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Abstract. A microscopic description of dynamical fusion threshold in heavy ion collisions is performed in
the framework of time-dependent Hartree-Fock (TDHF) theory using Skyrme energy density functional (EDF).
TDHF fusion threshold is in a better agreement with experimental fusion barrier. We find that the onset of extra
push lies at the effective fissility 33, which is consistent with the prediction of Swiatecki’s macroscopic model.
The extra push energy in our TDHF simulation is systematically smaller than the prediction in macroscopic
model. The important dynamical effects and the way to fit the parameter might be responsible for the different
results.

1 Introduction

With the experimental availability of radioactive ion beams,
the study of heavy-ion fusion reactions is of great inter-
est especially for the synthesis of superheavy elements and
nuclei far from stability. The nuclear reactions at energies
near the fusion barrier provides important information on
the reaction mechanism and collision dynamics. Theoret-
ical investigation is of fundamental importance to select
the optimal combination of projectile and target as well as
incident energy owing to the very time-consuming experi-
ments.

The macroscopic models [1–7] used for the study of fu-
sion reactions are successful in describing some aspects of
reaction dynamics, however they have in common several
shortcomings. First, nuclear structure and reaction dynam-
ics are treated in the discrete theoretical frameworks. It is
known that nuclear structure may strongly affect the reac-
tion dynamics. For instance, different structure may change
the production cross section of superheavy elements sev-
eral orders of magnitudes. Second, important dynamical
effects are not included in the time evolution. Dynami-
cal effects, e.g., nucleon transfer and shape transition, are
considered to play an important role on the reaction be-
havior. In many of macroscopic calculations, frozen den-
sity or sudden approximation has been used, where the nu-
clear density is assumed to be unchanged and equal to their
ground-state density at any time. The collision system al-
lows for the rearrangement of nuclear density, hence the
dynamical rearrangement effect is neglected in the macro-
scopic model. Third, there are free parameters in the de-
scription of nuclear dynamics. These parameters are fitted
with the experimental reaction data. The availability of ex-
perimental data and the way to fit the parameters will af-
fect the reliability of theoretical predictions in macroscopic
model. For example, the parameters for unmeasured re-
action systems have not yet been determined in coupled
channel model [8,9].

These shortcomings can be overcome with a fully mi-
croscopic theory, e.g., time-dependent Hartree-Fock (TDHF)
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theory. The main approximation of the theory is that the
many-body wave functions are treated as independent par-
ticle states at each time. TDHF theory, proposed by Dirac
in 1930 [10], was first applied in the studies of heavy-ion
fusion reactions and giant resonances dynamics for more
than 30 years ago [11]. At that time, simplified effective in-
teraction and symmetry restrictions [12–15] have been em-
ployed to reduce the computational time. These limitations
turned out to be a hindrance for the development [16]. With
the upgrade of computer power, three-dimensional TDHF
simulation with full Skyrme effective interaction becomes
possible and revived the new interests in nuclear dynamics
as seen from an impressive series of recent publications
[17–35].

Dynamical fusion threshold is of a fundamental issue
in fusion reactions. Extra push dynamics has been pre-
dicted in macroscopic models for heavy collision systems
with critical fissility larger than 33 [36] and typical charge
products of projectile and target larger than 1600 [37]. The
extra push is provided by an additional bombarding energy
over the barrier height in order to achieve a fused system.
For light nuclei, since the Coulomb repulsive force is small
compared to the nuclear force, the system will evolve auto-
matically to a fused system at bombarding energies above
the fusion barrier. When the charges of the projectile and
target are increased, the repulsive potential energy of the
system becomes so large that the system has to overcome,
in order to achieve fusion, the saddle point associated with
the fission barrier of a compound nucleus. The energy dif-
ference between fusion barrier and fission barrier is known
as extra push energy. Recently, the experimental evidence
[38–40] indicates that the extra push energy, needed in
the formation of heavy and superheavy systems, is smaller
than the prediction with macroscopic model [36].

Dynamical fusion threshold, which is a microscopic
analog of the macroscopic extra push, has been investi-
gated with TDHF theory for one reaction system. The study
employed simplified Skyrme interaction and imposed sym-
metry restriction [41]. Fusion hindrance with modern TDHF
simulations has been revealed in several heavy systems
[42]. The purpose of the present work is to systematically
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investigate the dynamical fusion threshold with modern
TDHF simulation from light to heavy systems, and to an-
swer whether the microscopic TDHF calculation can quan-
titatively reproduce the extra push predicted with macro-
scopic model, and to give the criterion for the mass combi-
nation of projectile and target above which the extra push is
needed, and to indicate the magnitude of extra push energy.
In the next Section, we will present Skyrme energy den-
sity functional (EDF), static and time-dependent Hartree-
Fock theory, nucleus-nucleus interaction potential and nu-
merical details. In Sec. 3, the dynamical fusion threshold
in TDHF theory and nucleus-nucleus potential with frozen
density approximation will be systematically investigated
and compared with available experimental data as well as
predictions of macroscopic model. Section 4 is devoted to
the summary and conclusions.

2 Theoretical formalism

2.1 Skyrme energy density functional

The zero-range and density-dependent Skyrme force has
been widely applied to self-consistent nuclear structure and
reaction dynamics calculations owing to its numerical sim-
plicity. The Skyrme energy density functional (EDF)

E =

∫
d3rH(ρ, τ, j, s, J), (1)

used in the present calculations, is expressed in terms of lo-
cal densities and currents: density ρ, kinetic density τ, spin
density s, current j, and spin-orbit density J. The time-odd
terms s, j vanish for static calculation of even-even nuclei,
whereas they are present for odd-mass nuclei and TDHF.
The energy functional H

H = Hkin + HSk + HC − Hc.m. (2)

consists of kinetic energy Hkin, Skyrme interaction energy
HSk, Coulomb energy HC including exchange in Slater ap-
proximation, and a correction for the spurious center-of-
mass motion Hc.m.. The pairing correlations are treated in
the BCS approximation by using a delta pairing force [43,
44], Vpair(r, r′) = Vqδ((r − r′). The pairing strength Vp
for protons and Vn for neutrons depend on the mean-field
parametrization and are fitted to the pairing gaps in the se-
lected isotopic and isotonic chains [45]. The pairing energy
functional is given by

Hpair =
1
4

∑

q=p,n

Vq

∫
d3r∆2

q, (3)

with ∆q the pairing density.
Skyrme energy functional HSk is expressed as
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t4(ρ∇ · J + j · ∇ × s + ρn∇ · Jn + jn · ∇ × sn +

+ ρp∇ · Jp + jp · ∇ × sp), (4)

with the parameters t0, t1, t2, t3, t4, x0, x1, x2, x3, α. The min-
imum set of time-odd terms to assure Galilei invariance
was included. The various parameterizations of Skyrme
force are available with different emphasis of nuclear struc-
ture properties. We have chosen the SLy6 parametrization
[46] in the present calculations, which is widely used and
provides a reliable description of nuclear structure and re-
action dynamics.

2.2 Static and dynamic EDF

The variation of energy density functional with respect to
single-particle wave functions yields the mean-field equa-
tion

[ĥ, ρ̂] = 0 with ĥ =
∂E
∂ρ̂
, (5)

which states the simultaneous diagonalization of mean-field
Hamiltonian and one-body density. Variation with respect
to the occupation amplitudes gives the associated BCS pair-
ing equations. The nuclear ground state wave functions are
obtained by solving the coupled HF-BCS equations.

The nuclear large amplitude collective motion has been
investigated with TDHF theory. The dynamical evolution
of many-body system, denoted by TDHF equation

i~
dρ̂
dt

= [ĥ, ρ̂], (6)

is expressed by the time evolution of one-body density.
Here the many-body wave functions have been approxi-
mated as the independent particle states at any time.

The main advantage of TDHF is that it treats static
properties and nuclear dynamics in a unified theoretical
framework and the same EDF. Another important advan-
tage of TDHF is that the dynamical effects, e.g., all types
of coupling between collective motion and internal excita-
tions, are incorporated automatically. In coupled channel
calculations one has to include various excitation modes
explicitly according to physical intuition. Last advantage is
that there is no free parameters in the description of nuclear
dynamics. All the parameters in TDHF theory are from
Skyrme functional, which are fitted with nuclear static prop-
erties. However TDHF theory include only one-body dis-
sipation and expectation values of one-body observables.
The tunneling effect of many-body wave functions has not
been taken into account.

2.3 Nucleus-nucleus potential from EDF

A good estimation of the interaction potential between the
colliding nuclei can be obtained with EDF using the frozen
density (FD) approximation, where the densities of projec-
tile and target are assumed to remain constant and equal
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to their respective ground state densities ρp and ρT . The
nucleus-nucleus interaction potential

VFD(R) = E[ρ̂P+T ](R) − E[ρ̂P] − E[ρ̂T ] (7)

is expressed in terms of the energy functional E. In FD-
EDF method, the functional used in the calculation of nuc-
leus-nucleus potential is same as the Skyrme functional in
static and dynamic Hartree-Fock calculations. Note that
the Pauli effect was not taken into account in the FD ap-
proximation. Around the Coulomb barrier, since the over-
lap of two densities is small, the fusion barrier with FD-
EDF method has been consider to be good approximation.

2.4 Numerical details

The static HF-BCS equations were solved with the damped
gradient iteration method [47,48]. We take the variance of
the mean-field Hamiltonian, which is required to become
smaller than 10−4 MeV, as the criterion for convergence.
The static HF-BCS wave functions, which give a good nu-
clear binding energies and deformations, will serve as the
initial state in dynamical evolution.

The static and time-dependent Hartree-Fock equations
are solved on a cartesian three-dimensional coordinate spa-
ce. No symmetry restriction has been imposed in the calcu-
lation. The spatial derivatives are calculated using the fast
Fourier transform and periodic boundary conditions are
employed, except for the Coulomb potential, which is cal-
culated with boundary conditions at infinity. The time step-
ping employs a sixth-order Taylor expansion of the time
evolution operator U(t, t + ∆t) = exp [−ih(t + ∆t/2)∆t/~],
with the mean fields at the half step estimated by a third-
order expansion using the mean field at time t. The coordi-
nate-space grid consists of 32 × 24 × 24 points for light
systems and 48×32×32 for heavy systems with grid spac-
ing of 1 fm and a time step of 0.2 fm/c. These numerical
parameters provide stable and accurate calculations in the
sense that good conservation of particle number and total
energy has been achieved during the dynamic evolution.

3 Results and discussions

To investigate extra push dynamics in a fully microscopic
scenario, one has to compare the lowest bombarding en-
ergy, required to achieve fusion for the collision system
with fusion barrier. The fusion barrier is the point with
maximum potential in the nucleus-nucleus interaction po-
tential. The potential is obtained with the FD-EDF method
using the same energy density functional as TDHF, as il-
lustrated in subsection 2.3. Taking 64Ni+208Pb as an exam-
ple, the nucleus-nucleus interaction potential is shown in
the upper panel of figure 1. The fusion barrier VB is 240.02
MeV and locates at a relative distance RB 13 fm. The lower
panel is the time evolution of relative distance between
collision parners with different center of mass energy in
TDHF calculations. It is seen that the lowest bombarding
energy for fusion, denoted as Elf is 262 MeV. Note that the
definition of fusion is that a compound system is formed
for a minimum duration of 1200 fm/c. The energy differ-
ence between low-energy fusion threshold Elf and fusion
barrier VB is the additional extra push energy required for
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Fig. 1. Nucleus-nucleus interaction potential with FD-EDF
method for reaction system 64Ni+208Pb (upper panel); and the
time evolution of relative distance in TDHF simulation with dif-
ferent bombarding energy (lower panel).

fusion. In the present example 64Ni+208Pb, extra push en-
ergy of at least 22 MeV over fusion barrier is required to
make the system fused.

With the same procedure described above, we system-
atically calculated the fusion barrier and low-energy fu-
sion threshold for the reaction systems of all the combina-
tions among the double magic spherical nuclei 16O, 40Ca,
48Ca, 90Zr, 100Sn, 132Sn, and 208Pb. Additional three sys-
tems 48Ca +238 U, 96Zr +132 Zr, and 70Zn +208 Pb, leading
to the synthesis of superheavy elements, have also been
investigated. In figure 2 the horizontal axis is the effec-
tive fissility (Z2/A)eff ≡ 4Z1Z2/A

1/3
1 A1/3

2 (A1/3
1 + A1/3

2 ) de-
fined same as in Ref. [36], where Z1, Z2, A1, and A2 are the
proton and atomic mass numbers of the collision partners.
The energy difference between TDHF low-energy fusion
threshold ETDHF

lf , fusion barrier with FD-EDF method VFD
B

and available experimental fusion barrier Vexp
B are shown in

upper panel of figure 2 for all the reaction systems we con-
sidered. The extra push energy, denoted as ETDHF

lf − VFD
B

is shown in blue line. Red and green lines represent the
deviation of TDHF fusion threshold and FD fusion bar-
rier from the available experiments. As expected, the de-
viation of TDHF fusion threshold (red line) from experi-
ments is systematically smaller than that of fusion barrier
with FD-EDF method (green line). Table 1 lists TDHF fu-
sion threshold ETDHF

lf , fusion barrier with FD-EDF method
VFD

B and the experimental fusion barrier Vexp
B , as well as

the position of fusion barrier with FD-EDF method RFD
B
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and experiments Rexp
B . The microscopic TDHF results are

systematically in better agreement with the experiments.
For light systems with effective fissility smaller than

33, TDHF fusion threshold is smaller than fusion barrier
with FD-EDF method. Starting from the effective fissility
larger than 33, the TDHF fusion threshold becomes larger
than FD fusion barrier, indicating the need of extra push.
This prediction on the onset of extra push is consistent
with Swiatecki’s macroscopic model [36]. However, the
extra push energy in a fully microscopic TDHF calcula-
tion does not monotonic increasing as a function of effec-
tive fissility, as seen from the staggering of blue line. For
example, the extra push energy of the reaction 96Zr +132 Sn
with effective fissility (Z2/A)eff = 35.48 is about 11.35
MeV, while its neighboring reaction system 90Zr+90Zr with
(Z2/A)eff = 35.56 has extra push energy of -1.7 MeV. Since
the collision dynamics is affected by many factors, e.g., nu-
clear structure and dynamical effects in the time evolution,
the extra push energy will not simply depend on the mass
combination.

The lower panel in figure 2 shows the prediction of
extra push in Swiatecki’s macroscopic model [36] in pur-
ple line and our TDHF result same as the blue line in up-
per panel. The extra push energy in macroscopic model
is much larger than our microscopic results especially for
heavier systems. For example, TDHF and macroscopic ex-
tra push energy of four labelled reaction systems 48Ca +238

U, 96Zr +132 Zr, 70Zn +208 Pb, and 100Sn +132 Sn are 0.87
MeV and 0.048 MeV , 11.35 MeV and 6.43 MeV, 19.18
MeV and 49 MeV, 25.75 MeV and 116.84 MeV. This is
not strange owing to the following facts. The macroscopic
model did not take into account many important dynam-
ical effects. Moreover the parameters in macroscopic ex-
tra push formula is fitted with several experimental fusion
cross section with the heaviest system (Z2/A)eff = 39.044
[36]. The way to fit the parameters may restrict the reliabil-
ity of the extrapolation of macroscopic extra push formula
to heavier system than (Z2/A)eff = 39.044. Recently, the
experimental evidence [38–40] also indicates that the extra
push energy, needed in the formation of heavy and super-
heavy systems, is smaller than the prediction with Swiate-
cki’s macroscopic model [36].

4 Summary

TDHF fusion threshold and fusion barrier with FD-EDF
method have been systematically investigated for the re-
action systems of all the combinations among the double
magic spherical nuclei 16O, 40Ca, 48Ca, 90Zr, 100Sn, 132Sn,
and 208Pb, as well as additional three systems 48Ca +238

U, 96Zr +132 Zr, and 70Zn +208 Pb leading to the synthe-
sis of superheavy elements. TDHF fusion threshold is in
better agreement with the experimental fusion barrier. We
find that the onset of extra push lies at effective fissility
33, which is consistent with the prediction of macroscopic
model. However the extra push energy in our microscopic
calculations is systematically smaller than the prediction
with macroscopic model especially for heavier system. The
way to fit the parameters and the important dynamical ef-
fects neglected in macroscopic model might be responsi-
ble for the different results between TDHF calculation and
macroscopic model. Experimental evidence also indicates
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Fig. 2. Energy difference between TDHF low-energy fusion
threshold and fusion barrier with FD-EDF method (blue line),
TDHF fusion threshold and available experimental data (red
line), and fusion barrier with FD-EDF method and available ex-
periments (green line) as a function of effective fissility (up-
per panel); energy difference between TDHF low-energy fu-
sion threshold and fusion barrier with FD-EDF method in blue
line, and the prediction of extra push formula in Swiatecki’s
macroscoic model in purple line (lower panel).

Table 1. TDHF low-energy fusion threshold ETDHF
lf (in MeV),

fusion barrier with FD-EDF method VFD
B (in MeV), the experi-

mental fusion barrier Vexp
B (in MeV), and their position of fusion

barrier RFD
B (in fm) and Rexp

B (in fm).

reaction ETDHF
lf VFD

B Vexp
B RFD

B Rexp
B

16O+16O 10.2 10.2 10.61 8.4 7.91
16O+40Ca 23.2 23.6 23.06 9.2 9.21
40Ca+40Ca 53.3 54.9 52.8 9.8 —
40Ca+48Ca 52.1 53.5 52.0 10.1 9.99
48Ca+48Ca 51.1 52.5 51.49 10.3 10.16
16O+208Pb 74.8 76.0 74.52 11.7 11.31
40Ca+90Zr 97.7 100.0 96.88 10.8 10.53

that the extra push energy is smaller than the predictions
with macroscopic model.
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