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Abstract. For low-dimensional frustrated quantum magnets, the dependence of the staggered moment ms on a

magnetic field is nonmonotonic: For small and intermediate fields, quantum fluctuations are gradually suppressed,

leading to an increase of ms(H). For large applied magnetic fields however, the classically expected monotonous

decrease is recovered. For the same reasons, the Néel ordering temperature TN of such compounds first increases

and then exhibits a reentrant behavior as a function of the field strength. The quantitative analysis of this behavior

is an excellent tool to determine the frustration parameter of a given compound. We have derived a general

linear spin-wave (LSW) theory in the presence of a magnetic field. Based on our LSW theory, including a small

interlayer coupling, we use a self-consistent approach determining TN by the condition of a vanishing total

moment. We apply our findings to the recently measured field dependence of the magnetic ordering temperature

TN of Cu(pz)2(ClO4)2 in the framework of the S = 1/2 two-dimensional J1-J2 Heisenberg model. The observed

increase with increasing field strength can be understood naturally using an intermediate frustration ratio J2/J1 ≈
0.2, which is in accordance with the field dependence of the staggered moment.

1 Introduction

The two-dimensional J1-J2 Heisenberg model on a square
lattice with S = 1/2 provides an excellent means for study-
ing the interplay between quantum fluctuations already pre-
sent in the nonfrustrated J2 = 0 case, frustration effects
in the magnetic exchange, and the impact of an applied
magnetic field H. It has experimental realizations in two
classes of layered V4+ compounds [1,2] with an effective
pseudospin S = 1/2. An orthorhombically distorted ver-
sion of the model can describe the magnetic structure and
spin wave excitations of the undoped 122 Fe-pnictide com-
pounds [3].

Another layered material with spin S = 1/2 (Cu2+

3d9 configurations) is deuterated copper pyrazine perchlo-
rate, Cu(pz)2(ClO4)2. It crystallizes in a monoclinic crystal
structure with space group C2/c. The Cu2+ ions form per-
fect square lattice layers lying in the crystallographic bc
plane with superexchange paths mediated by the pyrazine
ligand molecules. Recent neutron scattering and thermody-
namic experiments revealed an unusual field dependence
of the magnetic Bragg scattering intensity and the transi-
tion temperature TN to a Néel ordered state, both being
stabilized by the magnetic field [4]. We will show that the
observed field dependence can be naturally understood in
the framework of the J1-J2 model.

In this paper, we emphasize the impact of the field-
induced suppression of quantum fluctuations at finite tem-
peratures on the anomalous enhancement of the Néel tem-
perature. To describe this within the framework of our mo-
del, we introduce a small but finite interlayer coupling J′
and determine TN via the condition of vanishing expecta-
tion value of the total moment mt defined below.

The properties of this model with nearest-neighbor ex-
change J1 and next-nearest neighbor exchange J2 (see be-
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low for the definition of the Hamiltonian) are entirely de-
termined by the frustration angle φ = tan−1(J2/J1) with
−π < φ ≤ π. In zero field, classically three phases exist:
For tan−1(1/2) ≤ φ ≤ π − tan−1(1/2) (0.15 � φ/π � 0.85),
the ground state has columnar magnetic order with order-
ing vector Q = (π, 0) or (0, π). For −π/2 ≤ φ ≤ tan−1(1/2),
the ground state is Néel ordered with Q = (π, π), and for
−π < φ ≤ −π/2 and π − tan−1(1/2) ≤ φ ≤ π, the ground
state is ferromagnetic. Quantum fluctuations destroy the
magnetic order at the edges of the columnar phase: Around
φ/π ≈ 0.15 (J2/J1 ≈ 1/2), a nonmagnetic stacked-dimer
phase appears [5], and around φ/π ≈ 0.85 (J2/J1 ≈ −1/2),
the ground state has spin-nematic character [6].

Therefore, a precise experimental determination of the
frustration angle φ is of great importance in understanding
the characteristics of a low-dimensional exchange-frustra-
ted magnet. Several tools have already been developed:
Measurements of the heat capacity and the magnetic sus-
ceptibility as a function of temperature and magnetic field
can be discussed with the finite-temperature Lanczos me-
thod [7] or compared to a high-temperature series expan-
sion [8]. With these methods we get the overall energy

scale Jc =

√
J2

1
+ J2

2
and the Weiss temperature Θ = J1 +

J2. An ambiguity remains as the determination of Θ and Jc

alone does not specify J1 and J2 completely. An analysis
of the saturation field can also help determining φ or J2/J1

[9]. However, saturation fields frequently are too large to
be experimentally accessible.

Here we discuss an independent method for the precise
determination of the frustration angle φ which can in prin-
cipal be applied to any low-dimensional frustrated mag-
net with a magnetically ordered ground state. This method
has the advantage that only the initial slope of the field de-
pendence of the ordered moment or Néel temperature is
required to determine the frustration ratio, making it ap-
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plicable to a much larger range of compounds with com-
paratively high saturation fields. As was shown in [10,11],
quantum effects lead to a nonlinear uniform magnetiza-
tion. The quantum fluctuations affect the staggered mo-
ment even more strongly [12,13]. We will give an overview
over the linear spin-wave (LSW) theory applied to our mo-
del. For Cu(pz)2(ClO4)2, we restrict to the Néel phase. The
unusual field dependence of the Néel ordering temperature
can be understood within a self-consistent treatment of the
total moment mt at finite temperatures within spin-wave
theory in the spirit of an RPA approach [14,15].

2 Frustrated Heisenberg model

The Hamiltonian we use is given by

H = J1

∑
〈i, j〉1

SiS j + J2

∑
〈i, j〉2

SiS j

+ J′
∑
〈i, j〉⊥

SiS j − gμBH
∑

i

Si. (1)

The first sum runs over bonds connecting nearest-neighbor
sites i and j, the second sum runs over bonds connecting
next-nearest neighbors in the adjacent Cu planes. The third
sum parametrizes the exchange coupling between adjacent
layers with J′/Jc � 1. The last term is the Zeeman energy
in an applied field H which we choose to be parallel to the
x direction. As usual, g denotes the gyromagnetic ratio,
and μB is the Bohr magneton. Exchange anisotropies are
not included. The two major exchange constants are J1 =
Jc cos φ and J2 = Jc sin φ.

We can express the field-dependent total moment in
units of gμB with its components parallel (m0) and perpen-
dicular (mQ) to the direction of the applied field,

m2
t (h) = m2

0(h) + m2
Q(h) (2)

with h = gμBH.

3 Classical ground state

We have described the calculation of uniform and stag-
gered moment within linear spin-wave theory to great de-
tail in Ref. [3]. Here we restrict ourselves to giving an
overview, including the interlayer coupling J′ into the ex-
change model. We assume the magnetic field to be aligned
parallel to the crystallographic a axis of Cu pyrazine. Clas-
sically the uniform and staggered moments are given by
the respective projections of the ordered spins onto the
field axis:

m0 = S cosΘc, (3)

mQ = S sinΘc, (4)

where Θc is the classical canting angle given by

cosΘc = h/hsat (5)

with a saturation field hsat = gμBHsat = 4J1 in the Néel
phase with an in-plane ordering vector Q = (π, π). That is,
the size of the total moment mt = S is field-independent,
and the single effect of the increasing magnetic field is to

tilt the spins out of the bc plane towards the a direction
until at h = hsat, full polarization with m0 = S is reached.
Note that the ordering vector has in principle three com-
ponents. However the interlayer interaction J′ along the a
direction is small [4], thus the precise ordering along this
direction does not play a role in our discussion.

4 Linear spin-wave theory

Quantum fluctuations in the ground state modify this sim-
ple classical picture of moments as tilting vectors: Already
at field h = 0 and next-nearest neighbor coupling J2 = 0,
the expectation value of the staggered moment or “length”
of the moment is reduced from mQ = 1/2 to mQ ≈ 0.3.
A finite antiferromagnetic value of J2 reduces mQ even
further [3]. In addition to the canting angle, this length
now is a function of the field h, too, because its classical
value at h = hsat being represented by the uniform moment
m0(hsat) = S must be recovered. This means, the field de-
pendence of m0 and mQ is governed by both the length and
the canting angle of the total moment mt, and all of them
are controlled by the single frustration parameter φ.

On each site i, we introduce a local coordinate system
where the x axis is oriented parallel to the local magnetic
moment. We apply a Holstein-Primakoff transformation to
the spin operators expressed in this coordinate system,

S x
i = S − a†i ai, (6)

S +i =
√

2S

⎛⎜⎜⎜⎜⎜⎝1 − a†i ai

2S

⎞⎟⎟⎟⎟⎟⎠
1/2

ai →
√

2S ai, (7)

S −i =
√

2S a†i

⎛⎜⎜⎜⎜⎜⎝1 − a†i ai

2S

⎞⎟⎟⎟⎟⎟⎠
1/2

→ √2S a†i . (8)

The operators ai and a†i represent a boson field of spin ex-
citations, and we keep only terms up to bilinear order in
the Hamiltonian.

Next we insert a Fourier representation of the bosonic
field,

a†i =
1√
N

∑
k

a†ke−ikRi , (9)

into the resulting Hamiltonian and introduce magnon op-
erators

αk = ukak + vka†−k, α
†
−k = vkak + uka†−k. (10)

Writing Eq. (1) with these operators and requiring the re-
sulting Hamiltonian to have diagonal form diagonalizes the
Hamiltonian in the usual way.

The total moment mt ≡ 〈S 〉 is given by the expectation
value of the x component of the spin S in local coordinates,

〈S 〉 = 1

N

∑
i

〈
S x

i
〉
=

1

N

∑
i

〈
S − a†i ai

〉

= S − 1

N

∑
k

〈
a†kak
〉
, (11)

where the brackets 〈. . .〉 in the last equation denote the

trace over the statistical operator. The operator a†kak is not

diagonal in the basis spanned by the magnons α†k, but rather
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is related by the Bogoliubov transformation U (see Eq. (10))
with det(U) = 1 given by the matrix in

(
αk
α†−k

)
=

(
uk vk
vk uk

) (
ak
a†−k

)
. (12)

With 〈
α−kα

†
−k

〉
= 1 +

〈
α†−kα−k

〉
= 1 + n−k (13)

we have 〈
a†kak
〉
= u2

knk + v
2
k(1 + n−k)

= (1 + v2k)nk + v
2
k(1 + n−k) (14)

T→0
−→ v

2
k. (15)

With the standard Bose occupation numbers nk = 1/(eβωk−
1), β ≡ 1/(kBT ), the magnon excitation energies ωk =
S E(h,k) and using nk = n−k, we eventually get

〈
a†kak
〉
= v2k + (1 + 2v2k)nk. (16)

The total moment at finite temperatures T is thus given by
〈S 〉 = S − Ψ with

Ψ =
1

N

∑
k

[
v2k + (1 + 2v2k)nk

]
. (17)

Explicit diagonalization of the Hamiltonian (1) yields

v2k =
1

2

(
A(k) − B(k) cos2 Θc

E(h,k)
− 1

)
. (18)

The spin-wave energies are given by

Ek(h) =
{[

Ak − Bk cos2 Θc

]2

−
[
Bk(1 − cos2 Θc)

]2} 1
2

, (19)

Ak = Jk +
1

2

(
Jk+Q + Jk−Q

) − 2JQ, (20)

Bk = Jk − 1

2

(
Jk+Q + Jk−Q

)
, (21)

and Jk = 2J′ cos kx+2J1

(
cos ky + cos kz

)
+4J2 cos ky cos kz

is the Fourier transform of the exchange couplings.

5 Field dependent transition temperature

The Néel order at finite TN is an effect of the finite inter-
layer coupling J′. Because of the quasi-long range order of
the two-dimensional Heisenberg antiferromagnet with ex-
ponentially increasing correlation length at small tempera-
tures even a small interlayer coupling J′/Jc � 1 leads to
sizable TN on the scale of the intra-layer exchange strength
[16]. TN(0) for the nonfrustrated model (φ = 0) may be
obtained from an empirical formula based on Monte Carlo
simulations, however, this is not available for φ � 0 and
for finite fields.

At the temperature TN where magnetic order breaks
down, the total moment vanishes. This condition can be
written as

〈S 〉 = S − Ψ = 0 (22)

for the expectation value of the spin in the local coordinate
system with Ψ given by Eq. (17) . Compared to a self-
consistent RPA theory [14,15] based on quasi-two-dimen-
sional spin waves where TN(h) is determined by the con-
dition of vanishing staggered moment, for S = 1/2 this
equation can be formally regarded as the first two terms of
a small-Ψ series expansion of the self-consistent equation

〈S 〉 = 1/2

1 + 2Ψ
. (23)

Here inside Ψ the classical value S occurring in ωk =
S E(h,k) has to be replaced with the expectation value 〈S 〉,
which is then to be determined self-consistently. Having
done this replacement in the spirit of RPA, we can assume
that 〈S 〉 � S near T = TN, and the argument of the Bose
function is small, thus we can further approximate

1

eβωk − 1
≈ 1

βωk
− 1

2
, (24)

Ψ ≈ 1

N

∑
k

[
v2k +
(
1 + 2v2k

) ( 1

βωk
− 1

2

)]

=
kBT
〈S 〉

1

N

∑
k

1 + 2v2k
E(h,k)

− 1

2
. (25)

Inserting this expression for Ψ into Eq. (23) yields

〈S 〉 = 1

2

⎛⎜⎜⎜⎜⎜⎝1 + 2
kBT
〈S 〉

1

N

∑
k

1 + 2v2k
E(h,k)

− 1

⎞⎟⎟⎟⎟⎟⎠
−1

=

⎛⎜⎜⎜⎜⎜⎝4kBT
〈S 〉

1

N

∑
k

1 + 2v2k
E(h,k)

⎞⎟⎟⎟⎟⎟⎠
−1

(26)

where now 〈S 〉 drops out and we eventually get

TN(h) =

⎛⎜⎜⎜⎜⎜⎝4kB

1

N

∑
k

A(k) − B(k) cos2 Θc

E2(h,k)

⎞⎟⎟⎟⎟⎟⎠
−1

(27)

for the field dependence of the Néel transition temperature
within our approximations.

6 Application to Cu(pz)2(ClO4)2

In Ref. [4], the H−T phase diagram of Cu(pz)2(ClO4)2 has
been determined experimentally from the neutron scatter-
ing intensity at a particular antiferromagnetic Bragg peak.
Heat capacity measurements in magnetic field applied par-
allel and perpendicular to the Cu square-lattice planes have
been performed as well. These results are displayed in Fig. 1.
Open circles label the peak positions of the temperature
dependence of the heat capacity, while triangles denote the
neutron scattering results.

Eq. (27) reduces to the expression in Ref. [14] for h =
0. The theory predicts the right dependence of TN(0) on
J′/J1 but the absolute values are larger than those derived
from empirical formulas fitting the Monte Carlo simula-
tions (at J2 = 0) [16]. Therefore in Fig. 1 we have plot-
ted the field dependent transition temperature TN(h)/TN(0)
normalized to its value at h = 0. It is shown for two sets of
values (φ, J′). The main effect of the increasing field is the
reduction of quantum fluctuations. This in turn increases
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Fig. 1. HT phase diagram of Cu(pz)2(ClO4)2. The magnetic tran-

sition temperatureTN is normalized to TN(H = 0), the applied

magnetic field H is normalized to the saturation field Hsat. The

symbols label experimental values determined from heat capac-

ity measurements (open circles) and neutron diffraction (trian-

gles) [4]. The lines show the results from our RPA spin-wave

calculations with φ = 0.063 π (J2/J1 = 0.2), J′/J1 = 0.006 (solid

line) and φ = 0.006 π (J2/J1 = 0.02), J′/J1 = 6.8 × 10−4 (dashed

line).

the spin-wave energy E(h,k) in the argument of the in-
tegral in Eq. (27), leading to the experimentally observed
enhancement of TN(h).

The (φ, J′) values for the dashed curve, corresponding
to a small frustration ratio J2/J1 ≈ 0.018 in Fig. 1 re-
produce the experimental TN(0) = 4.2 K but fail for the
field dependence. Taking the frustration ratio J2/J1 = 0.2
or equivalently φ = 0.063π determined from the field de-
pendence of the ordered moment [13], excellent agreement
with the experimental TN(h)/TN(0) is achieved with J′/J1 =
0.006. However, the transition temperature TN(0) is about
twice the experimental value in this case. We think that the
functional dependence TN(h) is more significant for J′/J1

than the single value of TN(0).
In Ref. [4], also the low-temperature peak intensity of

neutron scattering at an antiferromagnetic point has been
measured as a function of the applied magnetic field. Apart
from a constant, this intensity is proportional to the static
magnetic structure factor at the antiferromagnetic order-
ing vector, identical to the staggered moment m2

Q. Within

the framework of our LSW theory, we have fitted m2
Q to

the neutron data [13]. The best agreement is obtained with
J2/J1 ≈ 0.2 which is also the value which is used in Fig. 1.
This clearly indicates that Cu pyrazine is a moderately frus-
trated Néel antiferromagnet .

7 Conclusion

The anomalous field dependence of the Néel transition tem-
perature TN of the two-dimensional frustrated J1-J2 Heisen-
berg model with S = 1/2 on a square lattice has been dis-
cussed. A single parameter φ = tan−1(J2/J1) controls the
properties of this model. With an additional small inter-
layer coupling J′, we have used linear spin-wave theory
supplemented by a selfconsistency condition in the spirit
of RPA theory to derive TN(h). A finite frustration ratio
J2/J1 results in an increase of quantum effects, and the
field-induced suppression of quantum fluctuations leads to

the anomalous increase of TN(h) observed experimentally
in Cu(pz)2(ClO4)2. With J2/J1 ≈ 0.2, we have achieved an
excellent agreement of TN(h)/TN(0) with the experimental
H − T phase diagram.
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