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Ion motion in salt water flowing under a transverse magnetic
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Abstract. The problem of ion motion in an electrolyte solution flowing in a thin
rectangular duct with velocity VE in the presence of a transverse magnetic field B0 is
studied by means of classical mechanics and electrodynamics. Because of Lorentz force
on the ions in the electrolyte solution, a so called Faraday voltage appears at the
electrodes orthogonal to both the field B0 and the velocity VE. The dynamics of positive
and negative ions (cations and anions, respectively) in this classical system is studied by
taking into account the viscosity of the fluid and the process of charge accumulation on
the opposite walls of the duct. Hydrogen production is seen to take place at one of the
electrodes when salt water is taken as the flowing electrolyte.

1 Introduction
Lorentz force acts on a charged particle moving in the presence of a magnetic field not parallel to the
particle’s velocity. In this way, conduction electrons flowing in a metal give rise to Hall effect [1],
when they are subject to a transverse magnetic field. Similarly, we can consider anions and cations in
an electrolyte solution flowing in a duct with velocity v=V E+v’P,N, where v’P,N is the velocity of the
particles measured with respect to a reference frame moving with the aqueous solution at velocity
VE. In the presence of a constant magnetic field B0, these ions are subject to a Lorentz force given by
FP,N = ± Ze v×B0,

(1)

where the plus and minus signs refer to cations (P) and anions (N), respectively, both assumed to
have ionic charge Ze in absolute value (Z thus being the valence and e the electronic charge in
absolute value).
Because of Lorentz force, a voltage difference f0, known in the literature as Faraday voltage [2,
3], appears between the electrodes A and B of fig. 1. This voltage can be expressed by the product
B0vAD, when the electrolyte flows with an average velocity vA in a cylindrical pipe of diameter D. In
the present work boldface letters and corresponding plain text letters are used for vectors and their
amplitude, respectively. Geselowitz [4] has shown that this result is valid for any velocity profile,
provided the flow is axially symmetric. It can also be shown that this result is valid for a thin
rectangular pipe [5].
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Aqueous ionic solutions and conducting metals show another similarity in their classical transport
properties. In fact, one of the simplest phenomenological laws of electrodynamics is Ohm’s law of
conduction [1], namely:
J =σE,

(2)

where J is the current density flowing under the effect of the electric field E, and σ is the electrical
conductivity of the material.
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Fig. 1. An electrolyte solution flows through a rectangular pipe of section 4wh (2w is the width and 2h
the height) with velocity VE in a volume of length L where a magnetic field B0, orthogonal to VE, is
present. Because of Lorentz force, the charged ions in the solution accumulate, in the vicinity of the
lateral conducting plates, generating, at equilibrium, a constant electric field E0.

A similar relation can be found in electrolyte solutions. In the latter case, the partial conductivities,
σP and σN, can be expressed in terms of the mobility µP and µN of cations and anions, respectively,
so that:

σP,N = ZeρN µP,N,

(3)

where ρN is the volume density of both types of ions giving rise to the current density J. Mobility, on
its turn, is defined as the proportionality constant linking the ions velocity vP,N and the electric field
E, according to the following: vP,N = ± µ P,N E, where the plus and minus signs pertain to ions with
homologous charge. We recall that the conductivity σ is given by σ =σ P +σN.
By starting with these simple notions, in the present work we shall approach the problem of ionic
motion inside an electrolyte solution moving with velocity VE and subject to a magnetic field B0. A
similar system has been already studied by Yamaguchi et al. [6] for a non-poisson electro-conductive
polymer and its mixture with magnetic fluid. Similar studies on the dynamics of ionic charges
flowing in an electrolyte flowing in the presence of a transverse magnetic field have been given in
ref. [7]. In the present paper, however, results obtained by means of the proposed classical approach
will be used in deriving the electrodynamic properties of the system.
Therefore, in the following section, the classical dynamical equations will be explicitly written.
By solving these equations of the motion to first order in the relevant perturbation parameter, in the
third section we are able to predict the behaviour of an electromotive force (e.m.f.) generator
consisting of a rectangular pipe with two lateral conducting plates enclosing salt water in motion
under a magnetic field orthogonal to the flow velocity vector (see fig. 1). In the fourth section, by
taking salt water as the electrolyte flowing in the rectangular pipe, hydrogen gas is seen to be formed
at one of the two electrodes of the e.m.f. generator proposed in the present work. The rate of
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production of hydrogen gas as a function of the flux rate of salt water in the rectangular pipe is
calculated. Applications of these types of systems are discussed in the last section.

2 Ion motion
Let us consider the schematic view of an electrolyte solution moving in a thin rectangular pipe in fig.
1. The velocity profile of the fluid in the pipe is taken to be uniform for simplicity. We would like to
illustrate a simple dynamical model for ions moving in the electrolyte solution in the presence of a
transverse magnetic field and a viscous force RP,N = – βP,N v’P,N, where βP and βN are the damping
coefficients for cations and anions, respectively, and v’P,N represents the velocity of the positive (P)
and negative (N) ions measured with respect to the frame moving with the aqueous solution at a
velocity V E. Moreover, given that charges accumulate on the two electrodes as in fig. 1, we also
consider the presence of the electric field E=(0, Ey) in the system.
In this way, the total force on both species of ions will be given by
FP,N = ± Ze [E+(V E+v’P,N)×B0],

(4)

where the plus and minus signs refer to cations (P) and anions (N), respectively. Because of the
forces FP,N and RP,N, the ions move relatively to the solvent according to the following classical
equation of the motion
FP,N + RP,N = m P,N dv’P,N/dt,

(5)

where mP and mN are the masses of the positive (P) and negative (N) ions. By expressing FP,N as in
(4) and by setting R P,N = – β P,N v’P,N, we then have:
± Ze [E+(VE+v’P,N)×B0] – βP,N v’P,N = mP,N dv’P,N/dt,

(6)

the plus and minus signs referring to cations (P) and anions (N), respectively. Notice that the only
differences between the two equations of the motion, one written for positive ions, one for negative
ions, resides on the different values of the masses and of the damping coefficients and on the sign in
front of the square bracket in the first term in the left hand side and in the different signs in the
relation vP,N = ± µ P,N E, written for the y-component. In this way, we may first solve the equation of
motion for one species and successively obtain the solution for the second species just by changing
the sign of the quantities Ze and of the mobility, and by interchanging the subscripts P and N. Let us
then start by considering the dynamical equation (6) for cations. By setting v’P=(vx’, vy’), we write:
mP dvx’/dt = Ze B0 vy’ – βP vx’,

(7a)

mP dvy’/dt = Ze[Ey – (vx’+V E) B0] – βP vy’.

(7b)

Notice now that vy’=vy and vy=µ PEy. In this way, by defining the constant αP=ZeB0/βP and
normalizing the laboratory time with respect to the constant mP/βP, we may rewrite (7a) and (7b) as
follows:
dvx’/dτ + vx’= αP vy,
dvy/dτ +(1 – αP /µ P B0) vy = – αP vx’ –αP V E.

(8a)
(8b)

where τ = βPt/m P is the normalized time. After some algebra, the above differential equation can be
decoupled as follows:
d2vx’/dτ 2 + (2 – αP /µ P B0)dvx’/dτ + (1 +αP2 – αP /µ P B0)vx’= –αP2VE,
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d2vy/dτ 2 + (2 – αP /µ P B0)dvy/dτ + (1 +αP 2 – αP /µP B0)vy= – αP VE.

(9b)

The stationary solutions of (9a) and (9b) are thus the following:
vx’= – αP2VE/(1 +αP2 – αP /µ P B0),

(10a)

vy= –αP VE/(1 +αP2 – αP /µP B0).

(10b)

The dimensionless quantity αP=ZeB0/β P, on the other hand, is of the order of 10-7 for seawater in the
presence of a magnetic field of 1.0 Tesla, so that, for any practical applications utilizing seawater or
salt water with not much higher concentration of dilute ions, we can utilize a first-order solution for
the solutions, finally setting:
vx’≈ 0,

(11a)

vy≈ –αP V E.

(11b)
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Fig. 2. A steady current I flows through the resistor R and the electrolyte solution flowing through a
rectangular pipe of section 4wh with velocity V E.

Notice that, for what previously stated, in order to get the solution for negatively charged ions, it
now suffices to change the sign in front of the parameter αP in (11b) and to interchange P with N. In
this way, the relevant solutions to our problem are the following:
vy(P)≈ –αP V E,

(12a)

vy(N)≈ +αN VE.

(12b)

Moreover, we remark that the open-circuit solution to the problem is obtained by setting Ey = E0 =
B0VE in (7b), so that the voltage across the device is f0 =4wB0VE, where an extra factor of 2, with
respect to ref. [6], appears because of the presence of two ionic species. In order to derive the
electrodynamic properties of the device, the strict implications of Eqs. (12a) and (12b) will be
considered in the following section.

3 The system as an electromotive force generator
By considering that, under stationary conditions, the system may sustain a steady ionic flow in the ydirection, we can predict the steady current Isc can flow in the electrolyte, when the electrodes of the
rectangular pipe are short-circuited, so that R=0 in fig. 2. Noticing that the maximum current density
Jy is the sum of the cationic and anionic currents, we may write:
02011-p.4
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Jy=ZeρN[vy(P)- vy(N)]= –ZeρN(αP+αN) V E.

(13)

In the above expression, we have made explicit use of Eqs. (12a) and (12b). By now recalling that
αP=ZeB0 /βP and that αN=ZeB0/βN, we may express Isc as follows:
Isc =2hL(Ze)2ρNB0VE /βeff=hL(Ze)2ρN f0 /2wβeff

(14)

where βeff =βPβN/(β P+βN). In the above expression the damping effects due to the viscous forces RP,N
are explicitly taken in to account. Let us now consider the Van der Waals radii RP and RN of cations
and anions, respectively. By assuming that the damping coefficients βP and βN can be expressed in
terms of the corresponding RP and RN values through Stokes’ formula β P,N= 6πηRP,N, where η is the
viscosity of salt water, we may set:

βeff =6πηReff,

(15)

where Reff =RPRN/(RP+RN).
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Fig. 3. Equivalent circuit of the system shown in fig. 1. The current I flows through a resistor R and
inside the electrolyte solution having internal resistance r. The voltage across the ideal e. m. f. generator
is f0 =4wB0VE.

Therefore, by taking into account the predominant effect of the damping term, we may write the
internal resistance of the device as follows:
r=2wβeff / hL(Ze)2ρN .

(16)

In this way the effective conductivity σeff may be expressed as

σ eff =(Ze)2ρN /2βeff.

(17)

When we use the system as an e. m. f. generator, we would not be interested in driving short circuit
current from it, but we would utilize it to provide useful power P to an external load R.
P= f02 R /(r+R)2
We drive the maximum power Pmax out of the device when R=r, so that Pmax = f02 /4r.

4 Hydrogen production

02011-p.5
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The presence of a steady current I in the system must be sustained by oxidation of chlorine ions and
reduction of water at the two electrodes. In fact, at the negatively charged electrode production of
chlorine gas occurs, according to the following reaction [8]:
-

2Cl → Cl2 (g)+2e-.

(19)

On the other hand, at the positively charged electrode reduction of water takes place according to the
following [8]:
+

2Na +2e- +2 H2O → 2 NaOH+ H2 (g)+2e-.

(20)

According to (20) production of sodium hydroxide and hydrogen gas takes place at the front
electrode in fig. 2. Therefore, also confiding in the experimental evidence in ref. [1], we may argue
that it is possible to devise an e.m.f. generator by letting salt water run in a pipe with velocity VE in
the presence of a magnetic field B0, orthogonal to the fluid flow. At the same time, hydrogen
production takes place at one electrode of this particular e. m. f. generator.
By now considering that one mole of hydrogen is produced by the device when two moles of
electrons are involved in the two reactions at both electrodes, we may write:
dnH/dt =I/2eNA,

(21)

where NA is Avogadro’s number. By now considering I=Isc, the above expression can be expressed as
follows:
dnH/dt = = Z2eB0ρN hLVE /NAβeff.

(22)

Typical values of seawater concentrations at 25°C can be seen to be nSW = ρN /NA = 0.43 mole/l = 430
mole/m3. Therefore, by taking a flux rate Q=4whVE =10.0 l/s, w=0.2 m, L=0.5 m, B0=2.0 T, and by
estimating βeff to be 1.72×10-12 Kg/s through the knowledge of the Van der Waals’ radii of the ionic
species and the viscosity of seawater at 25°C, we have that the maximum rate of hydrogen
production in the device is approximately given by dnH/dt ≈ 0.50×10-6 mole/s. This result is of the
same order of magnitude, though slightly lower than what reported in ref. [7], where the complete
dynamics describing ion motion was not explicitly taken into account. When the system is made to
work also as a power generator, so that a maximum power Pmax = f02 /4r is driven out by making a
current I=Isc/2 circulate in the circuit, the value of Pmax is of the order of 10 mW, being f0=0.4 Volt,
and the rate of hydrogen production is half the value calculated above.

5 Conclusion
We have predicted, by means of a classical model for ion motion in an electrolyte solution, that a
steady transverse ionic current arises when a magnetic field is applied to an electrolyte flowing in a
duct. If the system is not connected to an external circuit, a so called Faraday voltage appears at the
two opposite electrodes placed along a direction orthogonal both to the electrolyte flow and the
applied magnetic field. The conductivity of the solution is estimated in terms of the Van der Waals
radii of the sodium and chlorine ions. When the electrodes are short-circuited, one notices that
hydrogen gas is produced at one electrode with a rate dn H/dt. Maximum power is driven out of the
device when an external load of resistance R equal to the internal resistance r is added to the external
circuit. In the latter case, half the maximum rate of hydrogen production is obtained.
Therefore, the proposed device may at the same time work as an e.m.f. generator and as an
hydrogen production system. Being both the useful maximum power output Pmax and the hydrogen
production rate dnH/dt proportional to the ionic number density ρN, we may argue that by increasing
the latter quantity, we may obtain higher values of both Pmax and dnH/dt. However, when the
concentration of ions is increased, some of the assumption set forth in the above simple analysis
02011-p.6
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might result to be inadequate as, for instance, the independence of the velocity vector from the
position along the y-axis. Finally, experimental work is needed to confirm the analysis carried out in
the present work and further theoretical work is necessary to describe ion motion under more general
conditions.
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