angular momenta correspond-
ing to theLπ states which we took into account are shown
below:
4+ states

( ℓαΛ ) ( ℓαα ) = ( 0 1 2 2 3 4 ) ( 0 2 4 2 4 )
( λ(αΛ)−α ) ( λ(αα)−Λ ) = ( 4 3 2 4 1 0 ) ( 4 2 2 4 0 )

2− state

( ℓαΛ ) ( ℓαα ) = ( 1 2 2 3 3 4 ) ( 2 2 4 )
( λ(αΛ)−α ) ( λ(αα)−Λ ) = ( 2 1 3 2 4 3 ) ( 1 3 3 )

4− state

( ℓαΛ ) ( ℓαα ) = ( 1 2 2 3 4 4 ) ( 2 2 4 4 )
( λ(αα)−Λ ) ( λ(αΛ)−α ) = ( 4 3 5 2 1 3 ) ( 3 5 1 3 )

3− state

( ℓαΛ ) ( ℓαα ) = ( 0 3 2 1 1 4 ) ( 0 2 2 4 4 )
( λ(αΛ)−α ) ( λ(αΛ)−α ) = ( 3 0 1 2 4 1 ) ( 3 1 3 1 3 )

5− state

( ℓαΛ ) ( ℓαα ) = ( 0 1 2 3 4 5 ) ( 0 2 2 4 )
( λ(αΛ)−α ) ( λ(αα)−Λ ) = ( 5 4 3 2 1 0 ) ( 5 3 5 1 )

1− state

( ℓαΛ ) ( ℓαα ) = ( 0 1 1 2 2 3 ) ( 0 2 2 2 4 )
( λ(αΛ)−α ) ( λ(αα)−Λ ) = ( 1 0 2 1 3 2 ) ( 1 1 3 3 5 ).

Following [3,2] one may associate ”ground band” the
states with orbital momenta 0+, 2+ and 4+. This band is
connected with the ground band of8Be nucleus. In partic-
ular the 0+ (ground state of8Be), 2+ and 4+ states of8Be
correspond to the ”ground band” of9

Λ
Be with the same ex-

citation energies. The ”glue-like” role of theΛ hyperon is
followed by the fact that all ground band states of8Be are
resonances, since the 0+ and 2+ states are bound states.
As we will see further the ”glue-like” effect ofΛ-hyperon
is stronger for the states of9

Λ
Be with negative parity. The

strong repulsive character of theαα interaction ins-wave
decreases the ”glue-like” effect for ”ground band” states
where thes-wave has important contribution. For the states
with negative parity this repulsive contribution is smaller.
For example, in the state 2− and 4− there is no thes-wave
of theαα potential (see combinations of momenta in the
Λαα system, above).

In Tabl. 3 are shown experimental data for9
Λ
Be spec-

trum along with the results of our calculations. One can see
that the resonance obtained in our calculations correspond

07004-p.4
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Table 3. Excitation energiesEx (in MeV) of low-lying states of
ααΛ system. Energies of peaks measured in the (π+,K+) experi-
ments are given from [16].

Exp. [16] ABe+TH(M)+S(MM) model Lπ Jπ

2.93 or 3.04 2.918 2+ 5
2

+

5.80±0.13 5.7(1) 1−1
3
2

−

9.52±0.13 8.5(0) 4+ 9
2
+

14.88±0.10 14.(7) 3−1
7
2
−

17.13±0.20 17.(6) 1−2
3
2

−

19.54±0.32 21.(3) 2− 5
2

−

23.40±0.21 23.(0) 3−2
7
2
−

to the energies of the peaks measured in the (π+,K+) exper-
iments [16] with good accuracy. Thus we give a new clas-
sification for the experimental data. Previous attempt for
this classification is presented in Fig. 1 by results of clus-
ter calculation [14,16]. These results demonstrate essen-
tial disagreement with the experiment (except the bound
states).

Our results are in good agreement with experiments
for both bound states and resonances. Note that we ne-
glect the spin-orbit splittings in this calculations due to
their small energy spacings relative to energy differences
between states with different orbital numbers.

Finally we give comparison between the9
Λ
Be (calcu-

lated) and9Be (experimental) spectra in Fig. 2. This com-
parison could help to define the ”genuine hypernuclear
states” [3] of9

Λ
Be. Connections between states with equal

orbital momentum denoted by the fine lines in Fig. 2 in-
dicate that there are two9

Λ
Be states that have no analogs

in the 9Be spectrum. These states with orbital momenta
1− and 3− are ”genuine hypernuclear states”. This conclu-
sion is in qualitative agreement with privies studies [16].
As we showed above the localization of these states on en-
ergy scale is different from those reported in [16].

5.3 Three-body potential for ααΛ system

Treatment of anα-cluster model [12] (see also [33]) for
9
Λ
Be includes a three-bodyααΛ potential which due to the

NNΛ interaction exists in the nuclear system as it is ex-
plained in [12]. With theααΛ potential presented in [12]
one can obtain satisfactory results for the 0+ binding en-
ergy and excitation energy of the 2+ state while the Ali-
Bodmer potential of the version ”a” is chosen forαα inter-
action and the Isle [23] (or MSA [20]) potential is chosen
for αΛ interaction. Note that the three-body potential [12]
is repulsive. Thus the overbinding problem [10] of theααΛ
system with the Isle (MSA)αΛ potential can be solved by
including the three-body potential into the consideration.
At the same time for theαΛ potentials similar to Gibson
or TH, which bind theααΛ system weaker than it follows
from 9

Λ
Be experiment, perhaps the three-body potential has

to have attractive character.
The calculated binding energyEB of ground state and

the first excited (3/2+, 5/2+) states are presented in Tabl.

Table 4. Calculated binding energyEB (in MeV) of ground state
and first excited ( 3/2+, 5/2+) states for theααΛ system. Exci-
tation energyEx is calculated with no spin-orbit interaction. All
notations are the same as in Table 1. The three-bodyααΛ poten-
tial given in [12] is used. The Myint- Shinmura-Akaishi (MSA)
potential [20] is applied for description ofαΛ interaction. The re-
sults that correspond to the Isle potential [23] are shown in brack-
ets. Forαα interaction the Ali-Bodmer potential of model ”a” is
chosen. The spin-orbit interaction is given by the S(M) potential.

Jπ Our [12]

EB
1
2
+

-6.559 (-6.674) -6.61 (-6.63)
3
2
+

-3.303 (-3.338) –
5
2

+
-3.368 (-3.409) –

Ex (ls) = 0 (3
2
+

or 5
2

+
) 3.22 (3.30) 3.19 (3.18)

4. We have obtained some disagreement with the results of
calculations [12] for the Isle potential (shown in brackets
in Table 4). For MSA our result are close to one calculated
in [12]. Note that the (3/2+, 5/2+) excitation energy of the
model [12] is slightly larger than the experimental value.
We tested the S(M) potential, introduced above for spin-
orbit interaction, in the framework of this model. Energy
space for the (3/2+, 5/2+) splitting (see Table. 4) is found
to be about 70 eV. This value is larger than one obtained in
our calculations for the ABe+TH(M)+S(MM) model and
larger than the experimental value. However, one can gen-
erally conclude that the energies obtained within the Shoeb
model correspond agreeably to the experimental data. At
the same time we have to note that this result obtained by
including into consideration the additional free parameters
related to the three-body potential used. From our point of
view such implementation is a weak point of the Shoeb
model. We have shown that the experimental situation can
be reproduced by our model while using only pair poten-
tials. Final choice between both models one can perform
on the basis of clear experimental indication of behavior of
theαΛ potential at small distances. In the case of soft re-
pulsive core potential the Shoeb model can be considered
as appropriate. In the case of fully attractiveαΛ potential
this model can be considered as having extra free parame-
ters.

5.4 Use of the ABe and TH(M) potentials in other
cluster calculations

As sawn above the cluster model with the ABe and TH(M)
potentials can be successfully applied to reproduce spec-
tral properties of the9

Λ
Be hypernucleus. In this section we

verify these inter-cluster potentials by applying them for
other cluster systems. Two nuclei9Be and6

ΛΛ
He (ααn and

αΛΛ, respectively) are appropriate examples of such clus-
ter systems. The result for energy levels of theααn and
αΛΛ system obtained with the ABe and TH(M) potentials
are presented in Tabl. 5. In these calculations theΛΛ semi-
realistic potentials from Refs.[20,34,35] are used. Theαn
potential (FJR) is a modification of the Sack-Biedenharn-
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Table 5. The ABe and TH(M) potentials are applied to esti-
mate energy levels in theααn andαΛΛ systems. All notations
are the same as in Tabl. 1. TheΛΛ semi-realistic potentials from
Refs.[20,34,35] are used. Theαn potential (FJR) is given in [37].
Experimental data are taken from [38] and [39].

Nucl. System Pot. Jπ Cal. Exp.

9Be ααn FJR[37] EB
3
2
−

-1.863 -1.576
Ex

5
2

−
2.1(6) 2.4294

1
2
−

2.4(3) 2.78
5
2

+
2.8(3) 3.049

6
ΛΛ

He αΛΛ NSC97(b) EB 0+ -6.43 -7.25
NSC97(e) -6.80 ±0.19
Myint [20] -7.04

Breit potential (SBB) [36] taken from [37]. Presented re-
sults allow us to assert that the calculations with the ABe
potential reliably reproduce the experimental spectral prop-
erties of the9Be nucleus. Obviously the calculated results
depend also on the choice ofαn potential. The use of the
TH(M) potential in cluster calculations for6

ΛΛ
He leads to

weak binding of theαΛΛ system if the knownΛΛ poten-
tials are used.
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Fig. 1. Experimental (Exp.) and calculated (Cal.) spectrum of the
9
Λ
Be.Cal.1 corresponds to our results. The resultsCal.2 are from

[16,14]. Orbital momentum of each level is shown.

6 Summary

The configuration space Faddeev equations were applied
to calculate the energy spectrum of the9

Λ
Be hypernucleus

within theα+α+Λ cluster model. We found the set of phe-
nomenological potentials that reproduces the ground state
1
2
+

binding energy and excitation energy of the5
2
+

and 3
2
+

states, simultaneously. In particular, the Ali-Bodmer po-
tential of model ”e” forαα and modified Tang-Herndon
potential forαΛ are used. The spin-orbitαΛ potential is

Fig. 2. Calculated (Cal.) and experimental (Exp.) spectrum of9Be
and9

Λ
Be. The experimental data are from [16]. Orbital and total

momentum of each level is shown. The levels with equal orbital
momentum are connected by fine lines. Energy is measured from
α + α + Λ andα + α + n thresholds, respectively.

described by modified Scheerbaum potential. Our calcula-
tions reproduce well the experimental data for excitation
energies and therefore improve the previous cluster cal-
culations for this hypernucleus. It is shown that the spec-
trum of9

Λ
Be can be classified as an analog of the9Be spec-

trum with the exception of several ”genuine hypernuclear
states”, which agrees qualitatively with previous studies.
The energy spacing of spin-flip doublet (9

2
+
,7
2
+
) of about

200 keV is predicted by our model.
This work is supported by NSF CREST award HRD-

0833184 and NASA award NNX09AV07A. The numerical
calculations were performed at the Pittsburgh Supercom-
puting Center.
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