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Abstract. The clustering exciton model of Iwamoto and Harada is applied to the analy-
sis of pre-equilibrium (N, xα) energy spectra for medium-to-heavy nuclei up to 200 MeV.
In this work, we calculate alpha-particle formation factors without any approximations
that appear in the original model. The clustering process is also considered in both the
primary and second pre-equilibrium emissions. We optimize the exciton and the cluster-
ing model parameters simultaneously by looking at the experimental (N, xN) and (N, xα)
energy spectra. The experimental alpha-particle spectra are well reproduced with a unique
set of clustering model parameters, which is independent of incident neutrons/protons.
The present analysis also implies that the clustering model parameter is not so different
between the medium and heavy nuclei. Our calculations reproduce experimental data gen-
erally well up to the incident energy of ∼150 MeV, but underestimations are seen above
this energy.

1 Introduction

The exciton model, as it is frequently used in the nuclear data evaluation [1], predicts pre-equilibrium
(N, xN) spectra generally well. However, a long-standing problem exists in the model calculation of
the pre-equilibrium composite-particle spectra due to rather complicated reaction mechanism. The
phenomenological models proposed by Kalbach [2,3] describe nucleon-transfer reaction process in
the phase-space, in which many adjustable parameters are involved to fit experimental particle energy-
spectra. Although a useful global parameterization is reported [2,3], extrapolation of the global pa-
rameters beyond the experimental range needs much attention.

We apply the clustering exciton model of Iwamoto and Harada [4] to calculate nucleon-induced
pre-equilibrium alpha-particle spectra from medium-to-heavy nuclei. The model describes the pickup
process within the exciton model framework, where the alpha-particle formation factor is calculated
by the overlap integral of wave functions between the alpha-particle and four nucleons (include the nu-
cleons below Fermi level). In this work, the formation factors are calculated by numerical integrations,
while the original Iwamoto-Harada model employed the root-mean-square approximation [4] where
no correlation exists between the coordinates in the phase-space. The clustering process is also con-
sidered in both the primary and second pre-equilibrium emissions. We optimize the pre-equilibrium
and the clustering model parameters simultaneously by looking at the experimental nucleon and alpha-
particle energy spectra.

In this paper, differences between the exact calculation and the approximation are exhibited for
the alpha-particle formation factor. Through the comparisons with experimental spectra at incident
energies up to ∼ 200 MeV, we show the behavior of the clustering model parameter, the applicability
and limitation of the model.
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2 Model Framework

The idea of clustering exciton model was originally proposed by Iwamoto and Harada [4], in which the
alpha-particle formation factors are calculated from the overlap integral between the wave functions
of alpha-particle and four nucleons. It is symbolically expressed as 〈ϕαχ(εα)(R)|φ1φ2φ3φ4〉 where ϕα
and χ(εα)(R) denote the intrinsic and the center-of-mass wave functions of alpha-particle, φ1,...,4 the
wave functions of the single-particles. Numerically, the formation factor is calculated by the multiple
integrations over the phase-space,

Fl,m(εα) =
1

(2π~)9

∫
S

3∏
i=1

dξidpξi , (1)

where the coordinates (ξi,pξi )i=1,2,3 are introduced to describe relative motions of two N-N and one
2N-2N systems. The integration ranges are determined by the ground-state Hamiltonian of alpha-
particle under the conditions pi=(1,...,l) ≥ p f , p j(=l+1,...,4) < p f and ri(=1,...,4) ≤ Rres + ∆R, where p f is the
strength of Fermi momentum, Rres the radius of the residual nuclei. The symbol ∆R physically means
the nuclear surface area where pickup reaction may occur. This is a major parameter of this model,
and determine the overall behavior of the formation factors. In this work, the formation factors are
exactly calculated by numerical integrations, while the original Iwamoto-Harada model employed the
root-mean-square approximation [4]. Figure 1 illustrates the differences between the exact calculation
and the rms approximation for F1,3, F2,2, F3,1 and F4,0. Those calculations were made for for p+40Ca
system under the condition of ∆R = 1.0 fm, which was assumed in the original work. The exact and
approximated calculations exhibit the same behavior, but the absolute values are apparently different.
One also notices that the high-energy tail lingers in the exact calculation, while it suddenly drops to
zero at rather lower energies in the approximation. In our data analysis, we consistently use the exact
calculations of Eq. (1), which avoids any deficiencies coming from the rms approximation.
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Fig. 1. The formation factors of alpha-particle Fl,m for p+40Ca system under the condition of ∆R = 1.0 fm

The cross sections are calculated with the Hauser-Feshbach code GNASH [5] in which the exci-
ton model is adopted for pre-equilibrium process. The primary nucleon emission rates are calculated
allowing those from the auxiliary configurations [2]. Similarly, we modify the code to compute the
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Fig. 2. Calculated angle-integrated spectra for 56Fe(p, xα) at the incident energies of 50, 100 and 150 MeV. The
solid and dashed curves represent the total alpha-particle spectra with and without the multiple pre-equilibrium
emission, respectively.

primary emission rate of alpha-particle by introducing the formation factor Fl,m(εα) as

Wα(p, h, εα) =
1

π2~3 µαεασα

∑
l+m=4

Fl,m(εα)

 2∑
j=0

ω(p − l, h − j,U) +

2∑
j=1

ω(p − l − j, h,U)


2∑

j=0

ω(p, h − j, E) +

2∑
j=1

ω(p − j, h, E)

. (2)

The symbolσα denotes the inverse reaction cross sections which is calculated by the optical model, and
µα stands for the reduced mass. The single-particle state density ω(p, h, E) is given with the finite well
depth correction [6] as ω(p, h, E,∞) f (p, h, E,V). We also made it possible to calculate alpha-particle
emission from the excited residual nuclei that were produced by the primary (N,N) pre-equilibrium
reaction. The multiple particle emission spectra through such processes are calculated as in Ref. [7]
by considering the clustering. Figure 2 represents those model calculations, in which alpha-particle
spectra are illustrated for 56Fe at the incident proton energies of 50, 100 and 150 MeV. The multiple
emissions enhance the lower energy part of spectra above the incident energy of ∼ 50 MeV as plotted
in this figure.

3 Model Parameters

The pre-equilibrium model calculation requires total reaction cross sections for incident particle, and
inverse reaction cross sections for outgoing particles. In this work, those values are calculated with
the optical model. The coupled-channles calculations were performed for nucleons with a local/global
optical potential as in Ref. [8]. For alpha-particles, the spherical model calculations were made with the
optical potential of Avrigeanu et al. [9,10]. Those calculations also provide transmission coefficients
for outgoing particles that are used in the Hauser-Feshbach statistical model calculation.

In the exciton model, the effective potential well depth V is taken from the global pre-equilibrium
analysis of Koning and Duijvestijn [11]. The single-particle state density parameter is set as g = 6a/π2,
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where the symbol a is the level density parameter that is calculated in the expression of Ignatyuk et
al. [12] (the asymptotic values are taken from those obtained by Arthur [5]). We evaluate the average
matrix element M2 of Kalbach [13] to fit the available experimental (N, xN) pre-equilibrium spectra.

The ground-state Hamiltonian of alpha-particle is described by the harmonic-oscillator model in
accordance with the original work of Iwamoto and Harada. The harmonic-oscillator parameter is cho-
sen to give the rms of 1.6 fm, which is consistent with the experimental value. For the Fermi energy,
we take 38 MeV irrespective of nucleus. The radius of residual nuclei is set to Rres = 1.5A1/3 fm
as assumed in the original work. We finally obtain the clustering parameter ∆R so as to give a good
agreement with the available experimental (N, xα) spectra.

According to our (n, xα) analysis for 59Co and the neighboring nuclei, reasonable spectra can be
obtained with ∆R ∼ 0.75 fm, once the average matrix element M2 is well determined. Figure 3 repre-
sents this situation, in which the model calculations are made with ∆R = 0.75 fm and compared with
the experimental data of Nica et al. [14] at the incident energy of 62.7 MeV for 59Co. The calculations
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Fig. 3. Angle-integrated spectra for 59Co(n, xp) and (n, xα) reactions at incident energy of 62.7 MeV which are
compared with the measured data of Nica et al. [14]

were also performed for proton-induced reaction for 59Co and 208Pb assuming the same ∆R value.
In Fig. 4, the calculated (p, xα) spectra are compared with the experimental data of Lewandwski et
al. [15] for 59Co at 72.3 MeV and 208Pb at 70.7 MeV, respectively. The present calculations reproduce
the measured 59Co(n, xα) very well. Reasonable agreements are also seen even for the 208Pb case.
According to those findings, the same ∆R value can be applied to both neutron- and proton-induced
reactions. In addition, the parameter seems to be independent of the target mass.

4 Applicability and Limitation

Figure 5 illustrates the absolute (p, xα) cross sections for Fe from the threshold energy to 200 MeV.
Our calculated cross sections agree with the experimental data of Ammon et al. [16] fairly well. For Fe,
also it is true for other nuclei in this mass region, the statistical decay process gives major contributions
to the total alpha-particle production cross section, and the cross section becomes much larger than
that from pre-equilibrium process. Nevertheless, the pre-equilibrium process is still important above 10
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Fig. 4. Angle-integrated (p, xα) spectra for 59Co at 72.3 MeV and 208Pb at 70.7 MeV which are compared with
the measured data of Lewandwski et al. [15]

MeV to give the total alpha-particle production cross sections that are consistent with the experimental
data.

Through the comparison with experimental data, we found that our calculation gives reasonable
alpha-particle spectra up to the incident energy of ∼ 150 MeV. However, the situation is somewhat dif-
ferent above this energy. Figure 6 shows double differential cross sections for 58Ni(p, xp) and (p, xα)
reactions at the incident energy of 175 MeV. In this figure, we compare our calculated results with the
measured data of Piskor-ignatowicz et al. [17] at emission angles of 16◦, 65◦ and 100◦. The double-
differential cross sections were calculated by supplementary use of the angular-distribution systematics
of Kalbach [18]. Our calculations nicely reproduce the experimental (p, xp) spectra, but underestimate
the measured (p, xα) spectra at the forward angle. This underestimation tends to be larger as emission
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Fig. 5. Calculated (p, xα) cross sections for Fe from threshold energy to 200 MeV which are compared with the
experimental data of Ammon et al. [16]

energy increases. The same tendencies are also observed in comparisons with the measured data of
Cowley et al. [19] who reported experimental (p, xα) spectra in the similar energy range for the other
nuclei. At this moment, it is not so clear that this problem is due to applicability of the angular distribu-
tion systematics at very high energies, or due to other nuclear reaction mechanisms such as knock-out,
or even both of them. Further works are needed to extend our modeling above 150 MeV.

5 Summary and Conclusion

We applied the clustering exciton model of Iwamoto and Harada to the analysis of pre-equilibrium
(N, xα) spectra. The alpha-particle formation factors were calculated with the exact overlap-integral
of wave functions, which gives much larger values than those calculated with the rms approximation.
The clustering process is considered not only in the primary but also in the second pre-equilibrium
emissions, which enhanced the lower energy spectra above the incident energy of ∼ 50 MeV. Once the
exciton model parameters were determined, reasonable alpha-particle spectra can be obtained with a
simple parameterization in the clustering model. According to the present analysis, the same ∆R value
can be applied to both neutron- and proton-induced reactions. Also, the parameter does not seem to
depend highly on the nucleus. Although our calculations reproduced experimental (N, xα) spectra up
to ∼ 150 MeV, there still remained discrepancies in the energy range above this energy.
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Fig. 6. Double differential cross sections for 58Ni(p, xp) and (p, xα) reactions at incident energy of 175 MeV
which are compared with the measured data of Piskor-ignatowicz et al. [17]
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