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Abstract. We present the results of recent friction experiments in which a MEMS-based
sensing device is used to measure both the normal and tangential stress fields at the base of
a rough elastomer film in frictional contact with smooth, rigid, glass indentors. We con-
sider successively multicontacts under (i) static normal loading by a spherical indentor
and (ii) frictional steady sliding conditions against a cylindrical indentor, for an increas-
ing normal load. In both cases, the measured fields are compared to elastic calculations
assuming (i) a smooth interface and (ii) Amontons’ friction law. In the static case, signifi-
cant deviations are observed which decrease with increasing load and which vanish when
a lubricant is used. In the steady sliding case, Amontons’ law reproduces rather satisfacto-
rily the experiments provided that the normal/tangential coupling at the contact interface
is taken into account. We discuss the origin of the difference between the Amontons fields
and the measured ones, in particular the effect of the finite normal and tangential compli-
ances of the multicontact interface.

1 Introduction

Knowledge of the surface and subsurface stress fields at the contact region between two solids is of
considerable interest to numerous domains such as mechanical engineering (e.g. [1–5]), solid friction
[6–12], biomechanics (e.g. [13–17]) or seismology (e.g. [18,19]). From a continuum mechanics point
of view, the theoretical or numerical determination of these fields require a set of constitutive equa-
tions characterizing the mechanical response of the interface, which are usually inferred from macro-
scopic measurements. Most practical contact situations involve rough solids for which the interface is
a collection of isolated load-bearing points forming a multicontact interface (MCI). Macroscopic MCI
usually obey the empirical Amontons’ friction law which states that irreversible sliding occurs when
the ratio of tangential to normal forces reaches a static friction coefficient µmacro without any prior de-
formation of the interface [7,20]. The classical approach for calculating contact stress fields for MCIs
therefore consists in considering a smooth interface exhibiting an analog rigid-plastic response: µmacro

now defines the threshold ratio between shear and normal stress components for local slip to occur
[21–24]. Only few recent works tried to explicitely take into account the effect of the finite tangential
compliance of MCIs on the contact stress [25,26].

Considering both a smooth interface and Amontons’ law may seem paradoxical since the latter is
expected to be valid only for rough solids. Because of adhesion forces, contact between molecularly
smooth surfaces generally do not obey Amontons’ friction law [27,28]. Furthermore, random rough-
ness provides a microscopic basis to Amontons’ law [29–32]: for standard roughness characteristics,
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the real area of contact - and thus the tangential force required to trigger sliding - grows linearly with
the applied load.

When associated with Amontons’ law, the smooth interface hypothesis must therefore be under-
stood as the limiting case of a macroscopic surface bearing vanishingly small roughness. One may
wonder to what extent this approximation is valid in real MCI’s. Experimentally, this question has
been addressed by focusing on the relationship between the macroscopic normal load and the inden-
tation depth[33,34,31,35,36]. Here we go further and compare the stress field measured within an
extended MCI with calculations assuming both smooth surfaces and the local (rigid-plastic) Amon-
tons’ law. We consider two differents situations: (i) static sphere-on-plane MCIs under purely normal
load, modeled using finite elements (section 3) and (ii) steady-sliding cylinder-on-plane MCIs, for
which we developed an original semi-analytical calculation (section 4).

2 Experimental setup

In order to perform such local measurements, we take advantage of the recent development of Mi-
cro Electro Mechanical Systems (MEMS) sensors [37–39]. Local contact stress measurements are
performed with a MEMS force sensor embedded at the rigid base of an elastomer film (Fig. 1). The
MEMS’ sensitive part (Fig. 1, inset) consists of a rigid cylindrical post (diameter 550 µm, length
475 µm) attached to a suspended circular Silicon membrane (radius 1 mm, thickness 100 µm, 330 µm
below the MEMS top surface). When a force is applied to the post, the resulting (small) deformations
of the membrane are measured via a bridge of four couples of piezo-resistive gauges embedded in it
(inset of Fig. 1). The MEMS thus allows to measure simultaneously the applied stress along three or-
thogonal directions, averaged over the MEMS’s millimetric extension, in a way that will be determined
through calibration.

In the present experiments, the MEMS sensor is located at the rigid base of a rough, nominally flat
elastomer film of uniform thickness h= 2 mm (∼ 4 times larger than the post’s diameter) and lateral di-
mensions 50×50 mm. The elastomer is a cross-linked Poly(DiMethylSiloxane) (PDMS, Sylgard 184,
Dow Corning) of Young’s modulus E = 2.2±0.1 MPa and Poisson’s ratio ν=0.5. The film is obtained
by molding against a Poly(MethylMethAcrylate) plate roughened by abrasion, the resulting rms sur-
face roughness being measured with an interferential optical profilometer (M3D, Fogale Nanotech) to
be 1.82±0.10 µm. When the film is put in contact against an indentor, the normal and tangential loads
applied, respectively P and Q are measured through the extension of two orthogonal loading can-
tilevers (normal stiffness 641±5 N.m−1, tangential stiffness 51100±700 N.m−1) by capacitive position
sensors (respectively MCC30 and MCC5, Fogale nanotech).
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Fig. 1. Adapted from [10]. Sketch of the experimental setup. A cylindrical glass indentor (alternatively spherical)
is put into contact against a rough, nominally flat PDMS elastomer film at a constant prescribed normal load P
and a constant velocity V . The local normal and tangential stress at the rigid base of the film are measured by
a MEMS force sensor (lower inset). P and the tangential load Q applied on the film are measured through the
extension of two orthogonal loading cantilevers.
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The stress sensing device (MEMS with its PDMS film) has been calibrated in [8,10], with a pro-
cedure that is only summarized here. The surface of the film is indented with a rigid cylindrical rod
of diameter 500 µm, under a normal load P. With this flat punch indentor, all sensor outputs are found
to be linear with P. By successively varying the position of this rod along the x direction, and assum-
ing homogeneity of the surface properties of the film, the radial profiles of the normal and tangential
output voltages, respectively Uzz(x) and Uxz(x), are constructed point by point. These profiles are then
compared to the results of finite elements (FEM) calculations (Software Castem 2007) for the stress
σzz and σxz at the base of a smooth axi-symmetrical elastic film (with the same elastic moduli and
thickness as in the experiment) perfectly adhering to its rigid base and submitted to a prescribed nor-
mal displacement over a central circular area of diameter 500 µm. We then relate the measured output
voltage U to the stress field at the base of the filmσ by Uαz(x, y) = AαzGαz⊗σαz(x, y), where α = x or z.
Azzand Axz are conversion constants (units of mV/Pa), Gzz and Gxz are normalized apparatus functions
and ⊗ is a convolution product. Gzz and Gxz are deconvoluted in Fourier space. They both exhibit a
bell shape with a typical width of the order of 600 µm [10], comparable to the lateral dimension of the
sensitive part of the MEMS. Note that we use the sign convention that σzz is positive for compressive
loading.

3 Axisymmetric static contact under normal load

Static sphere-on-plane MCIs are formed, under various normal loads P in the range 0.34-2.75N,
against an optical plano-convex spherical glass lens (radius of curvature 128.8mm) [8]. Both the glass
and PDMS surfaces are passivated using a vapor-phase silanization procedure which lowers and ho-
mogenizes the surface energy. As for the rod indentation, the radial profiles are derived from a series
of 33 contacts whose centers lie every 0.5mm along the x direction. These profiles divided by Azz have
the dimension of a stress and are labelled S zz.

For the sake of quantitative comparison, we performed finite element calculations for a frictional
sphere-on-plane contact with the same geometry as in the experiments. Both solids are smooth and
the interface locally obeys Amontons’ friction law with an adjustable friction coefficient µ. We use a
uniform mesh size of 50µm and we impose the normal displacement of the rigid sphere. The contact is
solved using a double Lagrange multiplier (both surfaces are slave and master). We increase step-by-
step the normal load and at each step an iterative Newton-Raphson method is used to satisfy both the
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Fig. 2. Adapted from [8]. Measured normal stress profiles (S zz) for P=2.75N, for both dry (•) and glycerol-
lubricated ( ) contacts. They are compared with the Gzz ⊗ σzz profiles for 4 values of µ (0, 0.3, 0.4, ∞, shown in
solid and dashed lines). The bottom patch represents the contact diameter (3.45mm) in the calculations for µ=0.
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unilateral contact and the friction law. In particular, we compute the radial normal stress profile σzz(x)
at the base of the film.

On figure 2 we show, on the example of a normal load P=2.75N, the S zz profiles for both dry
and lubricated conditions (glycerol droplet inserted at the interface prior to loading), together with the
Gzz ⊗ σzz profiles for various coefficients of friction between µ = 0 and µ = ∞. The lubricated profile
is correctly captured by the finite element calculations for µ = 0. The dry profile is satisfactorily
approached using an effective friction coefficient µe which can be determined by trial and error with a
resolution of order 0.1 (see fig.2 where µe lies between 0.3 and 0.4). These two observations are true
for all loads higher than ≃1N. At lower loads, the lubricated profiles cannot be approximated by any
of the calculated profiles (see discussion below).

In order to show the load dependence of µe, we plot the maximum measured pressure S max nor-
malized by the maximum calculated pressure p0

max for µ = 0, for different loads. We compare this
evolution with Amontons’ behaviour by overplotting the equivalent calculated quantity pµmax/p0

max for
different friction coefficients µ in the range [0,∞]. One can then read off fig.3 and evaluate the effective
friction coefficient µe for any load. µe is an increasing function of P and assumes values much lower
than µmacro ≈1.6, the macroscopic friction coefficient (measured independently for a driving velocity
v=100µm/s).
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Fig. 3. [8]. Load dependence of S max/p0
max for dry (©) and lubricated (�, guideline in dashed line) contacts, and

pµmax/p0
max for various values of µ. Outside of the grey region, the normal compliance effect is negligible.

The incompatibility of the measurements with Amontons’ law suggests that the latter rigid-plastic
behaviour law should be refined. A dominant role of adhesion can be ruled out since, in contradiction
with fig.3, it would induce a decreasing friction coefficient with normal load [40]. We are therefore led
to question the rigid hypothesis. As a matter of fact, MCI’s are known to possess finite compliances
both in normal and in-plane directions. The effect of the normal compressibility of a rough interface
[30,35,41] on a sphere-on-plane contact has first been described by Greenwood and Tripp [42]. The
apparent contact radius is larger than for a smooth interface and the maximum normal stress is smaller.
The higher the ratio of the indentation depth to the rms surface roughness ρ, the larger the effect. The
tangential compliance of MCI has been recently probed experimentally [43–45]: the interface deforms
reversibly before irreversible slippage when the shear deformation reaches values of the order of ρ.

Here, the effect of the two compliances can be uncoupled by comparing dry and lubricated contacts
for the same load. Lubrication suppresses the tangential stress, and the only remaining effect comes
from the MCI normal compressibility. In this respect, Fig.3 shows that the latter is negligible over
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P & 1 N (outside the grey region). However, it is probably responsible for the fact that S max/p0
max

falls below 1 for the smallest loads. The tangential compliance of the interface is thus expected to be
primarily responsible for the observed drop from µmacro to µe for dry contacts. It can be understood
qualitatively in the following way: imagine a sphere-on plane MCI with finite friction for which, tem-
porarily, the asperities cannot deform tangentially. A slip annulus at the periphery of the contact region
coexists with a central circular stuck region [23]. If we now allow the asperities to deform, they will
allow for a partial strain relaxation which is qualitatively equivalent to reducing the apparent friction
coefficient. This effect should vanish at higher loads, as the slip becomes larger than the maximum tan-
gential relaxation ≃ ρ allowed by the MCI deformation. The effective friction coefficient µe is therefore
expected to asymptotically reach µmacro as the load P is increased, in qualitative agreement with our
observations (fig.3).

4 Bidimensional steady sliding frictional contact

Steady sliding MCIs are formed, under various normal loads P in the range 0.34-2.75N, against an op-
tically smooth plano-convex cylindrical glass lens (radius of curvature 129.2mm), driven over 20 mm
along the positive x direction at constant velocity V=1mm−1 [10]. We derive the stress profiles along
the sliding direction directly from the time dependence of the MEMS signals through the relation
S αz(x) = Uαz(Vt)/Aαz (with α = x, y and z). We checked that the x profiles are reasonably y-invariant
over a few millimeters, thus providing an experimental realization of a 2-dimensional cylinder-on-
plane friction experiment.

For the sake of direct quantitative comparison, we have developed the following original bidi-
mensional quasi-static model [10]: A linear incompressible elastic film, of thickness h and Young’s
modulus E, is loaded under plane strain conditions by a rigid circular body of radius R moving at a
constant velocity V . The boundary conditions are (i) a perfect adhesion of the film to its rigid base (ii)
Amontons’ law of friction within the contact with a dynamic friction coefficient µd (iii) no traction
outside the contact and (iv) a prescribed normal displacement induced by the circular indentor over
the contact zone of width 2a. The input parameters of the model are µd and PL the lineic normal load
applied. We compute both the normal and tangential stress x-profiles at the base of the film. We em-
phasize that this model is exact in the sense that, contrary to most previous works (see e.g. [46–50],
[51,52] being among the exceptions), it takes full account of the normal tangential coupling at the
contacting interface.

We now compare directly the measured stress profiles S zz(x) and S xz(x) with the stress profiles
σzz(x) and σxz(x) calculated at the base of the elastic film and convoluted with the apparatus functions
Gzz and Gxz (Fig. 4). The input parameters PL and µd are extracted from the measured stress profiles
as PL =

∫ ∞

−∞
S zzdx and µd =

∫ ∞

−∞
S xzdx/

∫ ∞

−∞
S zzdx. With such definitions, PL is found to increase from

20 to 220 N.m−1 and µd to decrease from 2.6 to 2.0 when P varies from 0.34 to 2.75 N. These values
are to be compared to the macroscopic friction coefficient Q/P, which is a decreasing function of P
(and thus of the local pressure), assuming values from 1.5±0.1 at P= 0.34 N down to 1.36±0.04 at
P= 2.75 N. The latter are typical values for PDMS on glass steady sliding contacts (see e.g. [53,54]).

Figure 4 shows that the calculation provides a reasonable agreement with the experimental pro-
files. In particular, they account for both the negative part of S zz(x) and the dip of S xz(x) at negative x.
In order to quantify the deviations between the experimental and calculated profiles, we compute the

quantity χ =
√

Σi(Ei −Ci)2/ΣiE2
i , where Ei are the experimental data points and Ci are the calculated

ones. For the tangential stress χ=11± 1%, for the normal stress, χ=11± 3 %, with no clear load de-
pendance over the range of P explored. We checked that, in the present experimental conditions, the
exact model provides a clear improvement with respect to previous approximate models, especially as
the ratio of contact size a to film thickness h becomes large.

However, robust non-negligible deviations are observed, the origin of which is not elucidated yet.
Two central assumptions used in the model are in particular amenable to refinement and can be con-
sidered to explain the observed deviations. First, the interface is assumed to be molecularly smooth
whereas the surface of the elastomer exhibits a micrometric roughness. As discussed in section 3, the
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Fig. 4. Adapted from [10]. Comparison between the measured stress profiles (discs) and the model predictions
(lines) for increasing normal loads (P= 0.34 N in black, 1.03 N in red, 1.72 N in blue and 2.75 N in green) and
V = 1 mm.s−1. A: S zz and Gzz ⊗ σzz. B: S xz and Gxz ⊗ σxz.

resulting MCI is thus expected to exhibit finite compressive and shear compliances. This feature is
known to modify, with respect to smooth contacts, both the stress ([42,8,9]) and displacement ([45])
fields. However, these effects are expected to induce vanishing corrections at increasingly high loads.
The absence of observed load-dependence of the deviations suggests that the roughness effect may not
be the primary cause for deviations. The second questionable assumption is the existence of a single
pressure-independent friction coefficient. This is clearly at odds with the observed decrease of Q/P as
a function of P, a behavior that is usually attributed to the finite adhesion energy of the interface (e.g.
[40]). In order to take this effect into account in the model, one should let the local friction coefficient
depend on the location within the contact region, according to the value of the contact pressure. Such
an improvement is left for future work.

5 Conclusion

We have described a MEMS-based set-up allowing for spatially resolved measurements of both the
normal and tangential stress fields at the rigid base of a compliant layer. On the practically relevant
situation of elastic rough surfaces bearing micrometer-sized asperities, we considered two classical
types of loading in contact mechanics: (i) the static normal indentation by a rigid sphere and (ii) the
steady sliding indentation by a rigid cylinder. The measurement technique used here is of very broad
interest in contact mechanics because they provide a significantly richer information than the classical
measurements of the total normal and shear forces P and Q. We emphasize that they allow for mea-
surements in any loading regime, either static or dynamic, and could be of great help in other domains
such as rheology or adhesion, where accurate spatially resolved stress measurements at interfaces are
also needed.

The other important aspect is that the measurement are accurate enough to test quantitatively any
behaviour law at the interface. In the present work, we demontrated this possibility on the example
of Amontons’ law of friction, which is believed to broadly apply for macroscopic multicontacts. We
showed that Amontons’ law fails to describe static frictional MCIs whereas it fits satisfactorily the
steady-sliding frictional MCIs. This suggests that more generally, Amontons’ law will fail as soon as
the contact region is divided into distinct sub-regions where stick zones are adjacent to slip zones. This
is not the case for instance for the lubricated static contacts or for the steady-sliding contacts, in which
the whole contact is a slip zone, and where Amontons’ law was indeed successful. We believe that this
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behaviour is a consequence of the finite tangential compliance of MCIs and that the related effects on
the contact stress have up to now received too little attention.
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