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Abstract. We work with the system of equations describing the non-stationary compressible fluid flow, and
we focus on the numerical solution of these equations, and on the boundary conditions. In order to construct the
boundary conditions we analyze the equations in the close vicinity of the boundary. Many boundary conditions
(i.e. fixed, linearized) do not solve the local problem in an appropriate way, which may bring non-physical errors
into the solution, slow down the convergent process, or even ruin the solution in the whole domain. We use the
analysis of the exact solution of the Riemann problem in order to solve this local boundary problem. In the case of
the diffusible barrier we solve the modified Riemann problem, with the one-side initial condition, complemented
with the Darcy’s law and added inertial loss. We analyze the solution of this problem. We show the computational
results of the flow through the diffusible barrier, obtained with the own-developed code for the solution of the
compressible gas flow.

1 Introduction

The physical theory of the compressible fluid motion is
based on the principles of conservation laws of mass, mo-
mentum, and energy. The mathematical equations describ-
ing these fundamental conservation laws form a system
of partial differential equations (the Euler Equations, the
Navier-Stokes Equations, the Navier Stokes Equations with
turbulent models). We focus on the numerical solution of
these equations. The correct design of the boundary condi-
tions plays also an important role in the numerical model-
ing of the processes involved. We choose the well-known
finite volume method to discretize the analytical problem,
represented by the system of the equations in generalized
(integral) form. To apply this method we split the area of
the interest into the elements, and we construct a piece-
wise constant solution in time. The crucial problem of this
method lies in the evaluation of the so-called fluxes through
the edges/faces of the particular elements. In order to com-
pute these fluxes, various methods can be used. One of
the most accurate method (and perhaps the most accurate
method) is based on the solution of the so-called Riemann
problem for the 2D/3D split Euler equations. Unfortunately,
the exact solution of this problem cannot be expressed in a
closed form, and has to be computed by an iterative process
(to given accuracy). Therefore this method is also one of
the most demanding. Nevertheless, on account of the accu-
racy of the Riemann solver, we decided to use the analysis
of the exact solution also for the discretization of the fluxes
through the boundary edges/faces and on the edges/faces
simulating the diffusible barrier. The incomplete local Rie-
mann problem at the diffusible barrier is complemented
with the Darcy’s law and added inertial loss. In this work
we analyze the modified local problem. We construct own
algorithm for the solution of the boundary problem at the
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diffusible barrier, and we use it in the numerical examples.

2 The Navier-Stokes Equations

Here we show the so-called Navier-Stokes equations. We
consider the conservation laws for viscous compressible
flow with the zero outer volume forces and heat sources in
a domain Ω ∈ IRN , and time interval (0,T ), with T > 0.
Using the notation in [2, page 376], we write

∂w

∂t
+

N∑
s=1

∂ f s(w)
∂xs

=

N∑
s=1

∂IRs(w,∇w)
∂xs

in QT = Ω × (0,T ).

(1)
Here N denotes the dimension (N = 2 or 3 for 2D or 3D
flow, respectively), w = w(x, t) is the state vector, x ∈ Ω, t
denotes the time, QT is called a space-time cylinder, f s are
the inviscid (Euler) fluxes, IRs are viscous fluxes:

w = (w1, w2, . . . , wN+2)T = (%, %v1, . . . , %vN , E)T ,

f s(w) = (%vs, %vsv1 + δs1 p, . . . , %vsvN + δsN p, (E + p) vs)T

IRs(w,∇w) = (0, τs1, . . . , τsN ,

N∑
r=1

τsrvr + k∂θ/∂xs)T ,

τi j = λdiv u δi j + 2µdi j(u), di j(u) =
1
2

(
∂vi

∂x j
+
∂v j

∂xi

)
,

with u = (v1, . . . , vN)T denoting the velocity vector, % being
the density, p the pressure, θ the absolute temperature, E
the total energy, k the heat conduction coefficient, and µ, λ
denoting the viscosity coefficients. In this work we assume
the relation 3λ + 2µ = 0 is valid. We add the thermody-
namical relations to the system (1)

p = (γ − 1)(E − %u2/2), θ =

(
E
%
−

1
2
u2

)
/cv ,
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with the γ denoting the Poisson adiabatic constant and cv
the specific heat at constant volume. Within the numerical
solution of this problem we usually consider the equations
in the more general integral form, which allows the discon-
tinuities in the solution. It is well known that the classical
Navier-Stokes equation for three-dimensional incompress-
ible viscous flow is invariant under the Galilean transfor-
mations, see [1, page 69]. We can choose a new Cartesian
coordinate system (x̃1, x̃2, x̃3) such that the origin is at the
point σ̃, and the axis x̃1 is in the direction of a chosen unit
vector n = (n1, n2, n3), |n| = 1. This transformation can be
written x̃1

x̃2
x̃3

 = Q0

 x1
x2
x3

+σ̃, with Q0 =

 n
o
p

 =

 n1 n2 n3
o1 o2 o3
p1 p2 p3

 . (2)

Here Q0 is the rotation matrix, the elements of the rotation
matrix are not all independent. The vectors n, o, p must
have the properties

|n| = |o| = 1, n · o = 0, p = n× o.

We can choose the vector o = (o1, o2, o3) such that n · o =
0, |o| = 1. And then the vector p = (p1, p2, p3) is deter-
mined by p = n× o. The axis x̃2 points in the direction of
the vector o, and the axis x̃3 in the direction of the vector p.
The matrix Q0 is orthogonal, and the vectors are orthogo-
nal unit vectors. The inverse of the orthogonal matrix Q0 is
Q−1

0 = QT
0 . The transformation of the state vector w yields

the state vector q in the new coordinates. It is

q = Q w,

w = Q−1 q,
(3)

with

Q =


1 0 0 0 0
0 n1 n2 n3 0
0 o1 o2 o3 0
0 p1 p2 p3 0
0 0 0 0 1

 , Q
−1 =


1 0 0 0 0
0 n1 o1 p1 0
0 n2 o2 p2 0
0 n3 o3 p3 0
0 0 0 0 1

 .
Using this transformation of the coordinates, the Navier-
Stokes equations keep the form

∂q
∂t

+

3∑
s=1

∂ f s(q)
∂x̃s

=

N∑
s=1

∂IRs(q,∇q)
∂x̃s

.

The Euler Equations
Ommiting the vicsous terms in (1) we get the system of the
Euler equations

∂w

∂t
+

N∑
s=1

∂ f s(w)
∂xs

= 0 in QT = Ω × (0,T ). (4)

The system of the Euler equations is rotationally invariant
(see e.g. [2, page 108]).

3 FVM Discretization of the Problem

Here we describe the so-called finite volume discretiza-
tion of the problem (1) in the domain Ω. By Ωh let us

the denote the polyhedral approximation of Ω. The system
of the closed polyhedrons with mutually disjoint interiors
Dh = {Di}i∈J , where J ⊂ Z+ = {0, 1, . . .} is an index set and
h > 0, will be called a finite volume mesh. This systemDh

approximates the domain Ω, we write Ωh =
⋃

i∈J Di. The
elements Di ∈ Dh are called the finite volumes. For two
neighboring elements Di,D j we set Γi j = ∂Di∩∂D j = Γ ji.
Here we will work with the so-called regular meshes, i.e.
the intersection of two arbitrary (different) elements is ei-
ther empty or it consists of a common vertex or a com-
mon edge or a common face (in 3D). The boundary ∂Di
of each element Di is ∂Di =

⋃
Γi j∈ΓDi

Γi j. Here the set
ΓDi = {Γi j;Γi j ⊂ ∂Di} forms the boundary ∂Di. By ni j
let us denote the unit outer normal to ∂Di on Γi j. Let us
construct a partition 0 = t0 < t1 < . . . of the time interval
[0,T ] and denote the time steps τk = tk+1 − tk. We inte-
grate the system (1) over the set Di × (tk, tk+1), and we use
the Green’s theorem on Di. With the integral form of the
equations we can study a flow with discontinuities, such as
shock waves, too. It is∫

Di

(w(x, tk+1) − w(x, tk)) dx+ (5)

+

∫ tk+1

tk

∑
Γi j∈ΓDi

∫
Γi j

3∑
s=1

f s(w)(ni j)s dS dt

=

∫ tk+1

tk

∑
Γi j∈ΓDi

∫
Γi j

3∑
s=1

IRs(w,∇w)(ni j)s dS dt.

We define a finite volume approximate solution of the sys-
tem studied (1) as a piecewise constant vector-valued func-
tions wk

h, k = 0, 1, . . . , where wk
h is constant on each ele-

ment Di, and tk is the time instant. By wk
i we denote the

value of the approximate solution on Di at time tk. We ap-
proximate the integral over the element Di∫

Di

w(x, tk) dx ≈ |Di|w
k
i . (6)

Further we proceed with the approximation of the fluxes.
Usually the flux

∑3
s=1 f s(w)(ni j)s|Γi j is being approximated

by a numerical flux H(wl
i,w

l
j, ni j) at suitable time instant

tl. Here we show the numerical flux based on the solution
of the Riemann problem for the split Euler equations. By
wl
Γi j

let us denote the state vector w at the center of the edge
Γi j at the time instant tl, and let us suppose wl

Γi j
is known.

Evaluation of these values will be a question of the further
analysis, here we use them to approximate the integrals in
(5) with the one-point rule. It is possible to approximate the
system (5) by the following explicit finite volume scheme

|Di|(wk+1
i − wk

i ) + τk

∑
Γi j∈ΓDi

|Γi j|

3∑
s=1

f s(w
k
Γi j

)ns (7)

= τk

∑
Γi j∈ΓDi

|Γi j|

3∑
s=1

IRs(wk
Γi j
,∇wk

Γi j
)ns .

Here ∇wl
Γi j

denotes the ∇w at the center of the edge Γi j at
time instant tl. With this finite volume formula one com-
putes the values of the approximate solution at the time
instant tk+1, using the values from the time instant tk, and
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by evaluating the values wk
Γi j

at the faces Γi j. In order to
achieve the stability of the used method, the time step τk
must be restricted by the so-called CFL condition, see [2].
The approximation of the values ∇wl

Γi j
can be done via the

dual mesh, see [3]. The crucial problem of our work lies
with the evaluation of the edge values wk

Γi j
.

Inner Faces
To approximate the values wk

Γi j
at the inner faces/edges we

solve the simplified system (8) in the vicinity of the face Γi j
in time with the initial condition formed by the state vec-
tors wk

i and wk
j. Using the rotational invariance of the Euler

equations, the system (4) is expressed in a new Cartesian
coordinate system x̃1, x̃2, x̃3 with the origin at the center of
the gravity of Γi j and with the new axis x̃1 in the direction
of n = (n1, n2, n3), given by the face normal n = ni j.

x1

x2
Γi j

Di D j

x̃1
ni j

Fig. 1. Coordinate transformation for the inner edges in 2D.

Then the derivatives with respect to x̃2, x̃3 are neglected
and we get the so-called split 3D Euler equations, see [2,
page 138]:

∂q
∂t

+
∂ f 1(q)
∂x̃1

= 0. (8)

The values wk
i and wk

j adjacent to the face Γi j are known,
forming the initial conditions

q(x̃1, 0) = qL = Q wk
i , x̃1 < 0, (9)

q(x̃1, 0) = qR = Q wk
j, x̃1 > 0. (10)

The transformation matrix Q is defined in (3). In this work
we will refer to these initial conditions as to the left-hand
side initial condition (9) and the right-hand side initial con-
dition (10). The problem (8), (9), (10) has a unique “solu-
tion” in (−∞,∞) × (0,∞), the analysis can be found in [2,
page 138]. The solution of this problem is fundamentally
the same as the solution of the Riemann problem for the
1D Euler equations, see [2, page 138]. In fact, the solution
for the pressure, the first component of the velocity (in the
direction of the axis x̃1), and the density is exactly the same
as in one-dimensional case. The remaining components of
the velocity change only across the middle wave (described
in Section 4) in general. Let qRS (qL, qR, x̃1, t) denote the
solution of the problem (8), (9), (10) at the point (x̃1, t).
We are interested in the solution of this local problem at the
time axis, which is the sought solution in the local coordi-
nates qΓi j

= qRS (qL, qR, 0, t). The backward transformation
(3) of the state vector qΓi j

into the global coordinates is

wk
Γi j

= Q−1qΓi j
= Q−1 qRS (Q wk

i ,Q w
k
j, 0, t). (11)

The described process of finding the face values wk
Γi j

is in-
dependent on the choice of the vectors o, p, determining
the transformation matrix Q defined in (3), see [3].

Boundary Faces
Let Γi j be the face of the element Di laying at the bound-
ary of the computational area. To approximate the face val-
ues wk

Γi j
at time instant tk we solve the incomplete simpli-

fied system (8) in the vicinity of the face Γi j in time with
the initial condition (9) determined by the state vector wk

i .
Similarily to the situation at the inner face we use the rota-
tional invariance of the Euler equations, and we express the
system (4) in a new Cartesian coordinate system x̃1, x̃2, x̃3
with the origin at the center of gravity of Γi j and with the
new axis x̃1 in the direction of vector n = (n1, n2, n3). The
vector n corresponds to the face normal vector ni j point-
ing out of the volume Di, however for certain boundary
conditions it is convenient to define n in a different way
(still pointing out of the volume Di). Then the derivatives

x1

x2
Γi j

Di

x̃1
ni j

Fig. 2. Coordinate transformation for the boundary edge in 2D.

with respect to x̃2, x̃3 are neglected and we get the so-called
split 3D Euler equations (8). The state vector wk

i on the el-
ement Di adjacent to the face Γi j is known, forming the
initial condition for the local problem (8),(9). We seek the
boundary state qΓi j

= q(0, t). This problem is not uniquely
solvable and it must be further specified with some chosen
complementary conditions, see [3]. The boundary state
qB is then found as a solution of the problem (8),(9) and
the complementary conditions. In order to construct such
complementary conditions we use the analysis of the 1D
Riemann problem in Section 4, see [6], [3]. For example,
it is possible to prefer the given pressure, or the given ve-
locity, or the given temperature, or the total quantities and
the direction of the velocity, or the given mass flow at the
boundary. In this work we focus on the boundary condition
at the diffusible barrier. Section 5 shows the solution of this
problem for the pressure, density, and the first component
of velocity at the barrier (in local coordinates), the other
components of velocity are chosen from the known initial
condition. Once the local state vector qΓi j

is known, we use
transformation (3) to evaluate the face state vector wk

Γi j
in

global coordinates, it is wk
Γi j

= Q−1qΓi j
.

4 1D Riemann Problem for the Euler
Equations

We are concerned with one-dimensional Euler equations

∂q
∂t

+
∂ f (q)
∂x̃1

= 0, in Q∞ = (−∞,+∞) × (0,+∞) (12)

with the notation q = (%, %u, E)T, f (q) = (%u, %u2 +
p, (E + p)u)T, u denotes the velocity, % the density, p the
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pressure, E denotes the total energy. We assume that the
equation of state for ideal gas holds p = (γ − 1)(E −
%u2/2) in Q∞. Here γ is the Poisson adiabatic constant.

The system is hyperbolic. The Riemann problem for
hyperbolic system (12) consists of finding its entropy weak
solution in Q∞, which satisfies the initial condition formed
by two constant states qL, qR:

q(x̃1, 0) = qL, x̃1 < 0, (13)

q(x̃1, 0) = qR, x̃1 > 0, (14)

Here qL = (%L, %LuL, EL)T, qR = (%R, %RuR, ER)T are known
states . The physical analogue to this problem is so-called
shock-tube problem. It is more convenient to use the vec-
tor of primitive variables (%, u, p) rather then the vector of
conservative variables (%, %u, E) in solving the Riemann
problem. The general theorem on the solvability of the
Riemann problem can be found in [2, page 88]. The so-
lution q = q(x̃1, t) of the Riemann problem (12),(13),(14)
is piecewise smooth and its general form can be seen from
Fig. 3, where a system of half lines is drawn. These half

-

6
t

x̃10
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l
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,
,
,
,
,
,
,,

x̃1
t =sHL sTL=

x̃1
t

x̃1
t =u?

x̃1
t =sTR sHR=

x̃1
t

ΩHTL

ΩL

Ω?L Ω?R

ΩR

ΩHTR

Fig. 3. Structure of the solution of the Riemann problem
(12),(13),(14)

lines define regions, where q is either constant or changes
smoothly. Let us define the open sets called wedges (see
Fig. 3):

ΩL = wedge(L−∞, sHL),
ΩHTL = wedge(sHL, sTL),
Ω?L = wedge(sTL, u∗),

Ω?R = wedge(u?, sTR),
ΩHTR = wedge(sTR, sHR),
ΩR = wedge(sHR, L+∞).

The solution in ΩL, Ω?L, Ω?R, ΩR is constant (see e.g. [2,
page 128])

q|ΩL = qL, q|Ω?L = q?L, q|Ω?R = q?R, q|ΩR = qR.

Exact solution of the Riemann problem has three waves
in general. The wedges ΩL and Ω?L are separated by left
wave (either 1-shock wave, or 1-rarefaction wave). There
is a contact discontinuity in between regions Ω?L and Ω?R,
it is formed by the half line

{
(x̃1, t); x̃1

t = u?; t > 0
}
. Wedges

Ω?R and ΩR are separated by right wave (either 3-shock
wave, or 3-rarefaction wave). For special state qR there
is no right wave and it is qR = q?R. The pressure p and
the velocity u don’t change across the contact discontinu-
ity, while the density % changes across this discontinuity in
general. We can denote the vectors of primitive variables
in particular regions as

(%, u, p)|ΩL = (%L, uL, pL),
(%, u, p)|Ω?L = (%?L, u?, p?),

(%, u, p)|Ω?R = (%?R, u?, p?),
(%, u, p)|ΩR = (%R, uR, pR).

Here we show the relations between primitive variables
in ΩL ∪ ΩHT L ∪ Ω?L (across the left wave), and the set of
relations for primitive variables inΩ?R∪ΩR∪ΩHTR (across
the right wave).

– 1-shock wave
One of the possible wave patterns connecting ΩL and
Ω?L is a shock wave. Region ΩHT L degenerates into
single half-line. Primitive variables %, u, p “jump“ ac-
cross this wave. Inviscid shock jump relations can be
derived, we call them Rankine-Hugoniot relations. These
leads us to the following relations across the 1-shock
wave (see [5], or [2, page 125])

u? = uL − (p? − pL)

 2
(γ+1)%L

p? +
γ−1
γ+1 pL


1
2

, (15)

%?L = %L
(γ + 1)p? + (γ − 1)pL

(γ − 1)p? + (γ + 1)pL
, (16)

s1 = uL − aL

√
γ + 1

2γ
p?
pL

+
γ − 1

2γ
, (17)

where aL =
√
γ pL
ρL

is the speed of sound in the ΩL, s1

denotes speed of the 1-shock wave. Half line x̃1
t = s1

shapes the boundary between ΩL and Ω?L. With the
(13) known, (15),(16),(17) form the system of three
equations for four unknowns %?L, p?, u?, s1. It is u? <
uL, p? > pL, %?L > %L across this wave, see [2, page
121-122]. Also the speed of sound and the temperature
increases across this wave.

– 1-rarefaction wave
Another possible left wave pattern is rarefaction wave.
It formsΩHT L region.Variables change smoothly within
this wave. Across the 1-rarefaction wave p? ≤ pL, u? ≥
uL. The following relations hold

u? = uL +
2

γ − 1
aL

1 − (
p?
pL

)(γ−1)/2γ , (18)

%?L = %L

(
p?
pL

) 1
γ

, (19)

sT L = u? − aL

(
p?
pL

)(γ−1)/2γ

. (20)

Here sT L is speed of the tail of the 1-rarefaction wave.
From the speed of sound definition a =

√
γp
%

and (19)
we get another useful relation across the 1-rarefaction
wave

a?L = aL

(
p?
pL

) γ−1
2γ

. (21)

It is a?L ≤ aL for 1-rarefaction wave. Speed of the head
of the rarefaction wave can be expressed sHL = uL−aL.
Half line x̃1

t = sT L forms the boundary between ΩL
and ΩHT L. Primitive variables in ΩHT L change contin-
uously, see [2], (3.1.97), page 118. Pressure positivity
for p? in (18) gives the condition u? < uL + 2

γ−1 aL.
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– 3-shock wave
One of the possible right wave pattern is a 3-shock
wave. Region ΩHTR degenerates into a single half-line.
The primitive variables %, u, p are discontinues across
this half line. Following relations for the primitive vari-
ables hold

u? = uR + (p? − pR)

 2
(γ+1)%R

p? +
γ−1
γ+1 pR


1
2

, (22)

%?R = %R

p?
pR

+
γ−1
γ+1

γ−1
γ+1

p?
pR

+ 1
, (23)

s3 = uR + aR

√
γ + 1

2γ
p?
pR

+
γ − 1

2γ
. (24)

Here s3 denotes the velocity of the 3-shock wave, aR =√
γ pR
ρR

is the speed of sound in the region ΩR. It is p? >
pR, u? > uR across the 3-shock wave.

– 3-rarefaction wave
Another possible wave pattern forming the regionΩHTR
is the rarefaction wave. Primitive variables change smoothly
across this wave. It holds that

u? = uR −
2

γ − 1
aR

1 − (
p?
pR

)(γ−1)/2γ , (25)

%?R = %R

(
p?
pR

) 1
γ

, (26)

sTR = u? + aR

(
p?
pR

)(γ−1)/2γ

. (27)

In the last relation sTR denotes the speed of the tail of
the 3-rarefaction wave. Half line S HR = {(x̃1, t); x̃1 =
sHR t; t > 0} is the boundary between ΩHTR and ΩR,
and half line S TR = {(x̃1, t); x̃1 = sTR t; t > 0} is
the boundary betweenΩ?R andΩHTR. The velocity sHR
can be expressed

sHR = uR + aR. (28)

It is p? ≤ pR, u? ≤ uR across the 3-shock wave. Primi-
tive variables in ΩHTR change smoothly, see [2], [7].

Now, the combination of (15), (18), (22) and (25) gives
the implicit equation for the unknown pressure p?, the anal-
ysis can be found in [2]. This is a nonlinear algebraic equa-
tion, and one cannot express the analytical solution of this
problem in a closed form. The Newton method can be used
to find the solution for the pressure p?. With the pressure
p? known, it is possible to use the equations (15)-(27) to
compute the remaining unknowns in the solution of the
Riemann problem (12),(13),(14).

5 Boundary Condition for the Diffusible
Barrier

Here we present the diffusible barrier condition as a com-
bination of Darcy’s law with the additional innertial losses.

∆p
∆m

= −

(
µ

α
U + Co

1
2

RU2
)
,where (29)

∆p = p2 − p1 ... pressure difference across the barrier
∆m ... thickness of the barrier, example ∆m ∈ (0.01, 0.05)
µ ... dynamic viscosity
α ... permeability coefficient, example α = 10−8

Co ... pressure gradient coefficient, example Co = 102

R ... density at the barrier
U ... velocity at the barrier
The equation (29) can be rewritten in the form

RU2 + CU = d(p1 − p2), (30)

here C =
2µ
αCo

> 0, d = 2
∆mCo

> 0, (p1 − p2) ≥ 0. We
are interested in the boundary values R,U, P at the barrier.
Further we require that the conservation laws (1D Euler
equations) are satisfied in the close vicinity of the barrier

∂

∂t

 %%u
E

+ ∂

∂x̃1

 %u
%u2 + p

(E + p) u

 = 0, t ∈ (0,∞), x̃1 ∈ (−∞,∞).

(31)
Here the axis x̃1 is perpendicular to the barrier, %(x̃1, t)

denotes the density, p(x̃1, t) is the pressure, u(x̃1, t) is the
velocity (with the direction perpendicular to the barrier),
E(x̃1, t) denotes the total energy: E = %u2/2 + p/(γ − 1).
The initial condition is formed by the two states near the
barrier. Let us denote these states %1, u1, p1 and %2, u2, p2:

%(x̃1, 0) = %1 for x̃1 < 0,
u(x̃1, 0) = u1 for x̃1 < 0,
p(x̃1, 0) = p1 for x̃1 < 0,

%(x̃1, 0) = %2 for x̃1 > 0,
u(x̃1, 0) = u2 for x̃1 > 0,
p(x̃1, 0) = p2 for x̃1 > 0.

(32)

In Section 4 we have shown the unique solution (entropy
weak) of the Riemann problem (31),(32). Adding another
condition (30) into this complete system doesn’t make sense.
Therefore we think of the barrier problem as of two bound-
ary problems with the two particular solutions (different in
general).

– Problem 1. Find the solution R,U, P of the system (31),
equipped with the one-side initial condition %1, u1, p1
and the boundary condition (30).

– Problem 2. Find the solution R,U, P of the system (31),
equipped with the one-side initial condition %2, u2, p2
and the boundary condition (30).

R
,U
,P

R
,U
,P

%1, u1, p1 p2 p1 %2, u2, p2

Problem 1. Problem 2.

Further we will show the solution of these two problems.

Remark 1. The condition (30) is not rotationally invari-
ant! Let us think of a Problem 1. with the given initial state
%1, u1, p1 = %̃, ũ, p̃ and p2 = pX , and let R1,U1, P1 be the
solution satisfying R1U2

1 +CU1 = d( p̃− pX). This situation
is symmetric to the Problem 2. with the given %2, u2, p2 =
%̃,−ũ, p̃ and p1 = pX . Let R2,U2, P2 be the solution of such
problem satisfying R2U2

2 +CU2 = d(p̃− pX). This solution
should be symmetric (to the solution of the previous Prob-
lem 1.): R2,U2, P2 = R1,−U1, P1. Then R2U2

2 + CU2 =

R1U2
1−CU1 = d( p̃−pX),which is possible only if p1 = p2.
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Remark 2. Non-uniqueness of the solution: There is a pos-
sibility of multiple solutions to the Problem 1. Let u1 > 0,
and let us choose the velocity U < 0 arbitrarily. Then there
is a solution with the 1-shock wave, and the sought bound-
ary state is R,U, P where

P =
2p1+

γ+1
2 %L(u1−u?)2+(u1−u?)

√
4%1γp1+%2

1( γ+1
2 )2(u1−u?)2

2 .
This relation, shown in [3], is rewritten relation (15). Fur-
ther (due to the possible density jump across the contact
discontinuity) we choose density R = (d(p1−p2)−CU)/U2.

As a consequence of the remarks above, we limit the
Problem 1. in order to achieve the uniqueness of the so-
lution. We suppose the initial velocity u1 ≥ 0, and we
seek the solution with U > 0. According to the analysis
of the Riemann problem we use the equations for the left
wave and the complementary condition (30). There are
two possible patterns of the left wave.

1-shock wave: u1 ≥ U ≥ 0
In this case we use the formulae (15),(16) for the shock
wave, valid for P ≥ p1.

U(P) = u1 −
P − p1

a1(P)
, a1(P) =

√
%1

(
γ + 1

2
P +

γ − 1
2

p1

)
,

(33)

R(P) =
a1(P)%1

a1(P) − %1(u1 − U)
. (34)

Flow direction

R
,U
,P

%1, u1, p1
p2

(INLET, SHOCK)

x̃1

x̃1
t = s1

x̃1
t = U

RU2 + CU = d(p1 − p2)

U(P) = u1 −
P−p1
a1(P)

R(P) =
a1(P)%1

a1(P)−%1(u1−U)

l(P) = RU2 + CU

solve l(P) = d(p1 − p2)
?

Fig. 4. Diffusible barrier, R,U, P is the sought state at the bound-
ary, %1, u1, p1, p2 present the given initial condition, situation with
the shock wave (speed s1 < 0).

The velocity of the shock wave s1 = u1 − a1(P)/%1, see
(17). We require the boundary value condition (30) to be
applicable. So it must be s1 ≤ 0. Using (17), this is satisfied
only if

P ≥ p1

[
1 +

2γ
γ + 1

(M2
1 − 1)

]
, M2

1 = u2
1/c

2
1,

where c1 =
√
γp1/%1 is the speed of sound, and M denotes

the Mach number. If u1 < c1, then s1 ≤ 0 for every P ≥ p1.
The function U(P) is decreasing, let us denote Po the pres-
sure satisfying U(Po) = 0, it is Po ≥ p1. Now we define
a function l(P) = R(P) U2(P) + C U(P) in the interval
〈p1, Po〉, using the formula (33),(34). We have got

l(P) = la(P) + lb(P), with (35)

la(P) =
(a1(P)u1 − (P − p1))2

P(γ − 1)/2 + p1(γ + 1)/2
, lb = C

(
u1 −

P − p1

a1(P)

)
where l(p1) = %1u2

1 +Cu1, l(Po) = 0. We want to prove that
the function l(P) is monotonous in the interval 〈p1, Po〉.
The function lb(P) is decreasing. We want to prove, that
the function la(P) has the same property in 〈p1, Po〉:

It is difficult to guess the sign of the first derivative of this
function except

l′a(p1) =
u1%1

γp1
(u1 − 2c1) and l′a(Po) = 0.

The added inequality u1 < c1 implies l′a(p1) < 0. To study the
monotony of la(P) we use the following substitutions

h2(P) = la(P), l′a(P) = 2 h(P) h′(P),

where h(P) > 0 in 〈p1, Po), and h(Po) = 0. We use following
trick to find the sign of h′(P). We use the next substitution to the
formulae for h′(P)

m(P) = 4 h′(P) a1(P)

√
γ − 1

2
P +

γ + 1
2

p1.

It yields

m(P) =
2%1u1 p1γ − a1(P)[(γ − 1)P + (3γ + 1)p1]

P(γ − 1)/2 + p1(γ + 1)/2
in 〈p1, Po〉.

Now we shall ask for a root of the equation m(P) = 0 in the
interval 〈p1, Po〉. So we must solve the equation

a1(P) =
2%1u1 p1γ

(γ − 1)P + (3γ + 1)p1
(36)

We know that m(p1) = 2%1 p1γ(u1 − 2c1) < 0 and the right-hand
side of equation (36) is decreasing and the left-hand side of (36)
is increasing function. So we have proved that there is no root of
equation (36) in 〈p1, Po〉. Hence, la(P) is decreasing in 〈p1, Po〉.

1-rarefaction (expansion) wave: u1 ≤ U < u1 + 2
γ−1 c1

In this case we use the formulas for the 1-rarefaction wave
(18), (19). Using these, the relation for the density R can
be rewritten

R = %1

(
1 −

(U − u1)(γ − 1)
2c1

)2/(γ−1)

. (37)

Let us define the function s(U) = U2 R(U)+CU dependent
on the velocity U:

s(U) = U2 %1

(
1 −

(U − u1)(γ − 1)
2c1

)2/(γ−1)

+ CU. (38)

It is s(u1) = %1u2
1 + Cu1, s(u1 + 2

γ−1 c1) = C(u1 + 2
γ−1 c1).

The first derivative is

s′(U) = 2%1U
(
1 −

(U − u1)(γ − 1)
2c1

)2/(γ−1)

·

·

1 − U
2c1

(
1 −

(U − u1)(γ − 1)
2c1

)−1 + C.

We assume C > 0. It is s′(U) > 0 for U ∈ 〈0,∞)∩〈u1, u1 +
2
γ−1 c1) ∩ 〈u1,

2c1+(γ−1)u1
γ

). In order to apply the boundary
value condition (30) it is necessary to study the velocities
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Flow direction

R
,U
,P

%1, u1, p1
p2

(INLET, RAREFACTION WAVE)

x̃1

x̃1
t = sT L x̃1

t = U
RU2 + CU = d(p1 − p2)

R(U) = ... (37)

s(U) = RU2 + CU

solve s(U) = d(p1 − p2)
?

Fig. 5. Diffusible barrier, R,U, P is the sought state at the bound-
ary, %1, u1, p1, p2 present the given initial condition, situation with
the 1-rarefaction wave.

of the front and the back of the rarefaction wave. The speed
of the tail of the rarefaction wave (20) can be written as

sT L = U − c∗1, where c∗1 = c1 +
γ − 1

2
(u1 − U).

We need sT L ≤ 0. So we must add the other condition

u1 ≤ U ≤
2c1 + (γ − 1)u1

γ + 1
. (39)

Therefore we restrict the former domain of the function
s(U) to the interval 〈u1,

2c1+(γ−1)u1
γ+1 〉.

Solution of the Problem 1. (INLET)
Now we can resume how to solve this boundary value prob-
lem. First of all we must mention the conditions of a solu-
tion by given p1, %1, u1, and (30). The first condition is
u1 < c1, and the second one is

d(p1 − p2) ∈ 〈0, s
(

2c1 + (γ − 1)u1

γ + 1

)
〉.

– If d(p1− p2) ∈ 〈0, %1u2
1 +Cu1〉, then we solve equation

l(P) = d(p1 − p2). Once the pressure P is known, the
velocity U and the density R is computed using (33),
(34).

– If d(p1 − p2) ∈ 〈%1u2
1 + Cu1, s

(
2c1+(γ−1)u1

γ+1

)
〉, then the

equation s(U) = d(p1 − p2) is solved for the unknown
velocity U. The sought pressure P and the density R is
then computed using (18), (19).

The results have been proved to be unique.

Now we must study the boundary value problem for outlet
from the barrier. The positive orientation is out of the bar-
rier. Let us suppose that u2 ≥ 0. The state values %2, u2, p2
are known on the back of this barrier, and p1 is the known
pressure on the front side. Again, we consider two possi-
bilities (based on the Section 4): the 3-shock wave and the
3-rarefation wave.

3-shock: U ≥ u2
Here we work with the formulas (22),(23) for the 3-shock
wave, valid for U ≥ u2, P ≥ p2.

U(P) = u2 +
P − p2

a2(P)
, a2(P) =

√
%2

(
γ + 1

2
P +

γ − 1
2

p2

)
(40)

R(P) =
a2(P)%2

a2(P) + %2(u2 − U)
= %R

(γ + 1)P + (γ − 1)pR

(γ − 1)P + (γ + 1)pR
.

(41)
The functions R(P) and U(P), defined above, are increas-
ing in the interval 〈p2,∞). It is R > %2.

Flow direction (U > 0)

R
,U
,P

%2, u2, p2
p1

(OUTLET, SHOCK)

x̃1

x̃ 1 t
=

s 3

x̃ 1 t
=

U

RU2 + CU = d(p1 − p2)

U(P) = u2 +
P−p2
a2(P)

R(P) =
a2(P)%2

a2(P)+%2(u2−U)

l(P) = RU2 + CU

solve l(P) = d(p1 − p2)
?

Fig. 6. Diffusible barrier, R,U, P is the sought state at the bound-
ary, %2, u2, p2, p1 present the given initial condition, situation with
the shock wave (speed s3 > 0).

Now we define the function l(P) = R(P) U2(P) + C U(P),
using the formulas (40),(41). It is

l(P) = la(P) + lb(P), with (42)

la(P) =
(a2(P)u2 + (P − p2))2

P(γ − 1)/2 + p2(γ + 1)/2
, lb = C

(
u2 +

P − p2

a2(P)

)
.

The function la(P) is increasing in the interval 〈p2,∞). Fur-
ther the function lb(P) is increasing and the same property
has the function l(P). It is l(p2) = %2u2

2 + Cu2. We require
the boundary value condition (30) to be applicable at the
boundary. This can be satisfied only if s3 ≥ 0,which comes
from the analysis in the Section 4. Using (24), it is s3 ≥ 0
only if

P ≥ p2

[
1 +

2γ
γ + 1

(M2
2 − 1)

]
, M2

2 = u2
2/c

2
2, (43)

where c2 =
√
γp2/%2 is the speed of sound, and M denotes

the Mach number. If u2 ≥ 0, then (43) is satisfied.

3-rarefaction (expansion): U ≤ u2
Here we work with the formulas (25),(26) for the 3-rarefaction
wave, valid for u2 −

2c2
γ−1 ≤ U ≤ u2, P ≤ p2. The density R

can be written as a function of the velocity U

R(U) = %2

(
1 +

(U − u2)(γ − 1)
2c2

)2/(γ−1)

. (44)

Now we define the function s(U) = U2 R(U)+CU depen-
dent on a velocity U,U ∈ 〈0, u2〉:

s(U) = %2U2
(
1 +

(U − u2)(γ − 1)
2c2

)2/(γ−1)

+ CU. (45)

The function s(U) is increasing in the interval 〈0, u2〉. It is
s(0) = 0, s(u2) = %2u2

2 + Cu2.

Solution of the Problem 2. (OUTLET)
Now we can resume how to solve the boundary value prob-
lem for the back side of the barrier. We suppose zero den-
sity jump across the middle wave.
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Flow direction

R
,U
,P

%2, u2, p2
p1

(OUTLET, RAREFACTION)

x̃1

RU2 + CU = d(p1 − p2)

R(U) = ... (44)

s(U) = RU2 + CU

solve s(U) = d(p1 − p2)
?

Fig. 7. Diffusible barrier, R,U, P is the sought state at the bound-
ary, %2, u2, p2, p1 present the given initial condition, situation with
the rarefaction wave.

– If d(p1−p2) ∈ 〈0, %2u2
2 +Cu2〉, then we solve the equa-

tion s(U) = d(p1− p2), with s(U) defined in (45). Then
the sought pressure P and the density R is, accordingly
to (25),(26).

– For d(p1 − p2) > %2u2
2 + Cu2 we solve the equation

l(P) = d(p1 − p2), where l(P) is defined in (42). Then
the velocity U and the density R is computed using
(40), (41).

The results have been proved to be unique.

6 Examples

Here we show the computational results of the compress-
ible gas flow, obtained with the own-developed codes (the
RANS with the k-w model of turbulence). The gas con-
stants for the air are γ = 1.4 and R = 287.04[J/kgK].
We use the viscosity coefficient (depending on the local
temperature) computed with the use of the Sutherland’s

law µ = µre f

(
T

Tre f

)3/2 Tre f +S
T+S , with S = 110.4[K], Tre f =

273.15[K], µre f = 1.716e − 05[Pa s], and the heat conduc-
tion coefficient k = 0.0211. The Figs. 9. - 11. show the
computed result of the flow through the diffusible barrier
enclosed in the channel. The following setup was used:

– geometry - the given geometry is shown in Fig. 8.
– initial condition - constant state in the whole domain,

To = 273.15[K], u = (0, 0), po = 101325[Pa].
– inlet boundary condition (left) - total quantities and ve-

locity direction. This boundary condition was described
in [4], [3], total pressure po = 101325[Pa], total tem-
perature To = 273.15[K], and zero tangential velocity.

– outlet boundary condition (right) - preference of the
pressure, see [3]. Given pressure p? = 95009.2[Pa] and
averaging technique was used.

– wall boundary condition (up, bottom) - preference of
the velocity, see [3]. Zero velocity at the wall was given
together with the wall temperature TWALL = 273.15[K].

– diffusible barrier - boundary condition described in Sec-
tion 5. with constants C0 = 102, ∆m = 0.01, α = 10−8.

Fig. 8. The diffusible barrier, computational mesh consisted of
244x86 elements. Red line represents the diffusible barrier.

Fig. 9. Compressible gas flow through the diffusible barrier, pres-
sure isolines and chosen velocity streamlines.

Fig. 10. Compressible gas flow through the diffusible barrier,
density isolines.

Fig. 11. Compressible gas flow through the diffusible barrier, x-
velocity component isolines.

Another computational example shows the compress-
ible gas flow through the two consequent barriers, see Fig
12.-15.
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Fig. 12. The diffusible barrier, computational mesh consisted of
244x86 elements. Red lines represent the diffusible barriers.

Fig. 13. Two consequent diffusible barriers, pressure isolines.

Fig. 14. Two consequent diffusible barriers, density isolines.

Fig. 15. Two consequent diffusible barriers, x-velocity compo-
nent isolines.

Conclusion

This paper shows the analysis of the boundary condition
for the diffusible barrier. This boundary condition is then
used in the finite volume method for the simulation of the
compressible gas flow through the diffusible barrier. The
numerical examples of the two-dimensional flow around
diffusible barrier were presented.
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