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Departamento de Fı́sica Teórica II, Universidad Complutense de Madrid, E-28040 Madrid, Spain

Abstract. We compute the scalar and pseudoscalar spectral functions by using their
form factors calculated within the unitarized U(3) chiral perturbation theory (χPT). The
extrapolation to larger values of NC and the spectral function sum rules are discussed as
well. Some interesting features of the scalar spectral functions are revealed.

1 Introduction

Spectral function or the absorptive part of two-point current-current correlator plays important roles
in hadron physics. It may provide a bridge to connect the asymptotic region of QCD made of quarks
and gluons with the nonperturbative region of QCD made of various hadrons [1]. In the asymptotic
energy regime, operator production expansion (OPE) supplies a reliable way to compute the currentcurrent correlators, where the perturbative dynamics is collected in the Wilson coefficients and the
nonperturbative effects are represented by the non-vanishing operator condensates. Nevertheless to
know the values of different operator condensates, one needs to connect the OPE results with the
experimental observables, which usually involve hadronic degrees of freedom. Hence inevitably, we
need to calculate the spectral functions in the nonperturbative energy region as well. The common way
to construct the spectral functions is the resonances + continuum method [1], where the resonances
are typically introduced by using the narrow width approximation. Though this approach to evaluate
the spectral functions is quite simple and efficient, it may oversimplify the underlying dynamics in
the nonperturbative QCD region. For examples, there exist very broad resonances, such as σ and
κ [2], for which the narrow width approximation clearly does not work, and also the situation becomes
complicated when the resonances and nearby thresholds meet together.
On the other hand, χPT has been proven to be a powerful and reliable approach to handle the
physics in low energy QCD [3]. However, χPT, whose success is based on momentum and light quark
mass perturbative expansions, is not valid any more in the energy region where resonance states appear. A sophisticated approach, unitarized χPT that inherits the chiral symmetry and also extends the
applicable energy region of χPT by resumming the unitarity cut, is then brought up and has been
demonstrated useful in many processes [4–10]. Therefore, unitarized χPT can provide us another reliable way to calculate the spectral functions. In our recent works, Refs. [7–10], we first fit the free
parameters in our theory to meson-meson scattering data and then scalar and pseudoscalar spectral
functions calculated within the framework of unitarized U(3) χPT with explicit exchanges of resonances are predicted. In this note, we briefly review our main results on the spectral functions obtained
in Refs. [7–10].
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2 Theoretical formalism
Our theoretical bases to calculate the scalar and pesudoscalar spectral functions are the U(3) χPT
Lagrangian [11], resonance chiral theory [12] and the simplified N/D approach for unitarization [4,
5]. The scalar spectral function, or the imaginary part of the scalar-density-scalar-density correlator, is
constructed by using the corresponding scalar form factors
X
2
ImΠS a (s) =
ρi (s) Fia (s) θ(s − sth
(1)
i ),
i

where the index i labels all the different pseudo-Goldstone boson pairs PQ in U(3) χPT with the same
quantum numbers as the considered spectral function, θ(x) is the Heaviside step
√ function, the threshold
[s−(mP +mQ )2 ][s−(mP −mQ )2 ]

2
is
of the PQ meson pair in the ith -channel reads sth
i = (mP + mQ ) and ρi (s) =
16π s
a phase-space factor. The scalar form factor of the PQ pair in the ith channel in Eq. (1) is defined as

1
h 0| q̄λa q | PQ i ,
B

a
F PQ
(s) =

(2)

where B is related to the quark condensates in the
qchiral and large NC limits [7], λa with a = 1, 2, 3, ..., 8

are the standard Gell-Mann matrices and λ0 = 23 I3×3 with I3×3 the 3 × 3 unit matrix. We concentrate
on the strangeness conserving cases, i.e. a = 0, 8, 3. In the N/D approach [4, 5], the unitarized scalar
form factor is related to the perturbative results of the scalar form factors and meson-meson scattering
amplitudes through
h
i−1
FUI (s) = 1 + N I J (s) gI J (s) RI (s) ,
(3)
(2)+Res+Loop

where FUI (s) stands for the unitarized scalar form factor with isospin I and RI (s) = F I (s)
+
T I J (s)(2) gI J (s) F I (s)(2) . Here F I (s)(2)+Res+Loop denotes the perturbative calculation of the scalar form
factors, gI J (s) collects the unitarity cuts, N I J (s) contains the crossed-channel cuts from meson-meson
scattering amplitudes and T I J (s)(2) corresponds to the leading order scattering amplitudes. We refer to
Refs. [7, 9] for details.
We only include the single-particle exchange contributions from either pseudo-Goldstone bosons
or pseudoscalar resonances to calculate the pseudoscalar spectral functions
X
Im ΠPa (s) =
π δ(s − m2P j ) |H aj (s)|2 .
(4)
j

In the previous equation j stands for the pseudo-Goldstone bosons or pseudoscalar resonances with
the same quantum numbers as the considered spectral functions and the pseudoscalar form factors are
defined as HPa (s) = B1 h 0| i q̄γ5 λa q | P i. The explicit formulas for the scattering amplitudes and form
factors can be found in Refs. [7,9].
The spectral function sum rules we shall study apply in the chiral limit and are given by
Z s0 h
Z ∞h
i
i
Im ΠR (s) − Im ΠR′ (s) ds +
Im ΠR (s) − Im ΠR′ (s) ds = 0 ,
(5)
0

s0

with R, R′ =S or P. Notice that according to the OPE results from Ref. [13] the second integral in
the above equation vanishes in the chiral limit for all the scalar and pseudoscalar spectral functions
considered in our work. Then we only need to focus on the nonperturbative dynamics of different
spectral functions represented by the first integral.

3 Results and discussions
We would like to mention that all free parameters in the scalar and pseudoscalar spectral functions
in our theory already appear in meson-meson scattering. Therefore, we first fit the free parameters to
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Fig. 1. Scalar spectral functions with physical masses of light mesons at NC = 3.

a large amount of scattering data [7,9] and then the spectral functions are predicted. It is also worth
pointing out that we have successfully generated ten relevant resonances below 1.5 GeV: f0 (500),
f0 (980), f0 (1370), a0 (980), a0 (1450), K0∗ (800), K0∗ (1430), ρ(770), K ∗ (892) and φ(1020), which are
compatible with their PDG values [2]. The resulting scalar spectral functions with the physical masses
of light pseudoscalar mesons are shown in Fig. 1. Several interesting features are observed from this
plot. First we find clear bumps contributed by the σ or f0 (500) resonance in the region below 0.5
GeV2 for the a = 0, 8 cases. This is a remarkable result by taking into account that the f0 (500) is
a very broad resonance, namely with a pole around 440 − 250i in the complex energy plane. This
effect is already known in D → πππ decays [14]. On the contrary, we find instead that the narrower
states (compared to the σ) f0 (1370) and a0 (1450) manifest themselves as plateaus in the a = 8 and
a = 3 cases, respectively. This information is quite precious, since we give a concrete example where
resonances and background (here it corresponds to meson-meson non-resonant effects) can not be
simply described as a peak plus some noise because interferences are quite strong. Interestingly we
find that meson-meson non-resonant effects are clearly reduced in the chiral limit, as shown in the left
panel of Fig. 2, and they completely disappear in the large NC and chiral limits, right panel of Fig. 2.
In order to study the sum rules in Eq. R(5), we need to integrate the spectral functions up to s0 and
s0
for later convenience we define Wi = 16π 0 Im Πi (s) ds with i = S 8 , S 0 , S 3 , P0 , P8 , P3 . The results
for three different values of s0 are given in Table 1 together with the average values and variances of
the different Wi . The numbers in the last column of Table 1 represent the degrees of the violation of
the sum rules. Therefore we conclude that the scalar and pseudoscalar spectral function sum rules are
satisfied in the chiral limit, with a violation at most around 10%.
WS 0
WS 8
WS 3
WP0 WP8 WP3 W σW σW /W
Physical masses 8.6 9.0 9.6 7.4 7.5 7.7 7.0 7.2 7.4 8.9 11.3 10.1 9.0 1.5 0.16
mq = 0
6.9 7.0 7.1 6.8 7.0 7.3 6.6 6.8 7.0 5.5 7.4 7.4 6.9 0.7 0.10
Table 1. Results from the integration of the spectral functions from 0 up to s0 , with s0 = 2.5, 3, 3.5 GeV2 .
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Fig. 2. Scalar spectral functions in the chiral limit for NC = 3 (left) and NC = 30 (right).
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