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Energetic model of metal hardening
O.N. Ignatovaa and V.A. Raevsky
FSUE “RFNC – VNIIEF”, Sarov, Russia

Abstract. Based on Bailey hypothesis on the link between strain hardening and elastic
lattice defect energy this paper suggests a shear strength energetic model that takes into
consideration plastic strain intensity and rate as well as softening related to temperature
annealing and dislocation annihilation. Metal strain hardening was demonstrated to be
determined only by elastic strain energy related to the energy of accumulated defects. It is
anticipated that accumulation of the elastic energy of defects is governed by plastic work.
The suggested model has a reasonable agreement with the available experimental data
for copper up to P = 70 GPa , for aluminum up to P = 10 GPa and for tantalum up to
P = 20 GPa.

1 Introduction
The eﬀect of strain mode on metal structure and mechanical properties has been studied for several
decades. In [1] and [2] it has been found that the metal strength increases under wave loading, and
this is explained by fast growth of dislocation and twins density behind the shock front. Sophisticated
study of the microstructure change in [3–5] has been performed using an electron microscope and
x-ray diﬀractometer. These and others studies demonstrate that the metal hardening under strain relates
to structural changes, exactly to dislocation density increase [6–10] and grain size decrease [6, 11, 12]
and under high strain rate it relates to microtwinnig [7–10]. Thus, it enables one to make a general pattern of defect formation after high-speed loading in solids. The basic result of the research is
establishing the relationship between final mechanical properties and the density of the formed
defects [13–15].
In ref. [16] the authors in calorimetric measurements have determined the stored energy of
defects (W E ) and calculated the shear strength after the shock loading based on Bailey hypothesis [17].
Computations described experiments for copper and nickel reasonably well. However, [16] does not
provide relationships for calculating elastic energy through plastic strain work, and does not take into
account temperature annealing at shock loading that can significantly change the final metal state.
The basic goal of this study is constructing relationships between the metal yield strength and
plastic work that has been going on under strain both at static strain and shock loading. Therewith
annealing at increased temperature is taken into consideration.

2 Metal hardening under strain
For annealed pure metals (Cu, Al, etc. [10, 18, 19]) usually having fcc lattice the strain hardening can
be reasonably high (5–7 times). For some metals the hardening value depends not only on plastic
strain, but also on its rate. Thus, for example pure copper after shock loading of > 30 GPa intensity
at strain rate of ε̇ > 107 c−1 is hardened a factor of 5–6 up to the value σ0.2 ∼ 300−400 MPa [18].
a
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This eﬀect relates to intensive generation of dislocations and twins at high-speed shock strain. It should
be noted here that 5–6-times hardening can be reached also at low strain (strain rate of ε̇ ∼10−3 s−1 ),
but the strain intensity here will be higher than 100%.
However, in intensive shock waves in addition to high strain rate also high temperatures are implemented, at which defects can be annealed and strength properties can be “returned” back to their initial
state. It is evident that for aluminum and copper having fcc lattice metal hardening goes faster after
shock loading. It is described by increased conventional yield strength as compared to similar behavior
at slow quasi-static loading. Additional hardening occurs as a result of large quantity of dislocations
and microtwins increasing boundaries that impede dislocation movements. For tantalum having bcc
lattice this eﬀect was not evidenced within the range of investigation P < 20 GPa. Thus, description
of metal hardening should take into consideration strain mode: amount of strain and strain rate. Construction of such model is a challenge. However, its simplified solution is possible on the basis of
Bailey energetical theory [17]. According to [17] hardening is conditioned by integrated energy of
crystal defects W E – dislocations, grain boundaries, twins, etc. As investigations show each metal has
its limiting hardening which is similar for various strain modes. Consequently, there is the fault energy
E
E
density limit Wmax
. At increased temperature the value Wmax
shows a decrease as a result of annealing.

3 Metal hardening energetic model
According to Bailey [17] and Grace [16] we also assume that metal strain hardening is determined
only by the elastic energy W E that is connected with the accumulated energy in deformation.
A relaxation strength model taking into consideration the increase of stress intensity with the strain
rate growth in shock waves:
Yd − YS
,
(1)
Ẏd = 3Gε̇i −
τ
where Yd – is an eﬀective yield strength at the given time, YS – is a stationery yield strength,
being implemented at the given state (P, T ) of material at ε̇i = 0; ε̇i – is a strain rate; G – is a
shear modulus, τ – elastic stress relaxation time (τ = f (ε̇i , T, G)).
We set the stationary yield strength YS as:

 G
YS = Y0 · 1 + (ω)1/2 ·
,
G0

(2)

where G0 , G – are the shear modules in the initial and current states, Y0 – is the initial yield strength
determined from static experiments.
In the first approximation the ω-function can be represented by the following relaxation equation:
ω̇ (t) =

ω − ωa (T̄ )
ȦP
· (ωmax − ω) −
· Θ,
E0
τa

(3)

where ωa (T̄ ) – is temperature-dependent hardening, T̄ = T/T m , T, T m – are current temperature and
melting temperature in the given stress-strain state, τa – is the temperature “return” time, τ0 – is a
parameter, Θ – is Heaviside function.
In the first approximation the temperature dependent relaxation time τa and hardening time can be
represented as:
T̄ 0

τa = τ0 · e T̄ ,
⎛
n2 ⎞

⎟⎟⎟
⎜⎜⎜
T̄
⎟⎟ ,
⎜
ωa (T ) = ωmax · ⎜⎝1 −
T̄ an ⎠
ωa (T ) = 0
where τ0 , T̄ 0 , n2 – are constants, T̄ an =
metals to (0.35–0.45) · T m .

T an
Tm ,

T̄ > T̄ an

(4)
T̄ ≤ T̄ an

(5)
(6)

T an – is annealing temperature equal for the majority of
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Fig. 1. The relationship between calculated and experimental curves of the yield strength and the calculated
copper plastic deformation work under shock strain up to the pressure P = 70 GPa, with various action times
tS W < 1 μs and tS W  2 μs: 1 – calculation according to (3) without including temperature relaxation; 2 – calculation
according to (3) without temperature relaxation; 3 – calculation according to (3) including temperature relaxation;
4 – experiment at tS W < 1 μs; 5 – experiment at tS W  2 μs.

4 Comparison with the experiment
Using relationships (1)–(6) the final strength of macrocrystalline copper was calculated after shock
loading up to pressures of ∼70 GPa. At low deformation copper is known to be hardened from ∼55 to
∼500 MPa, i.e., a factor of 10, and annealing takes place at T an ∼ (0.3 − −0.5) · T m . In calculations the
following values were used: ωmax = 9.12 = 82.8 and T̄ an = 0.42. The thermal relaxation time τa can
be evaluated from experiments investigating the shock time impact (tS W ) on the final strength. Thus,
at P = 65–70 GPa and tS W < 1 μs, YS = 323 MPa, when the time tS W  2 μs, YS = 172 MPa. In Eq. (4)
τ0 = 2 · 10−6 s.
Figure 1 provides the calculation data using the energetic model (1)–(6) as compared to the experimental data of copper final strength after shock loading up to the pressure P = 70 GPa and with
various action times tS W < 1 μs and tS W  2 μs.

Conclusion
This paper considers the energetic model of metal hardening. It is assumed that metal strain hardening
is determined only by the elastic energy of accumulated defects during deformation. The suggestion
is that the defect energy and hardening are determined by deformation plastic work and temperature
and do not depend on deformation mode and rate. The relationship between the yield strength and the
plastic work has been put forward. The model takes into consideration the hardening related to the
accumulated during deformation defects and the annealing as a result of high temperatures implemented in high shock waves. The proposed model has a reasonable agreement with the available
experimental data for copper up to P = 70 GPa, for aluminum up to P = 10 GPa and for tantalum up
to P = 20 GPa.
This study is performed with the support of RFFR (Project # 08-02-00087a) and a scientific school # NS1307.2008.1.
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