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Abstract. The macroscopic part of the fission barriers of medium and heavy nuclei is calculated looking for
the minimum of liquid drop energy at fixed volume and elongation without using any shape parameterization.
The fission barrier heights, obtained within the Lublin-Strasbourg Drop model, are approximated by a simple
analytical expression as functions of Z and (N − Z)/A only. In addition, using the topological theorem by Myers
and Świa̧tecki which allows to represent the barrier height as the sum of the ground state microscopic correction
(which is calculated and tabulated for all nuclei) and the liquid-drop fission barrier, we propose a simple but quite
accurate approximation of the fission barrier heights.

1 Introduction

In the theory of nuclear fission or fusion-fission reactions
one often introduces the shape degrees of freedom (defor-
mation parameters) as the dynamical variables. Usually,
the few deformation parameters are used and the variation
of shape is restricted to a certain class of shapes.

In past a lot of different shape parametrization was in-
troduced. In all these cases the question of the complete-
ness of the chosen class of shapes arises.

Another problem appears in the description of fusion-
fission reactions based on Langevin equation. There one
often starts the dynamical treatment from so called con-
tact point (which is not strictly defined) or uses different
parameterizations for the approaching stage and evolution
of the bound system. The transition from divided to bound
system is not well defined and is a source of a considerable
uncertainty of calculated results.

It is highly desirable to develop a method which would
not rely on any shape parameterization and would be able
to describe the transformation of the shape from two frag-
ments to the mono-system. A step in this direction is de-
scribed in the present talk.

2 The variational principle for liquid drop
shapes

A possibility to specify the shape of the nuclear surface
which would not rely on a shape parameterization was pro-
posed by V. Strutinsky [1] in 1963. It was suggested in [1]
to define the profile function looking for the minimum of
the liquid-drop energy, ELD = Esurf + ECoul, under the con-
straint that the volume V and the elongation R12 are fixed

δ

δρ
(ELD − λ1V − λ2R12) = 0 , (1)

where λ1 and λ2 are the corresponding Lagrange multipli-
ers. In (1) ρ(z) is the profile function by rotation of which
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around z-axis one gets the shape of nucleus (in case of ax-
ial symmetry). The elongation parameter R12 was chosen
in Ref. [1] as the distance between the centers of mass of
the left and right parts of the nucleus

R12 =
2π
V

z2∫
z1

ρ2(z)|z|dz , V = π

z2∫
z1

ρ2(z)dz . (2)

The minimization of ELD−λ1V −λ2R12 with respect to
the variation of the profile function ρ(z) leads to an integro-
differential equation for ρ(z)

ρρ′′ = 1+ (ρ′)2−ρ[λ1+λ2|z| −10xLDΦS ][1+ (ρ′)2]
3
2 . (3)

Here ΦS ≡ Φ(z, ρ(z)) is the Coulomb potential at the nu-
clear surface, and xLD is the fissility parameter of the liquid
drop [2]

xLD ≡ E(0)
Coul/2E(0)

surf =
3
10

Z2e2

4πR3
0σ
, (4)

where σ is the surface tension coefficient. In (4) and every-
where below the index (0) refers to the spherical shape.

By solving Eq. (3) for given xLD one obtains the pro-
file function ρ(z). The sequence of shapes (we call them
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Fig. 1. The solutions of Eq. (3) corresponding to different values
of Lagrange multiplier λ2 which fixes the deformation R12.
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optimal shapes) obtained for different values of the con-
straining parameter λ2 is shown in figure 1. Varying the
parameter λ2 (λ1 is fixed by the volume conservation con-
dition) one obtains the shapes ranging from a very oblate
shape (disk) up to two touching spheres.

The deformation energy ELD
def = ELD − E(0)

LD (in units of
the surface energy for spherical shape)

ELD
def/E

(0)
surf = Bsurf − 1 + 2xLD(BCoul − 1), (5)

where BCoul ≡ ECoul/E
(0)
Coul and Bsurf ≡ Esurf/E

(0)
surf , calcu-

lated for the shapes shown in figure 1, is presented in fig-
ure 2.
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Fig. 2. Liquid-drop deformation energy (5) as function of param-
eter R12 for a few values of the fissility parameter xLD.

One can see from figure 2 that the elongation R12 of
the shapes shown in these figures is limited by some max-
imal value Rmax

12 . This critical deformation was interpreted
in [1] as the scission point. Note, that at the scission the
neck radius is still rather large, the neck radius at the criti-
cal deformation is approximately equal to (0.25 − 0.30)R0
for a fissility parameter in the range 0.4 ≤ xLD ≤ 0.9 which
indicates that the nucleus breaks apart at a finite neck ra-
dius.

Another peculiarity of figure 2 is the upper branch of
the deformation energy at large deformation. Along this
branch the neck of the drop becomes smaller and smaller
until the shape turns into the two touching spheres. It turns
out, however, that the upper branch of the deformation en-
ergy corresponds not to the minimum of ELD but to its
maximum (the condition (1) holds true both for the min-
imum and maximum of ELD). This can be easily verified
by adding to the optimal profile function ρ(z) an arbitrary
small perturbation δρ(z) and calculating the deformation
energy with perturbed profile function ρ(z) + δρ(z). Thus,
the upper branch of Ede f corresponds to the ridge of the
potential energy surface in the coordinates elongation and
the neck thickness.

Having the solutions of the variational problem (3), one
can immediately check the quality of various shape param-
eterizations. In figure 3 the deformation energy calculated
with the optimal shapes are compared with that obtained
within the Cassini parameterization [3]. The Cassini oval-
oids reproduce the shape of fissioning nuclei rather well
almost up to the saddle. After the saddle the additional de-
formation parameters should be taken into account.

In the same way one can check the accuracy of any
other shape parameterization.
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Fig. 3. The comparison of the deformation energy calculated with
the optimal shapes and the Cassini ovaloids.

3 Mass-asymmetric shapes

The above formalism can be generalized to mass-asym-
metric shapes. For this purpose one has to add one more
constraint fixing the left-right asymmetry. Commonly the
mass asymmetry is understood as the ratio δ ≡ (ML −
MR)/(ML + MR), where ML and MR are the masses of the
left and right parts of nucleus. For shapes with neck, it is
the neck that divides the shape into the left and right parts.
For pear-like shapes a neck does not exist and one has to
introduce another quantity which would divide the shape
into left and right parts.

For this aim let us look at the local curvature of the
surface H(z),

H(z) =
1
2

(
1

R1
+

1
R2

)
, (6)

with R1 and R2 being the local principal radii of curvature.
In the case of axially symmetric shapes the radii R1 and R2
are expressed in terms of the profile function

R1 = ρ(z)
√

1 + (ρ′)2, R2 = −[1 + (ρ′)2]
3
2 /ρ′′. (7)

On any surface one can always find a place, where the cur-
vature is the largest. Let z∗ be that place. In case of left-
right symmetric shapes z∗ would coincide with the center
of mass, zcm = z∗. For mass asymmetric shapes zcm , z∗
and the difference zcm − z∗ can be considered as a measure
of the mass asymmetry. Formally zcm− z∗ can be written as

zcm − z∗ =
π

V

z2∫
z1

(z − z∗)ρ2(z)dz, (8)

what can be included as an additional constraint in the form
−λ3(zcm − z∗) into Eq. (1) leading to the following modifi-
cation of equation (3):

ρρ′′ = 1 + (ρ′)2 − ρ[λ1 + λ2|z − z∗| + λ3(z − z∗)

− 10xLDΦS ][1 + (ρ′)2]
3
2 . (9)

The equation (9) can be solved in the same way as (3).
Having the solutions of Eq. (9) at ones disposal one can
examine the dependence of the saddle or scission configu-
ration on the mass asymmetry.
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4 The scission configuration

The knowledge about the scission shape and energy is of
the prime importance for the description of kinetic energy
of the fission fragments or number of neutrons emitted
during the fission process. The total kinetic energy of fis-
sion fragments and the number of emitted neutrons are
among the most important observables of fission experi-
ments. Comparing the experimental results with the theo-
retical predictions one can judge how correct is our under-
standing of the fission process.

The existing dynamical codes for the fission process
(based on the Langevin equations for the shape degrees of
freedom) can, in principle, calculate the number of evapo-
rated particles during the evolution from the ground state
to the scission point. There is no dynamical theory, to the
best of our knowledge, for the evaporation of gammas or
light particles from the fission fragments. Instead one usu-
ally uses the considerations of energy conservation. If one
knows the excitation energy ”just before the scission” and
the final (ground state) energy of the fission fragments, one
can get the energy which can be taken away by neutrons.
The number of emitted neutrons is estimated then as the
available excitation energy divided by the neutron binding
energy.

To calculate the ground state energy of the fission frag-
ment is relatively easy. Usually one would apply the ma-
croscopic-microscopic method, i.e. would calculate the liq-
uid drop type of energy plus Strutinsky’s shell correction.
Then the minimization with respect to the shape should be
carried out.

The calculation of the excitation energy ”just before
the scission” is somewhat more complicated. First of all
one should have a reliable information on the shape of the
nucleus at the scission point. For this purpose one could
apply the method described above. The liquid drop energy
for the mass asymmetric optimal shapes is plotted in figure
4. Now instead of scission point one has a scission line -
the deformation above which the compact shapes do not
exist.
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Fig. 4. The liquid drop deformation energy (5) as function of the
elongation R12 for few values of mass asymmetry parameter δ.

The optimal shapes along the scission line are collected
in figure 5. An interesting feature of this plot is the fact that
the neck radius R(sc)

neck of the optimal shape along the scis-
sion line does not depend much on the mass asymmetry,
R(sc)

neck ≈ 0.2R0. Having the scission shapes at ones disposal
one can calculate the different quantities of interest like
the Coulomb energy at the scission point, the excitation
energy, etc.
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Fig. 5. The shape of nucleus along the scission line for the fissility
parameter xLD = 0.75.

5 Applications: the barriers of heavy nuclei

As an application of the presented above approach the fis-
sion barrier heights of heavy nuclei were calculated [4].
In order to be able to compare the calculate results with
the experimental data besides the liquid drop energies the
surface curvature energy term was included into the liquid
drop model and we took into account the shell corrections.
The curvature energy appears in the leptodermous expan-
sion [5,6], according to which the energy of a nucleus in
a Thomas-Fermi type approximation consists of volume,
surface, curvature and Gauss curvature terms,

ETF = Evol + Esurf + Ecurv + EGcurv . (10)

Each term on the r.h.s of (10) is smaller by a factor A1/3

as compared with the previous one. The Gauss curvature
term, EGcurv ∝ A0, is the smallest one and can be neglected
since it does not depend on deformation. The curvature en-
ergy Ecurv is expressed in terms of the local curvature H(z),
see (6),

Ecurv =
E(0)

curv

4πR0

∫
H(z) dS , (11)

where E(0)
curv is the curvature energy at spherical shape. For-

mally, Ecurv can be combined with the surface energy

Esurf + Ecurv = σ

∫
[1 + ΓH(z)] dS ,

(12)

where Γ is given by the ratio of curvature and surface en-
ergies at spherical shape

Γ/R0 ≡ E(0)
curv/E

(0)
surf . (13)

The replacement of Esurf in (1) by (12) leads to the follow-
ing modification of Eq. (3):

ρρ′′[1 + Γ/
√
ρ2 + (ρρ′)2] = (14)

1 + (ρ′)2 − ρ[λ1 + λ2|z| − 10xLDΦS ][1 + (ρ′)2]
3
2 .

Eq. (14) is solved in the same way as (3). A few examples
of the deformation energy

ELD
def = E(0)

Coul(BC −1)+E(0)
surf(BS −1)+E(0)

curv(BK −1), (15)

with BK ≡ Ecurv/E
(0)
curv, calculated with the profile function

obtained from (14) are shown in figure 6. From the results
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of these calculations it follows that for Γ ≈ ±(0.05 − 0.10)
the change of the shape due to the curvature correction is
very small. At the same time, the correction to the energy
given by (11) leads to a noticeable shift of the saddle point
deformations and energies.

Consequently, taking the curvature energy into account
can change considerably the coefficients of the fitting for-
mula for the nuclear masses or binding energies.
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Fig. 6. Deformation energy (15) for a few values of the fissility
parameter (indicated in figure). The solid, dash-dotted and dash
lines correspond to Γ/R0 = 0, +0.05 and −0.05. The saddle point
deformations are indicated by N.

In 1963 the influence of the surface curvature term on
the nuclear shape and deformation energy was studied by
Strutinsky [7]. At that time it was not clear what should
be the value of Γ, so that two options were considered for
Γ, namely Γ/R0 = ±0.1. The curvature term was studied
later in [8], where its magnitude was adjusted to the ex-
perimental fission barrier heights known at that time. A
recent fit of the nuclear ground state masses on the base
of the fitting expression for the liquid drop type macro-
scopic energy which includes explicitly the curvature en-
ergy was carried out in [9]. The microscopic, odd-even and
congruence energy corrections which one has to add to the
macroscopic energy were taken from [10], where a realis-
tic Thomas-Fermi model was developed, which describes
the masses of known nuclei with high accuracy

M(Z,N; def) = ZMH + NMn − 0.00001433Z2.39 (16)
+ELSD(Z,N; def) + Emicr(Z,N; def) + Eo−e + Econg ,

with

ELSD = bvol(1 − κvolI2)A + bsurf(1 − κsurf I2)A
2
3 BS (def)

+ bcurv(1 − κcurvI2)A
1
3 BK(def) (17)

+
3
5

Z2e2

rch
0 A1/3

BC(def) −C4
Z2

A
.

In (17) I ≡ (N − Z)/A and Emicr is the microscopic energy
containing the contributions from the shell, the pairing and
the ground state deformation effects

Emicr = δEshell + δEpair + δEdef . (18)

Here δEdef is equal to the difference of the nuclear macro-
scopic energy at the ground state deformation and the mac-
roscopic energy of the spherical nucleus. The term Eo−e
describes odd-even energy (for details confer to Ref. [10])
and, according to [10], the congruence energy Econg is

Econg = −10 exp(−4.2|I|) MeV. (19)

In Ref. [9] the parameters of the mass formula (16), (17)
were adjusted to the nuclear binding energies of 2766 nu-
clei with Z ≥ 8 and N ≥ 8 [11] known at that time. The
obtained set of parameters is given by

bvol = −15.4920 MeV, κvol = 1.8601,
bsurf = 16.9707 MeV, κsurf = 2.2938, (20)
bcurv = 3.8602 MeV, κcurv = −2.3764,

rch
0 = 1.21725 fm, C4 = 0.9181.

The rms deviation of the theoretical binding energies from
the experimental values was found [9] to be equal to 0.698
MeV only, while the mean-squared-deviation of the bar-
rier heights

⟨
δVB

⟩
= 3.56 MeV, which decreases to only

0.88 MeV when the four lightest nuclei (with A ≈ 100) are
disregarded i.e., when only the nuclei with Z > 70 are con-
sidered. Note, than in [9] the parameters of (17) were fitted
to the nuclear masses and not to the fission barriers. One
has to mention that the heights of the LSD fission barriers
approach significantly to the measured values for light nu-
clei when the deformation dependence of the congruence
energy proposed in Ref. [12] is taken into account [13].

In the calculation of the deformation energy in [13] the
shape of the surface was defined by the expansion around
the spherical shape in terms of Legendre polynomials. All
even multipoles βλ with λ ≤ 14 were taken into account
and the minimization of the energy with respect to all βλ at
fixed β2 was carried out.

It is of a certain interest to check whether the fission
barriers would change if one would calculate the energy
with the optimal shapes (14) which satisfy exactly the con-
dition of minimal liquid drop energy. For this we have cal-
culated the deformation energy

ELSD
de f = ELSD(def) − E(0)

LSD. (21)

Typical examples of the deformation energy (21) for
medium and heavy nuclei are shown in figure 7. In this
calculation the charge asymmetry (N − Z)/A was fixed to
be equal to 0.26, what corresponds to the isotopes with the
highest fission barrier, see figure 7.

The maximal value of the deformation energy (21) in
figure 7 defines the macroscopic part of the fission bar-
rier BLSD. The results of numerical calculations for BLSD
are shown in figure 8. For practical purposes an analytical
approximation for the BLSD would be very useful. It turns
out that for fixed Z the dependence of BLSD on the charge
asymmetry parameter I is surprisingly well approximated
by a Gaussian

BLSD(Z, I) = Bmax(Z) exp

− (
I − I0(Z))
∆I(Z)

)2 . (22)

The dependence of Bmax, I0 and ∆I on Z is smooth but a lit-
tle bit complicated. We did not manage to find a simple and
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Fig. 7. LSD deformation energy (21) for the nuclei in the range
35 ≤ Z ≤ 100, with ∆Z = 5, with fixed (N − Z)/A = 0.26. The
saddle point deformations are indicated by N.
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Fig. 8. LSD-fission barriers BLSD (17)- (21) (solid line) as com-
pared to the fit of Eq. (22) (dash line).

still accurate analytical approximation for Bmax(Z), I0(Z),
∆I(Z) in the whole region of Z. But it turned out possible
to approximate Bmax(Z), I0(Z), ∆I(Z) separately for Z < 75
and Z ≥ 75 by the polynomials

Bmax(Z) ≈ a0 + a1Z + a2Z2 ∗ 10−2 + a3Z3 ∗ 10−4,

I0(Z) ≈ a4 + a5Z ∗ 10−4,

∆I(Z) ≈ a6 + a7Z ∗ 10−2 + a8Z2 ∗ 10−4 . (23)

The coefficients an are given in Table 1. The quality of

Table 1. The coefficients an of the approximation (23).

a0 a1 a2 a3 a4

Z < 75 23.92 2.235 -3.816 1.128 0.2268
Z ≥ 75 723.255 -19.60 17.70 -5.328 0.2739

a5 a6 a7 a8

Z < 75 4.340 0.7851 -0.4141 -0.438
Z ≥ 75 -0.8633 0.09067 0.6911 -0.661

approximation (23) is demonstrated in figure 8. Though the
coefficients an look very different for Z < 75 and Z ≥ 75
the expressions (22) approximate the values of Bmax, I0 and
∆I very accurately in the whole region of Z. The rms de-
viation of the approximation (22), (23) from the calculated
fission barriers BLSD for nuclei listed in tables of Möller et
al [14] with 35 ≤ Z ≤ 105, 0 ≤ I ≤ 0.3 is about 150 keV,
what is quite satisfactorily.

Within the macroscopic-microscopic approach the fis-
sion barrier height VB consists of contributions from the
macroscopic and microscopic energies. In the case that the
macroscopic energy is given by the LSD model, VB is

VB = E(saddle)
LSD − E(g.s.)

LSD + δE
(saddle) − δE(g.s.) , (24)

where δE ≡ δEshell + δEpair is the shell + pairing correc-
tions.

According to the topographical theorem by Myers and
Świa̧tecki [10] the “barrier will be determined by a path
that avoids positive shell effects and has no use for neg-
ative shell effects. Hence the saddle point energy will be
close to what it would have been in the absence of shell ef-
fects, i.e., close to the value given by the macroscopic the-
ory! ” So, according to this topographical theorem the shell
correction at the saddle can be neglected and the expres-
sion for the fission barrier heights takes the simple form

VB = BLSD − E(g.s.)
micr . (25)

Here, BLSD = E(saddle)
LSD − E(sph)

LSD is the fission barrier height
within the LSD-model, and E(g.s.)

micr is given by (18). It is this
quantity that is tabulated in [14]. Besides the ground state
shell correction δE(g.s.), the E(g.s.)

micr contains the difference
of liquid-drop energies taken at the ground state and at the
spherical shape.

The ground state microscopic correction (18) is calcu-
lated and tabulated in Ref. [14] for all known and many yet
unknown nuclei. For BLSD an analytical approximation is
obtained above. Thus, Eqs. (22)-(25) and Table 1 offer a
very simple possibility to calculate the fission barrier for
any nucleus.

The comparison of the fission barriers calculated in this
way with the known experimental values is shown in fig-
ure 9.
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Fig. 9. Experimental (N) and calculated (25) (△) values of fission
barrier heights.

The rms-deviation of the experimental and calculated
values of the fission barrier heights for nuclei with Z > 70
is 1.113 MeV. This is a little more than the rms-deviation
obtained in [9] (0.88 MeV). The main source of this differ-
ence is the use here of optimal shapes (14) which supply
the lowest possible fission barriers. The difference between
experimental and calculated values of the fission barriers
for the four lightest nuclei with 35 ≤ Z ≤ 42 is approx-
imately the same as obtained in [9], i.e. of the order of
10 MeV.
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One can see in figure 9 that the calculated values of
the fission barrier heights are predominantly lower as com-
pared with the experimental values. This could be an indi-
cation that the shell correction at the barrier should not be
ignored completely.

It was mentioned in [10] that the statement of the to-
pographical theorem - that a macroscopic theory is accu-
rate for saddle energies - becomes exact in the limit where
the relative range of shell oscillations tends to zero. It is
known from calculations of the potential energy surfaces
that the wavelength of shell oscillations is not so small,
but actually comparable with the width of the barrier. So,
the 1.113 MeV deviation of experimental versus calcu-
lated values of the fission barrier heights can, at least in
part, be related to the use of the topographical theorem.
Other uncertainties in determining the barrier heights may
come from some model inaccuracies in the determining the
ground-state microscopic correction [14] (the rms error of
the ground state masses is 0.7 MeV). On the other hand,
the topographical theorem offers a very simple and handy
approximation (22)-(25) for the fission barriers.

Please, note that (25) is extremely simple to use. Ex-
cept for the ground state correction which are taken from
the tables, one only has to compute very simple analytic
expressions (22 and (23).

6 Summary

The optimal shapes of fissioning nuclei are studied within
the Lublin-Strasbourg Drop model [9]. The problem was
solved by the method suggested by Strutinsky and collab-
orators [1,7]. In this method the shape of a nucleus is de-
fined by minimization of the liquid drop energy with re-
spect to the shape variation under the constraint that the
volume and elongation are fixed. This method does not rely
on any shape parameterization and provides the shapes of
the lowest energy (optimal shapes).

The elongation of the nucleus calculated by this me-
thod is limited by some maximal deformation which is al-
most independent on the mass number. This critical defor-
mation is interpreted as the scission point. The neck radius
at critical deformation is rather large (0.25 − 0.30)R0, i.e.
the nucleus breaks apart not at zero but at finite neck.

The liquid drop fission barriers were calculated for iso-
topic chains in the range 35 ≤ Z ≤ 110. It was found that,
within a given chain, the maximal fission barrier heights
occur roughly at I = (N − Z)/A ≈ 0.26. A simple approxi-
mation for the liquid drop fission barriers heights contain-
ing only Z and I is obtained.

The topological theorem by Myers and Świa̧tecki [10]
was used to express the fission barrier height as the sum of
the macroscopic barrier height and the ground state shell
correction. This provides a very simple method to calcu-
late fission barrier heights. Besides the ground state shell
correction, which should be taken from the tables (e.g. in
Ref. [14]), one only has to calculate simple analytical esti-
mate for the liquid drop part of the barrier height.

The rms-deviation of calculated versus experimental
values of fission-barrier heights for known nuclei with Z ≤
70 is 1.113 MeV, a value which is comparable with the
experimental uncertainties.
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