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Abstract. The widths of the mass distributions of the different fission channels are 
traced back to the probability distributions of the corresponding quantum oscillators that 
are coupled to the heat bath, which is formed by the intrinsic degrees of freedom of the 
fissioning system under the influence of pairing correlations and shell effects. Following 
conclusion from stochastic calculations of Adeev and Pashkevich, an early freezing due 
to dynamical effects is assumed. It is shown that the mass width of the fission channels 
in low-energy fission is strongly influenced by the zero-point motion of the 
corresponding quantum oscillator. The observed variation of the mass widths of the 
asymmetric fission channels with excitation energy is attributed to the energy-dependent 
properties of the heat bath and not to the population of excited states of the 
corresponding quantum oscillator.  

1 Introduction  

The GEneral Fission code GEF [1] calculates a variety of observables such as fission-fragment 
yields, prompt-fission neutrons and gammas. Contrary to most fission models, GEF can be used to 
predict these quantities for fissioning nuclei for which no experimental data are available. In this 
contribution we present a modified application of the statistical model that is used in GEF for 
estimating the widths of the mass distributions of the fission channels. 

2 Dynamical effects  

There is a long tradition in applying the statistical model to nuclear fission [2-5]. However, it is well 
known [6] that the statistical model, applied to the scission-point configuration, is unable of 
explaining the variances of the mass and energy distributions and their dependence on the 
compound-nucleus fissility parameter. The solution of the problem has been given by Adeev and 
Pashkevich [7] by considering the influence of inertia and dissipation. Their calculations suggest that 
the width of the distribution of a specific normal mode is approximately given by the fluctuation of 
the corresponding oscillator with an effective stiffness that is equal to the stiffness of the potential 
somewhere between saddle and scission. Thus, the application of the statistical model to fission 
seems to be a reasonable approximation. However, it is important to consider dynamical effects by 
assuming that the collective coordinate is frozen somewhere before scission. The configuration, 
where the statistical model is to be applied is specific to the collective coordinate considered. 

2 Quantum oscillator  

The potential U in the vicinity of a minimum as a function of a collective coordinate q is 
approximated by a parabola 
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2
U Cq  (1) 

 

Thus, the motion along the collective coordinate q corresponds to an excited state of an harmonic 
quantum oscillator. In an excited nucleus, there is an exchange of energy between the specific 
collective and all the other nuclear degrees of freedom that may be considered as a heat bath. In 
thermal equilibrium, the properties of the heat bath (e.g. state density and temperature T) determine 
the probability distribution of excited states of the harmonic oscillator considered. From this 
distribution, one can derive the probability distribution to find the oscillator at a specific coordinate 
value q at a given time.  
 
Some analytical solutions to this problem for specific cases are well known [8,9]: If the excitation 
energy is zero, the probability distribution P(q) along coordinate q of an harmonic quantum 
oscillator with a characteristic energy ħω has the shape of a Gaussian function with the variance  
 

                                                          2

2q C

 
                                                          (2) 

as given by the zero-point motion.  
For finite excitation energies, the probability distribution along the coordinate q is the sum of the 
contributions from different excited states of the oscillator  
 

max
2

0

( ) ( )
i

i iP q W q                                              (3) 

 

where Wi is the population probability of the state i of the oscillator with excitation energy Ei=i·ħω, 
φi(q) is the wave function of this state, and imax is the largest integer which fulfils the condition 

max
totE

i





.  

If the heat bath is described by the constant-temperature level density, then the population 
probabilities Wi are given by a Boltzmann distribution: 
 

exp( / )i iW E T                                               (4) 
 

In that case if Etot=, the probability distribution P(q) has a Gaussian shape, and the variance is 
given by the following expression:  

2 coth( )
2 2q C T

  
                                               (5) 

 

This relation approximately also holds if Etot >> T.  
If in addition T >> ħω, the variance of the probability distribution P(q) approaches the classical 
value: 

 2 /q T C                                                        (6) 

3 Experimental data  

3.1 Symmetric fission channel 

The mass width of the symmetric fission channel and its dependence on excitation energy have been 
investigated in a broad range of fissioning nuclei, from Z2/A = 28 to Z2/A = 43 [10, 11].  
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First measurements of the symmetric fission channel at low excitation energy have been performed 
with radioactive targets around 226Ra [12, 13]. More recently, systematic measurements of 
electromagnetic-induced fission of 238U projectile fragments have been performed on a larger 
number of nuclei in this region [14]. This experiment provided precise data on the standard deviation 
of the Z distribution of the symmetric fission channel. A value of σZ = 4 units was found, which is 
nearly constant within the experimental uncertainties in the range from 212Ac to 226Th for excitation 
energies of a few MeV above the fission barrier. From this value one can deduce a value of σA = 10 
mass units for the mass width of the symmetric channel [14, 15]. There are no experimental data 
available on the evolution of the width with excitation energy for the symmetric fission channel in 
low-energy fission. 

3.2 Asymmetric fission channels 

The mass distributions of the asymmetric fission channels, Standard 1 and Standard 2, which are 
distributed to shell effects, are much narrower: σA is around 3, respectively 5 mass units [15]. The 
widths increase slightly with growing initial excitation energy of the fissioning system. This is 
clearly visible by varying the neutron energy in neutron-induced fission (see work cited in [16] and 
work cited in [17-19]). Fig. 1 shows this increase for neutron-induced fission of 237Np [19]. 

4 Theoretical description  

4.1 Symmetric fission channel 

The evolution of the width of the mass distribution of the symmetric fission channel at higher 
excitation energies, where shell effects are essentially washed out, has been the subject of long-
standing experimental and theoretical investigations, see refs. [20-23]. The main results are: 

 The width of the mass distribution is well described by the analytical approximation 

/tot
q

E a

C
  that corresponds to equation (6) with the temperature defined by the 

Fermi-gas nuclear level density. 
 The corresponding stiffness C of the mass-asymmetric potential (e.g. C = 0.0049 MeV for 

238Np [10]) is in agreement with theoretical estimates for a configuration close to saddle 
[24]. 

 Stimulated by the success in describing the symmetric fission channel at higher excitation energy, 
we extend the statistical approach to lower energies. Application of equation (5) with C = 0.0049 
MeV, T = 0.45 MeV [25], and σA = 10 units yields ħω = 0.5 MeV. Under these conditions  
(ħω ≈ T) the mass width of the symmetric channel in low-energy fission of light actinides is 
strongly influenced by the zero-point motion. In comparison, Nix estimated a value of ħω for 238Np 
in the order of 1 to 2 MeV in the actinide region (ħω = 1.2 MeV for 238Np) for mass-asymmetric 
shape distortions at the saddle-point [26].  

4.2 Asymmetric fission channels 

Assuming the inertia to be the same as for the symmetric fission channel, taking the experimental 
widths at the lowest values of En from Fig. 1 and the temperature of the heat bath from the empirical 
constant-temperature level density systematics of ref. [25], eq. (2) gives ħω = 3.3 MeV for S2 and  
ħω = 8.9 MeV for S1. Note that eq. (2) can be used, because T << ħω. Besides, we consider (in 
accordance with ref. [24]) that the mass distribution is determined close to the outer saddle point. 
Thus, the excitation energy of the heat bath is assumed to be equal to the nuclear excitation energy 
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above the outer saddle. In the energy regime covered by the data shown in Fig. 1, the population of 
the first excited state of the oscillator is not possible for the S1 fission channel, since Etot < ħω, and 
negligible for the S2 fission channel, since T << ħω. Thus, the widths of the mass distributions of the 
asymmetric fission channels are determined by the width of the zero-point motion, only. The 
deduced value of ħω = 3.3 MeV for the S2 fission channel can be compared with an estimation of 
Mirea with the microscopic-macroscopic model using the cranking method who obtained ħω = 7.26 
MeV at the outer saddle and ħω = 3.76 MeV at a distance between the centers of the nascent 
fragments of 1 fm behind the outer saddle [27]. Thus, the deduced empirical value of ħω is half the 
theoretical value at the barrier, like in the case of the symmetric fission channel. 
It is a crucial test of our assumptions to verify whether the increase of the mass widths of the 
asymmetric fission channels with increasing initial excitation energy (see Fig. 1) can be explained by 
the decrease of the effective stiffness due to the washing out of the shell effect in the level density. 
The restoring force F(q) of an oscillator that is coupled to a heat bath is given by  
 

   dS
F q T

dq
                                                      (7) 

 

The potential is given by integration: ( ) ( )U q F q dq  , and the effective stiffness by the second 

derivative of the potential: 2 2/effC d U dq . The effective stiffness Ceff in the vicinity of the 

potential minimum was determined numerically for the oscillator potential of the corresponding 
asymmetric fission channel. The temperature T(q) and the entropy S=ln(ρ)=E/T are defined by the 
equations 

 1
exp( / )E T

T
   (8) 

where T is obtained from the parameterization of ref. [25]: 

 2
2/3

1
17.45 0.51 0.051 ( )T U U

A
                                   (9) 

 

In this case it is important to consider the shell effect δU that forms the respective fission valley: 
 

2
0 0( ) ( ) ( )

2

C
U q U q q                                         (10) 

 

A value of (δU)0=-5MeV was assumed from shell-model calculations [28,29] as a rough estimate for 
both  channels.  

 
 
 
Fig. 1: Standard deviation of the mass 
distribution of the asymmetric fission channels 
(Standard 1 and Standard 2) in the fission of 
237Np(n,f) as a function of the neutron energy 
En (lower scale) and the excitation energy 
above the outer fission barrier Bf (upper scale). 
Bf = 6.1 MeV is taken from ref. [30]. The 
measured data [19] (symbols) are compared to 
the widths of the corresponding quantum 
oscillators (dotted lines).  
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Assuming a constant inertia, the variation of the width of the zero-point motion of the corresponding 

quantum oscillator is given by the variation of the effective stiffness Ceff : 
2 1/A effC  . The result 

of this estimation is shown in figure 1 by the dotted lines. It agrees rather well with the data. Thus, 
the quantum oscillator with the energy-dependent stiffness, once adjusted to the measured width at 
zero excitation energy above the outer saddle, also reproduces the observed growth of the mass 
width σA of the asymmetric fission channels up to Etot - Bf = 5 MeV, where experimental data are 
available.  

5 Conclusion  

One may conclude that several features of low-energy fission can successfully be described on the 
basis of the statistical model provided that dynamical effects, the finite total energy and the quantum-
mechanical properties of the system are properly considered. A specific, important result of this work 
is the evidence that the mass distributions of the fission channels in low-energy fission are strongly 
influenced or even essentially given by the zero-point motion of the quantum oscillators in the 
corresponding fission valleys. This implies that an approach which considers the quantum-
mechanical properties of the system is mandatory for a realistic estimation of the width of the mass 
distributions of the different fission channels in low-energy fission. 
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