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Abstract
Within a dynamical description of nuclear fragmentation, based

on the spinodal decomposition scenario, we explore the relation be-
tween isovector density fluctuations and nuclear symmetry energy. We
show that, inside the fragmenting system, isovector fluctuations follow
the evolution of the local density and approach an equilibrium value
connected to the local symmetry energy. Higher density domains are
characterized by smaller average asymmetry and narrower isotopic dis-
tributions. This analysis indicates that fragment isotopic properties
and isoscaling can probe the symmetry energy in the density regime
corresponding to fragment formation.

1 Introduction

Under suitable conditions of density and temperature, the nuclear Equation
of State (EoS) foresees the possibility of phase transitions from the liquid to
the vapour phases, a scenario often evoked to explain the multifragmentation
phenomenon [1–3]. In two-component systems, such as asymmetric nuclear
matter, where proton and neutron numbers are different, new features ap-
pear and a crucial role is played by the isovector part of the interaction
and the corresponding term in the nuclear EoS, the so-called symmetry en-
ergy [4]. Hence, apart from the its fundamental interest, the analysis of
phase transitions in two-component nuclear systems allows one to explore
the low-density behavior of the symmetry energy, on which many investiga-
tions are concentrated nowadays [5–8].
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A connection between the characteristics of clusters emerging from nu-
clear fragmentation and the symmetry energy has been proposed, in the
framework of macroscopic statistical models [9,10]. Here we explore this is-
sue within a dynamical description of the fragmentation process, correspond-
ing to the occurrence of low-density (spinodal) instabilities. We investigate
the coupling between the development of isovector density fluctuations, to
which isotopic properties are connected, and the growth of the isoscalar un-
stable modes, leading to the formation of nuclear drops (fragments). This
allows one to evaluate isovector fluctuations as a function of the local den-
sity inside the fragmenting system, to probe their relation to the symmetry
energy and its density dependence.

2 SMF model and isovector fluctuations

Theoretically the evolution of complex systems can be described by a one-
body transport equation with a fluctuating term, that incorporates the
effects of the unknown many-body correlations, the so-called Boltzmann-
Langevin equation (BLE). Here we follow the approximate treatment to
the BLE presented in Ref. [12], the Stochastic Mean Field (SMF) model,
that consists in the implementation of stochastic spatial density fluctua-
tions. Hence we consider the following equation for the time evolution of
the semiclassical one-body distribution function f(r, p, t):

∂f

∂t
+ v · ∂f

∂r
− ∂U

∂r
· ∂f

∂p
= Īcoll[f ] +

∂Uext

∂r
· ∂f

∂p
, (1)

where U [ρ] is the self-consistent mean-field potential, Īcoll[f ] is the average
collision integral and Uext(r) represents the external, stochastic field. The
coordinates of isospin are not shown for brevity.

Within such a framework, the effective potential U is derived from en-
ergy density functionals that, in asymmetric matter, contain a term pro-
portional to I2 (with I ≡ (ρn − ρp)/ρ and ρ,ρn, ρp denoting total, neu-
tron and proton densities, respectively), the so-called symmetry energy,
Esym(ρ, I)/A ≡ Csym(ρ)I2. The symmetry energy coefficient Csym(ρ) can
be expressed as the sum of a potential term Cpot

sym(ρ), and a kinetic term
that, at zero temperature, reduces to εF (ρ)/3, where εF denotes the Fermi
energy.

In order to investigate fluctuations of the one-body distribution function
f and their dependence on system conditions, such as density and tem-
perature, let us consider the behavior of nuclear matter prepared with a
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uniform density distribution ρ0 and with a Fermi-Dirac momentum distri-
bution f0(ε) corresponding to a specified temperature T . The system is con-
fined within a volume Ω, with periodic boundary conditions imposed. For
two-component matter one can identify two types of independent modes of
the phase-space density: isoscalar-like modes, where neutrons and protons
oscillate in phase, and isovector-like modes, with neutrons and protons os-
cillating out-of phase [4]. In particular, in the case of symmetric nuclear
matter, the two types of modes correspond to oscillations of the total den-
sity fs = fn +fp (isoscalar modes) and of the isovector density fv = fn −fp

(isovector modes). Let us denote by f q
k(p, t) (q = s, v) the Fourier transform

of the difference δf q = f q − f q
0 , where f q

0 is the system initial density.
For stable modes, for which equilibrium is eventually reached, the vari-

ance associated with the density fluctuation ρq
k can be evaluated exploiting

the fluctuation-dissipation theorem [13]:

σq
k =< (ρk)2 >=

T

F q(k)
, (2)

where F q(k) = (∂Uq
k

∂ρq + 1/N), with N = − 4
h3

∫
dp∂f0

∂ε . We notice that F q

is nothing but the second derivative of the system free energy density with
respect to the density ρq. Considering the inverse Fourier transform of ρq

k

we obtain, for the spacial density correlations, in a cell of volume ΔV :

σρq(ΔV ) ≡< δρq(r)δρq(r) >=
1

(2π)3
∑

k

σq
k dk =

1
ΔV

< 1/F q(k) >k, (3)

where the average extends to all k modes.
It should be noticed that, for the physical scenario we are interested in

, i.e. unstable nuclear matter, isoscalar density fluctuations are amplified,
while isovector modes are stable and the associated fluctuations are expected
to keep the value given by Eq.(3). Focusing on the isovector modes, the
potential Uv

k represents the Fourier transform of the difference between neu-
tron and proton potentials, Usym(ρ(r)) =

∫
dr′ 2Cpot

sym(ρ(r′))I · gσ(|r − r′|),
where the smearing function gσ is introduced to account for the finite range
of the nuclear interaction. Then one gets F v(k) = 2Fsym(k)/ρ0, with
Fsym(k) = Cpot

symgσ(k) + ρ0/(2N). We note that Fsym(k = 0) simply co-
incides with the (volume) symmetry free energy, that at zero temperature
reduces to the symmetry energy Csym, because 1/N (T = 0) = (2εF )/(3ρ0).
Then we can write:

< 1/F v(k) >k=
ρ0

2
< 1/Fsym(k) >k≡

ρ0

2F v
eff

. (4)
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Hence we find that fluctuations of the isovector density are connected to an
“effective” symmetry free energy F v

eff that, owing to the k dependence of the
symmetry potential, is smaller than the volume free energy Fsym(k = 0).
For instance, adopting σ = 0.9 fm, we find F v

eff = 0.7 Csym for nuclear
matter at saturation density and zero temperature.

In asymmetric matter, the findings discussed above still hold for
isoscalar-like and isovector-like oscillations.

3 Results

Let us go back to the full non-linear equations (1), that are solved numer-
ically with the test particle method. We have performed SMF calculations
for nuclear matter prepared at fixed temperature (T = 3 MeV) and in sev-
eral density conditions. We adopt a soft EoS, with compressibility modulus
K = 200MeV and, for the density (ρ) dependence of the symmetry energy
we consider two representative parameterizations: one with a linearly in-
creasing behaviour of Cpot

sym(ρ) with density (asystiff) and one with a kind
of saturation above normal density (asysoft) (see Ref. [4, 14] for more de-
tail). The corresponding zero-temperature coefficient Csym(ρ) is plotted in
the inset of Fig.1 (full thick lines).

Let us consider first, for the sake of simplicity, the case of symmetric
matter (I = 0). We first concentrate on isovector fluctuations for matter at
equilibrium. To do so, we switch-off in the calculations the isoscalar part of
the nuclear potential, to avoid the development of instabilities in the case
of low density initial conditions, and we calculate the isovector fluctuation
variance σρv =< (δρn(r)− δρp(r))2 >, where the average is performed over
cells of volume ΔV = 1 fm3. Then, the effective symmetry free energy
can be extracted numerically exploiting Eqs.(3,4). This quantity, F v

eff,num,
is displayed in Fig.1 (left panel, inset) as a function of the matter density,
for the two parameterizations of the symmetry energy introduced above
(dot-dashed thin lines, black for asystiff and red for asysoft). It should
be noticed that at the small temperature (T = 3 MeV ) considered in the
calculation, the symmetry energy Csym (thick lines) practically coincided
with the symmetry free energy Fsym(k = 0). The numerical results follow
the analytical calculation discussed above: Owing to the k dependence of
the symmetry potential, the extracted F v

eff,num is lower than the symmetry
energy, being reduced by about 30% at normal density, but exhibits a similar
density dependence, connected to the asy-stiffness of the effective interaction
employed in the simulations. A different behavior is seen for densities below
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Figure 1: (Color online) Left panel: The effective free symmetry energy, as ex-
tracted from SMF simulations, as a function of the local density, for systems with
temperature T = 3 MeV and density ρ1 (full lines), 2ρ1 (dashed lines), 3ρ1 (dotted
lines). Dot-dashed lines (also shown in the inset) represent the results obtained for
stable nuclear matter at the same temperature (see text). In the inset the density
dependence of the symmetry energy coefficient Csym is displayed, for comparison
(full lines). Right panel: The quantity 4Δ(Z/A)2) (see text) is plotted as a function
of the local density. Notations are the same as in the left panel. Black: asystiff
EoS. Red: asysoft EoS.

0.05 fm−3. Here the calculations could be altered by numerical inaccuracies
related to the phase space mapping (that would require a very huge number
of test particles), that may induce deviations of the distribution function
from the Fermi-Dirac statistics.

The evaluation of the isovector fluctuations of nuclear matter frozen at
fixed density can be used as a benchmark for the general and more inter-
esting case where the system may evolve. Solving numerically the full non
linear equations (1), one expects a coupling between isoscalar and isovector
modes. Then it is interesting to investigate the behavior of isovector fluc-
tuations in presence of instabilities leading to the amplification of isoscalar
density fluctuations. Calculations have been performed for three initial den-
sity values inside the spinodal region: ρ0 = ρ1 = 0.0245 fm−3, ρ0 = 2ρ1 and
ρ0 = 3ρ1. Moreover, for each case, we have considered symmetric matter
(system (1), I1 = 0) and asymmetric matter (system (2), I2 = 0.142).

Now the system may develop density fluctuations, so locally the density
gets larger (density bumps, leading to fragments) or smaller (vapour) than
the initial value. Then isovector fluctuations can be investigated as a func-
tion of the local density, i.e. looking at the behavior of the isovector density
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ρv in cells having the same total density ρ. This analysis is performed at the
time t = 200 fm/c, when isoscalar density fluctuations saturate. Results
for F v

eff,num(ρ) are displayed in Fig.1 (left panel), as a function of the local
density, in the case of symmetric matter, for the three initial density values
considered in the calculations, and the two asy-EoS.

Quite interestingly, one observes that isovector fluctuations follow the
local value of the symmetry energy independently of the initial conditions
of the system. Indeed the three curves associated with the different initial
densities (full, dashed and dotted lines for ρ1, ρ2 and ρ3, respectively) are
rather close to each other and they are also close, for each given density, to
the equilibrium results discussed above (thin dot-dashed lines, also shown in
the inset). These results indicate that, as soon as density fluctuations start
to develop, one observes a quick rearrangement of isovector fluctuations, that
approach the equilibrium value corresponding to the actual local density.

Calculations have been performed also for the asymmetric system (2),
leading to results very close to the ones displayed in Fig.1. In the latter
case one can also discuss the isospin distillation mechanism, that induces a
deviation of the local asymmetry from the system initial value. In particular,
we consider the quantity Δ(Z/A)2 = (Z/A)21−((Z/A)22, where (Z/A)1 = 1/2
refers to the symmetric system and (Z/A)2 = (1− I2(ρ))/2 is related to the
average asymmetry value of cells having the same local density ρ, for system
(2). This quantity is displayed in Fig.1 (right) as a function of ρ.

The different curves correspond to the two EoS (red lines for soft, black
lines for stiff) and the three initial densities considered. As a general trend,
we observe the well known behavior of asymmetric systems: the low-density
regions become more neutron rich, while high density regions are more sym-
metric, just in connection with the density dependence of the symmetry
energy coefficient Csym(ρ). Here what is interesting to notice is that the
distillation mechanism goes together with the density-dependent behavior
of the isovector variances described just above: large density domains are
associated with smaller asymmetry and smaller fluctuation width, while low
density regions are on average more asymmetric, but also more fluctuating.

4 Conclusions

To conclude, we have undertaken a dynamical study of the disassembly of
two-component unstable systems, focusing on the coupling between the de-
velopment of isoscalar and isovector density fluctuations. We have shown
that the amplitude of isovector fluctuations follows the evolution of the local
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density and approaches, within time scales compatible with nuclear reactions
at Fermi energies, the corresponding local equilibrium value, that is linked
to the density-dependent symmetry free energy (see Eqs.(3,4)). The isospin
distillation mechanism, that reduces the asymmetry of the high density do-
mains from which fragments emerge, is accompanied by the observation of
smaller isotopic fluctuations in these regions, following the density depen-
dence of the symmetry energy. These results are relevant to experimental
isoscaling analyses aiming at extracting information on the symmetry en-
ergy, a topic of strong current interest in the nuclear physics community.
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