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Abstract. Transition distribution amplitudes (TDAs) are non-perturbative quantities ap-
pearing in the description of certain exclusive processes, for instance hadron-anti-hadron
annihilationHH̄ → γ⋆γ or backward virtual Compton scattering. They are similar to gen-
eralized parton distributions (GPDs), except that the non-diagonality concerns not only the
momenta, but also the physical states (they are defined in terms of hadron-photon matrix
element of a non-local operator). For the case of hadronic states such as pions, there are
two TDAs of interest: the vector and the axial one. They are straightforwardly related to
the axial and vector form factors controlling weak pion decaysπ± → e±νγ. The value
at zero momentum transfer of the vector form factor is fixed by the axial anomaly, while
this is not the case for the axial one. Moreover, the vector form factor is related to the
pion-photon transition form factor which was recently measured by Belle and BaBar giv-
ing contradictory results at high momentum transfers. We have studied pion-to-photon
TDAs within the non-local chiral quark model using modified non-local currents satisfy-
ing Ward-Takahashi identities. We found that the value of the axial form factor at zero
momentum transfer is shifted towards the experimental value due to the non-locality of
the model (in the local quark models the values of both vector and axial form factors
at zero momentum transfer are the same, what is not consistent with the data). We also
calculate the pion-photon transition form factor and compare it with the data.

1 Introduction

One of the most important class of processes in nuclear physics are exclusive ones, i.e. such that all the
final states are identified. On theoretical side such processes can be analysed thanks to factorization
theorems [1]: in the presence of a hard scale the amplitude can be decomposed into perturbatively
calculable part and universal hadronic matrix element of certain quark and gluon non-local operators
on the lightcone. The most basic objects of this kind are distribution amplitudes (DAs) which are
vacuum-to-hadron transitions in the presence of suitable operator. They describe however only lon-
gitudinal distributions of the constituents. More information can be provided by generalized parton
distributions (GPDs) which are hadron-to-hadron matrix elements non-diagonal in momenta (for a
rewiev see e.g. [2]). An example of a process with GPDs,γ∗H → Hγ, is shown on the left of Fig. 1.
It is important to stress that such factorization occurs when the momentum transfer into the hadronic
matrix element is small, i.e. the final state hadron flies approximately in the forward direction in CM
of incoming virtual photon and hadron. One can ask whether it is possible to extend such approach to
different kinematic regions. Indeed, it was argued in [3] that the same processγ∗H → Hγ can be fac-
torized in the ‘backward kinematics’ as shown on the right of Fig. 1. The non-perturbative object that
appears here is the transition distribution amplitude (TDA), which is defined as hadron-to-photon ma-
trix element of certain operators on the light-cone (for precise definitions see Section 3). One can also
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Fig. 1. Factorization of the processγ∗H → Hγ in two different kinematic regions: left corresponds to ‘forward
kinematics’, while right to ‘backward kinematics’. The blue blobs denote pertubatively calculable parts.

define barion-to-meson TDAs, thus the number of exclusive processes that can be described within
this approach is quite large.

On experimental side, an access to GPDs or TDAs is rather difficult, but there is much hope in
the present and future low energy experiments [4]. Also the theoretical situation is not easy, as actual
calculations of cross sections require input from non-perturbative QCD. One possibility is thus to ac-
cess them using various low-energy effective models, which however are mostly applicable for simple
bound states, like light mesons for instance.

In Section 2 we sketch relatively simple effective model based on instanton QCD vacuum which
we used to get insight to pion-to-photon TDAs. Our results are described in Section 3.

2 Covariant non-local chiral quark model

Effective low energy interactions of pions and quarks can be described by means of semibosonized
Nambu-Jona-Lasinio model. Crucial property of such models is appearance of constituent dynamical
quark massM0 ≈ 350 MeV originating in spontaneous chiral symmetry breaking. This mass actually
is not a constant, but can depend on the momentum of a quark,M (p) = M0 F2 (k), with F (0) = 1 and
F (k → ∞) = 0. The interaction part of the action reads

S int = M0

∫

d4k d4l
(2π)8

ψ̄(k)F (k) Uγ5(k − l)F (l)ψ(l), (1)

with chiral field Uγ5 (x) = exp
(

i
Fπ
τa · πa (x) γ5

)

, whereπa is the triplet of pion fields,τa are Pauli
matrices andFπ ≈ 93 MeV is pion decay constant. The precise form ofF (k) was obtained in instanton
theory of QCD vacuum [5], however it is expressed by a combination of special functions in Euclidean
space and thus is not suitable for our purposes. Instead, we use the following form, which allows also
for calculations in Minkowski space [6]

F(k) =

(

−Λ2
n

k2 − Λ2
n + iǫ

)n

. (2)

The above function mimics instanton result for low momenta when continued to Euclidean space.
Note, that the actual shape can be changed by adjustingn. The parameterΛn is fixed in such a way that
for givenn our model calculation recovers pion decay constant (for instance forM0 = 350 MeV and
n = 1 we getΛ1 = 836 MeV).

There is however a difficulty connected to mass dependence on momentum, namely vector and
axial currents are not conserved (in chiral limit). In order to fix this the currents have to be modified;
we replaceγµ in vector current andγµγ5 in axial current (in momentum space) respectively by [7]

Γµ (k, p) = γµ −
kµ + pµ

k2 − p2
(M (k) − M (p)) , Γ

µ

5 (k, p) = γµγ5 +
pµ − kµ

(p − k)2
(M (k) + M (p)) γ5. (3)

The above model has been previously used to calculate pion [6] and photon [8] DAs, chiral con-
densates [9] and pion generalized DAs [10].
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M0 [MeV] n FA (0) FA (0) /FV (0)

225 1 0.0217 0.80
350 1 0.0168 0.62
350 5 0.0163 0.60
400 1 0.0161 0.60
400 5 0.0152 0.56

local models 0.0272 1.00

Table 1. Axial form factor at zero momentum transfer for dif-
ferent model parameters.

3 Results

Pion-to-photon TDA are defined as follows:
∫

dλ
2π

e2iλXP+ 〈γ(p′, ε)
∣

∣

∣ d(−λn)γµu(λn)
∣

∣

∣ π+(p)
〉

=
−e

4
√

2FπP+
ǫµναβε∗νpαp′β V (X, ξ, t) , (4)

∫

dλ
2π

e2iλXP+ 〈γ(p′, ε)
∣

∣

∣ d(−λn)γµγ5u(λn)
∣

∣

∣ π+(p)
〉

=
ie

4
√

2FπP+
p′µp · ε∗ A (X, ξ, t) + . . . , (5)

whereV is vector TDA (VTDA) andA is axial TDA (ATDA). On the left hand side we have the photon-
pion matrix elements of Dirac operator composed ofd andu quark fields taken at different points on
the light-like line fixed by the vectorn = (1, 0, 0,−1). This vector defines a ‘plus’ component of
any vectorv, i.e. v+ = v · n. Moreover, we have definedP+ = (p+ + p′+) /2, the momentum transfer
t = (p′ − p)2 and so called skewednessξ = (p′+ − p+) /2P+. Elementary electric charge ise and the
photon polarization vector isε. The dots on the r.h.s. in the definition of ATDA denote the structure
proportional to pion DA.

The above matrix elements can be evaluated at one loop using the model presented in Section 2
[11,12]. We show some sample results for chosen parameters in Fig. 2. It is interesting to note, that it
is crucial to include the non-localities in all vertices (also the bilocal ones) if the correct normalization
of VTDA is to be recovered (the left of Fig. 2) This normalization is fixed by the axial anomaly and

reads (for zero momentum transfer)
∫ 1

−1
dX V (X, ξ, 0) = 1/2π2. In the same time, such non-localities

in the currents decrease the normalization of ATDA (the right of Fig. 2) – if we did not include the
non-localities the normalization of ATDA would be the same as for VTDA. It has dramatic observable
consequences. The normalization of TDAs is straightforwardly related to the form factorsFV , FA

controlling weak pion decaysπ± → e±νγ,

FD (t) = mπ

∫ 1

−1
dX D (X, ξ, t) /2

√
2Fπ, whereD = {V, A}. At zero momentum transfers the experi-

mental values are [13]Fexp
V (0) = 0.0254± 0.0017,Fexp

A (0) = 0.0119± 0.0001. This can be compared
with the universal theoretical value for vector form factorFV (0) ≈ 0.0272 while forFA we gathered
some results in our model in Table 1. We see that indeed it is the non-local nature of effective quark
interactions at low energies that make the axial form factor approximately half of the vector one. This
result is supported by independent calculation in Ref. [14] with non-vanishing pion mass.

There is another interesting quantity that can be extracted from TDAs, namely pion-photon tran-
sition form factorFπγ

(

Q2
)

=
√

2FV

(

−Q2
)

/mπ. It is of particular interest as its high-Q2 behaviour is
predicted by perturbative QCD. There have been several measurements of this form factor [15–18],
recently for momentum transfers up to 40 GeV2. As our model applies at very low energy scales, we
concentrate rather on low-Q2 regime (the left of Fig. 3). It is however tempting to look also at high-Q2

behaviour of our model. As seen on the right of Fig. 3 it saturates at certain model-dependent values
and is unable to explain the unexpected growth ofFπγ seen by BaBar (unless we go to very low values
of M0, see [19] for another calculation in instanton model). For a discussion of various theoretical
approaches and BaBar data problem see e.g. [20,21] and references therein.

For another studies of pion-photon TDAs within different models see Refs. [22,23].

The author is grateful M. Praszalowicz and W. Broniowski. P.K was supported by LIDER/02/35/L-2/10/NCBiR/2011
grant.
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Fig. 2. Exemplary model predictions (black solid) for VTDA (left) and ATDA (right) fort = −0.1 GeV2 and
positiveξ = 0.5. For VTDA the normalization is correct and is the same as in local quark model (green dash-
dotted) thanks to non-local part of the vertices (red dotted). For ATDA this addition is negative and substantially
decreases the normalization.
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Fig. 3. Pion-photon transition form factor. Left: low-Q2 regime forM0 = 300 MeV andn = 1 (solid). Right:
high-Q2 regime; yellow band represents a space of different reasonable model parameters. The dashed line is
asymptotic QCD prediction.
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