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Abstract
We investigate the occurrence of exotic structures in the outermost
layers of neutron stars within the framework of a microscopic model describing the nucleonic dynamics through a time-dependent mean ﬁeld
approach at around zero temperature. In this model starting from an
initial crystalline lattice of nuclei at subnuclear densities the system
evolves and self-organizes in various low-lying energy structures without assumption of ﬁnal shapes. These structures are studied in terms
of a density phase diagram. We investigate their sensitivity to the
isotopic composition and to the symmetries of the lattice.

1

Introduction

Neutron stars are cold, dense and compact objects supported by the degeneracy pressure of neutrons. At its outermost layers, temperatures are T 1
MeV while densities are around ρ ∼ 1011 g cm−3 . As predicted in the early
80’s, in these regions nuclei may adopt exotic shapes. They are assumed
to be built as the consequence of the interplay between Coulomb and nuclear forces and to be sensitive to the equation of state (EOS) of nuclear
matter. Their existence may have important astrophysical consequences on
macroscopic characteristics, as masses and radii [1], as well as on the cooling processes of the star [2]. In particular, their presence should aﬀect the
neutrino opacity [3] and the transport properties [4] of the crust.
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In order to describe the behavior of the crustal matter we have developed
a dynamical model accounting for nucleonic degrees of freedom [5]. In this
framework, non spherical shapes are shown to appear at subnuclear densities as a consequence of the nuclear micro-dynamics. They correspond to
multiple low-lying energy conﬁgurations that can be explored dynamically
starting from diﬀerent initial conditions. As originally predicted by static
approaches [6], nuclei with exotic shapes as rods, slabs and other complex
structures are observed.
The aim of this work is to investigate the self-organization processes of
the nuclear matter from the lattice structures expected in the outer crust
to either exotic structures or disordered patterns in the inner crust. The
temporal evolution of the nucleon density is analyzed for diﬀerent isotopic
compositions, mean densities and symmetries. The eﬀects of random perturbations in nuclei positions are also examined. This work is organized as
follows. In Section 2 we brieﬂy recall the bases of the model. In Section 3 we
discuss our results. In Section 3 we present our conclusions and perspectives.

2

The model

In the range of temperatures and densities characteristics of the star, matter
is described in terms of a system of interacting nucleons in a uniform background of electrons insuring the neutrality of matter. We have developped
a dynamical approach which is based on the DYWAN model [7] describing
heavy ion collisions.
In the present approach, the initial condition is given by a system of
nuclei located on the sites of a lattice with periodic boundary conditions.
A static self-consistent procedure is implemented in order to get nuclear
composites either at their ground states or in excited states according to
mechanical or thermal constraints. The Hartree-Fock equation is solved
spanning the one-body density matrix in a convenient basis (wavelets [8]).
For this calculation we have chosen a density-dependent zero-range eﬀective
interaction, with the following self-consistent ﬁeld:
VqHF (ρ, ξ) =
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(1)

where ρn and ρp stand for neutron and proton densities, ρ = ρn + ρp ,
ξ = ρn − ρp , q=1/2 for neutrons and -1/2 for protons, ρ∞ =0.145 fm−3
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is the saturation density of inﬁnite nuclear matter and VqC is the Coulomb
interaction. Current values of the parameters are c=20MeV, Ω= -100MeV,
7/6
t0 /ρ∞ = −356MeV fm3 and t3 /ρ∞ = 303MeV fm7/2 . They are shown to
reproduce the principal static characteristics of nuclei and of inﬁnite neutron
matter [5]. The Coulomb term for protons is calculated using Ewald summation techniques [9], which are adapted to the calculation of long range
potentials in periodic systems.
Once the initial conditions are given nuclear matter evolves according
to the Time Dependent Hartree-Fock equation. A variational procedure
is implemented in order to obtain the equations of motion for the basis


parameters {ξ(t),
χ
 (t), π (t), φ(t)}
corresponding to the ﬁrst and second moments in phase space: < x >= ξx , < (x − ξx )2 >= χx , < px >= πx ,
< (px − πx )2 >= φx . We refer the reader to Ref. [5] for a detailed description of the model.
The nucleon distribution evolves in time molding structures which can
strongly diﬀer from the initial ordered condition. Morphological analysis techniques (MIA) [10] provides a mathematical framework to classify
structures unambiguously. The associated Euler characteristics is deﬁned as
χ = ne − nt + nc , where ne is the number of elements, nt is the number of
tunnels and nc is the number of cavities. Table 1 summarizes the obtained
basic shapes with their corresponding χ value.
Table 1: Synopsis of basic Euler characteristic values.
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Results

In Fig. 1 are displayed a set of chosen snapshots of the neutron density
contained in a supercell, at diﬀerent times, for the simple cubic cell (SCC)
lattice containing 27 oxygen nuclei with proton fraction xp =0.1. Nuclei have
been initially slightly excited with a quadrupole deformation. The overall
average density of the supercell is ρ=0.0726 fm−3 . In this picture only
spatial regions with densities higher than the threshold density ρt =0.065
fm−3 are apparent. In Fig. 2 (a) the corresponding χ values are plotted as
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Figure 1: (Colour on line) Time evolution of neutron density in oxygen SCC lattice
with xp =0.1, ρ=0.0726 fm−3 and threshold density 0.065 fm−3 .

a function of time. After a transient interval the system oscillates between
two preferred structures. These transitions are energy and entropy conserving. In Fig. 2 (b) is represented the entropy per baryon in units of the
Boltzmann constant as a function of time. When, in addition, the system is

Figure 2: (Colour on line) Same system as in Fig. 1, the time evolution of (a)
the Euler characteristics and (b) the entropy per nucleon. KB is the Boltzmann
constant.

initially perturbed by slightly shifting the positions of nuclei with respect to
the lattice sites, the subsequent evolution strongly depends on the isotopic
composition and on the spatial symmetry of the system. Indeed, in Fig. 3 is
represented the neutron density distribution in a perturbed SCC supercell
of O isotopes with proton fractions xp =0.5 (a) and xp =0.2 (b). The mean
and threshold densities are, respectively, 0.06 fm−3 and 0.04 fm−3 . Starting
from similar initial conditions the system evolves toward diﬀerent conﬁgurations. In the case (a) the system organizes in several intermediate mass
fragments while for the case (b) it turns into a unique massive cluster occupying the entire cell. If, instead of using SCC lattices, face centered cubic
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Figure 3: (Colour online) Snapshots of neutron density at t=600 fm/c in perturbed
oxygen SCC lattice with ρ=0.06 fm−3 for (a) xp =0.5 and (b) xp =0.2.

cells (FCC) are implemented, the system evolves toward a unique rod-like
fragment. This is shown in Fig. 4, where is displayed the time evolution
of the neutron density in a perturbed supercell composed by 32 O nuclei
with proton fraction xp =0.5, the mean density being ρ = 0.06fm−3 and
ρt = 0.04fm−3 . Despite of the random perturbations imposed to nuclei po-

Figure 4: (Colour online) Time evolution of neutron density in oxygen FCC lattice
with xp =0.5, ρ=0.06 fm−3 and threshold density 0.04 fm−3 .

sitions, the system attempts to preserve symmetries and develops stringy
structures. At times t∼1300 fm/c, the dominant arrangements are inﬁnite
rod-like structures.
Phase diagrams in the (ρt , ρ) plane give a concise view of the occurrence of diﬀerent structures and of their relative weight. The phase diagram
corresponding to the above oxygen lattice of Fig. 4 has been plotted in
Fig. 5. The presence of cylindrical structures is shown to be dominant for
average densities higher than about 0.3ρ∞ . Lowering the threshold density,
and for narrow bins of it, other structures like slabs and bubble-like are also
present. The non uniformity of the density distribution is also evidenced
at higher density thresholds where spherical-like structures are shown to be
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Figure 5: Structure diagram corresponding to the system in Fig. 4.

present. Generally speaking, the occurrence of heavy aggregates is deeply
related with the ability of the model to describe the spreading of wave functions widths corresponding to unbounded nucleons. This trend is enhanced
at low proton fractions.

4

Conclusions

In this work we presented a model describing the dynamics of nuclear matter in the crust of a neutron star. In this approach the dynamical processes
in inhomogeneous nuclear matter can be simulated using a large number
of nucleons without shape assumptions, in contrast to the many previous
studies employing static frameworks. Starting from diﬀerent initial lattices
of oxygen nuclei with diﬀerent proton fractions, mean densities and cell geometries, not only the standard types of pasta emerge naturally but also
a large variety of energetically equivalent intermediate shapes. The slight
initial excitation allows the system to explore the landscape of structures.
Since the evolution is reversible, the the total entropy per baryon remains
constant and lattice symmetries are preserved in time. The eﬀects of perturbing at random nuclei positions is to destroy symmetries in the case with
xp =0.5. Here a variety of irregularly distributed intermediate mass clusters are found. In the case of the low proton fraction xp =0.2 the system
aggregates in a single heavy cluster holding the overall supercell. We have
studied the evolution of perturbed FCC oxygen lattices with proton fraction 0.5. The corresponding density evolution for one particular choice of
ρ and the phase diagram in the ρt versus ρ plane reveal the occurrence
of cylindrical structures besides quasi-spherical nuclei at suﬃciently long
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times. The occurrence of heavy aggregates, notably at low proton fraction,
is related with the capacity of the model to describe the spreading of wave
functions widths corresponding to unbounded nucleons.
The formation and transitions between non-equilibrium structures may
strongly depend on the nature of nucleon interactions. Investigations of the
structure landscape in inhomogeneous nuclear matter at subnuclear densities
using more complex non-local eﬀective forces and beyond a pure mean-ﬁeld
description are currently in progress.
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