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Abstract. We review the first complete calculation performed within the Four Dimensional Regularization
scheme (FDR), the recently-proposed approach for addressing multi-loop calculations, which is simultaneously
free of infinities and gauge-invariant in 4 dimensions. As a case study, the 1-loop-induced amplitude for the
Higgs boson decay into two photons was calculated in arbitrary gauge. The result obtained, identical to that
assessed with standard methods, stands as an explicit test of the gauge-invariance property of FDR. Moreover,
the calculation provides an insight into the use of the technique, in particular in the presence of fermions.

1 Introduction

In absence of a strong signal of new physics at LHC [1, 2],
precision physics provides one of our best opportunities
of investigating the unknown, searched as a tiny deviation
from the Standard Model (SM). This requires the compu-
tation of more and more involved Radiative Corrections
(RC), which is very demanding from a technical point of
view. While a significant breakthrough has been made in
dealing with multi-leg processes at 1-loop [3–6], little
simplification has been achieved in the context of multi-
loop calculations [7–11]. In the usual framework, Dimen-
sional Regularization (DR) [12], infinities arise at the in-
termediate steps of the calculation, forcing a huge analytic
work in order to check all needed cancellations, before
even starting to calculate the physically-relevant contribu-
tion. This has pushed the quest of alternative approaches in
4 dimensions [13–18]. In this context, Four Dimensional
Regularization was proposed [19] as a method which is
free of infinities, 4-dimensional and gauge-invariant at the
same time. There are obvious advantages following from
these characteristics: finiteness means that no renormal-
ization is required, i.e. no counter-terms must be added
to the Lagrangian; a fixed number of dimensions opens
up the option of fully exploiting numerical integration; fi-
nally gauge-invariance provides a tool for testing the re-
sults, as well as guaranteeing that the correct expression
for the amplitude, included the exact rational term, is
straightforwardly obtained. In FDR this is all achieved
via a simple re-interpretation of the loop integral, which
is defined in such a way that ultraviolet (UV) infinities do
not occur, at the price of introducing an arbitrary scaleµ
playing the role of the renormalization scale. The proce-
dure works because the FDR construcion respects gauge-
invariance.
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Figure 1. Example of 1-loop diagrams contributing to the am-
plitude for the Higgs decay into two photons; the process canbe
mediated by either a fermionic loop or a vectorial one.

H→ γγ: a case study

In a recent work [20], the first application of FDR to a
complete calculation in a realistic theory was presented:
the 1-loop on-shell amplitude for the Higgs decay into two
photons was calculated in arbitraryRξ-gauge, thereby ex-
plicitly verifying that the method respects gauge invari-
ance. Due to its relevance and simplicity, this result,
known since a long time [21–24], has been recently re-
considered in several studies [25–35]. Since noHγγ in-
teraction is described by the SM Lagrangian, 1-loop dia-
grams like those of fig. 1, provide the leading order con-
tribution to the amplitude, which is therefore finite; how-
ever, because divergences arise at intermediate steps, it is
necessary to work within a regularization framework. The
process is mediated by either a fermionic or a bosonic
loop, which contribute separately to the amplitude. By
denoting with k1 and k2 the momenta of the photons,
M = Mµν ε∗µ(k1) ε∗ν(k2), and

Mµν(β, η) =
(
M̃W (β) +

∑

f

NcQ2
f M̃ f (η)

)
T µν . (1)

M̃W and M̃ f are scalar form factors of mass dimension
−1, β andη are dimensionless kinematic parameters de-
fined as

β =
4 M2

W

M2
H

, η =
4m2

f

M2
H

, (2)

EPJ Web of Conferences  60,   
DOI: 10.1051/epjconf/201360
© Owned by the authors, published by EDP Sciences, 2013 

12014 (2013)
12014

This is an Open Access article distributed under the terms of the Creative Commons Attribution License 2.0, which permits unrestricted use, distribution, 
and reproduction in any medium, provided the original work is properly cited. 

Article available at http://www.epj-conferences.org or http://dx.doi.org/10.1051/epjconf/20136012014

http://www.epj-conferences.org
http://dx.doi.org/10.1051/epjconf/20136012014


and the tensorial structure is dictated by onshellness and
gauge invariance to beT µν = kν1kµ2 − (k1 · k2) gµν . The ex-
plicit expressions for the form factors, calculated entirely
in the FDR framework [20], were found consistent with
the standard result (for example [35]):

M̃W (β) =
i e3

(4π)2sW MW

[
2+ 3β + 3β(2− β) f (β)

]
, (3)

M̃ f (η) =
−i e3

(4π)2sW MW
2η

[
1+ (1− η) f (η)

]
, (4)

where sW = sinθW is the sine of the Weinberg mixing
angle, and1

f (x) = −1
4

ln2
(

1+
√

1−x+iε
−1+
√

1−x+iε

)
, x =

4 M2

s

is a parametrization of the scalar triangle

= − 2 iπ2

s f (x)

(solid lines denote momenta with massm, dashed ones
massless momenta).

This result will serve as a standpoint to illustrate some rel-
evant features of the FDR scheme. The outline of the con-
tribution is as follows: in section 2 the method is briefly
reviewed; in section 3 the gauge-invariance property of
the method is illustrated; finally in section 4, a technical
remark on the treatment fermionic loops is made.

2 The FDR Method

We will use the following notation :

Dp = (q + p)2 − m2
p , dq = m2

p − p2 − 2(q · p) . (5)

Consider, as the simplest example,

1
D0 Dp

which is obviously an UV-divergent integrand. Let us add
a small arbitrary massµ to the loop momentum,q2→ q2

=

q2 − µ2, such that

lim
µ→0

1

D0 Dp

=
1

D0 Dp
.

We can then use the partial fraction identities

1

D0

=
1

q2

(
1+

m2
0

D0

)
, (6)

1

Dp

=
1

q2

(
1+

dq

Dp

)
(7)

1ε > 0 is a small imaginary part allowing for the analytic continuation
of the result to any value ofx.

in order to expand the original integrand into a divergent
term plus more and more convergent ones

1

D0 Dp

=

[
1

q4

]
+

dp

q4 Dp

+
m2

0

q2 D0 Dp

.

Theµ-parametrization was essential in order to avoid spu-
rious infrared (IR) divergences in the terms of the expan-
sion. Notice that the term in squared brackets - the only
one to be UV-divergent - does not depend on any physi-
cal scale; the remaining part is finite and contains all the
kinematical information. By means of the partial fraction
identity we have decoupled the physical and the unphys-
ical degrees of freedom of the integrand. The divergent
term resembles a vacuum bubble (see fig. 2), universal and
process-independent, and as such it should not be taken
into account when calculating physical quantities. Follow-
ing this logic, the FDR integral is defined as the integral in
4 dimensions of the finite part alone:

∫
[ d4q]

1
D0 Dp

= lim
µ→0

∫
d4q

(
dp

q4 Dp

+
d0

q2 D0 Dp

)∣∣∣∣∣∣
µ=µR

.

This can be generalized to any Green’s function. To be
more comprehensive, the symbol [ d4q] means:

1. parametrizing in terms ofµ;

2. using the partial fraction identity in order to decou-
ple the vacuum configurations (i.e. all integrands
that only depend on the unphysical scaleµ);

3. dropping the vacuum configurations, or more pre-
cisely subtracting from the integrand the logarithmic
infinities (an approach dubbedtopological renor-
malization in [36]);

4. integrating the finite part in 4 dimensions;

5. taking the limitµ → 0, until a logarithmic diver-
gence is met (more rigorously - performing a first
order Taylor expansion aroundµ = 0);

6. evaluating atµ = µR, whereµR is the renormaliza-
tion scale which separates the UV regime from the
physical sector. The last point is equivalent to re-
turning to the finite part of the integrand the IR com-
ponent of the vacuum configuarations that had been
naively dropped altogether with the divergent one.

The FDR integral has all of the good properties that we
would like it to possess in order to perform calculations in
Quantum Field Theory. First of all, it is just an integral,
i.e. it is a linear operator and it is invariant under shift of
integration momenta, which in particular implies invari-
ance under momentum routing (this cannot be achieved
by simply adding a cut-off or a regularizing distribution).
Moreover, it is 4-dimensional, finite and independent of
the UV regulatorµ. Finally it is gauge-invariant by con-
struction.
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=

[
1
q4

]µ

Figure 2. 1-loop topology of the universal divergent vacuum
integrand. The dot means that the propagaor is squared.

3 Gauge Invariance

Gauge-invariance is one of the key features of FDR, distin-
guishing it from other 4-dimensional methods. Consider,
as an example, the bosonic contribution to the amplitude
for the H → γγ process, reported in eq. (3): in the view-
point of gauge invariance this is interesting because of the
presence of a rational term independent of the kinematics.
Indeed, it is obvious that terms conveying the kinemati-
cal dependence are equivalent in FDR and DR; however, a
potential ambiguity remains in the constant term, because
FDR and DR subract infinities at different stages of the
calculation. In general, the rational term can be fixed by
enforcing gauge-invariance [27, 28] or momentum-routing
invariance [25] as extra constraints of the amplitude. Nev-
ertheless FDR and DR alike automatically respect gauge
invariance, thereby leading straightforwardly to the same
correct constant. Obtaining eq. (3) in FDR is therefore an
evidence of the gauge invariance property of the method,
even more so because the calculation was performed in ar-
bitrary Rξ gauge.

What guarantees gauge invariance in FDR? The shift in-
variance of the FDR integral together with theglobal treat-
ment of µ2: if every q2 of the amplitude is promoted to its
barred counter-partq2 − µ2, the usual simplifications be-
tween numerator and denominator can take place, thereby
preserving gauge-invariance. For example, consider the
trivial identity

q2

D2
=

1
D
+

m2

D2
↔ q2

D
2
=

1

D
+

m2

D
2
. (8)

with D = q2 − m2. It still holds after subtractingµ2 every-
where, in the sense that by integrating in the FDR fashion
both sides of the second identity in eq. (8) one obtains the
same result, i.e.

∫
[d4q]

q2

D
2
=

∫
[d4q]

1

D
+

∫
[d4q]

m2

D
2
.

This explains why aq2 and its associatedµ2 should never
be treated separately. However, there are cases in which
a µ2 does appear alone, for example when performing a
tensorial reduction (Passarino-Veltman reduction [37] in
FDR is extensively treated in [20]); e.g.

∫
[ d4q]

qµqν

D
2
=
gµν

4

∫
[ d4q]

q2

D
2

=
gµν

4

∫
[ d4q]

(
q2

D
2
+
µ2

D
2

)
.

Theµ2 in the last equation is a reminder of the tensorial
structure of the original rank-2 integral; as such, it effec-
tively plays the role of aqµqν in the power-counting, as
well as in the FDR expansion:

(qµqν; µ2)

D
2

= (qµqν; µ2)

( [
1

q4

]
+

2m2

q6
+

{
2m4

q6 D
+

m4

q4 D
2

})
.

This means that this term is not killed in the limitµ → 0,
rather ∫

[d4q]
µ2

D
2
= iπ2m2 .

This type of contributions are essential to preserve gauge
invariance, equivalently to DR, when a finite term is ob-
tained as the product of anO( ǫ)-term and a single pole
1/ ǫ. More explicitly one can prove that

∫
dnq
µ ǫR

(−q̃2)k

D
(n)
0 D

(n)
1 . . .

=

∫
[d4q]

(µ2)k

D0 D1 . . .
, (9)

whereq̃2 = (q(n))2 − q2 is the ǫ-dimensional part of ann-
vector, and the superscript (n) denotes an object living in
n dimensions.

4 Fermions in FDR

A brief comment is due regarding the treatment of Dirac
matrix strings in FDR. How should the Dirac propaga-
tor,

i

/q − m
=

i
(
/q + m

)

q2 − m2
,

be parametrized in terms ofµ? The guideline is again
that of preserving the usual simplifications between nu-
merator and denominator, in order to ultimately respect
gauge invariance. This can be achieved either by promot-
ing q2 → q2 after calculating the trace (in 4 dimensions),
or by replacing/q → /q ≡ q ± µ directly in the string2. In
the latter case,/q is defined according to its position within
the string:

( /q γα1 . . . γαn
/q . . .) = ( (/q± µ) γα1 . . . γαn (/q ∓ (−)nµ) . . .) .

The sign of the first/q is chosen arbitrarily; in the follow-
ing /q, the sign is opposite if an even number ofγ-matrices
occur between the two/q’s, and it is the same in the case
of an odd number ofγ-matrices. And so on for all pairs of
/q’s occurring.
This prescription is explicitely verified by eq. (4),
i.e. the fermionic contribution to the amplitude of
H → γγ.

5 Conclusions

The calculation of the amplitude for the Higgs decay into
two photons stands as the first test of FDR in the elec-
troweak theory, explicitely verifying - at 1-loop - that the

2Thanks also to the fact that FDR integrals involving odd powers ofµ

vanish [19].
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method respects gauge invariance, and providing a de-
tailed example of calculation [20]. We have made it clear
that FDR is equivalent to DR at 1-loop, in the sense of a
1-1 correspondence between Feynman diagrams and ana-
lytic expressions; the advantage of FDR lies in that there
is no need of verifying massive cancellations of unphys-
ical contributions, and - in the case of processes that de-
mand renormalization - that the Lagrangian does not re-
quire the addition of counter-terms. Already at two loops,
we expect FDR and topological renormalization to prove
significantly more convenient with respect to the usual ap-
proaches [36], on the practical level of making calculations
easier, and on the more theoretical viewpoint of dealing
with non-renormalizable theories. As a matter of fact, the
same mechanism that guarantees gauge invariance at 1-
loop is believed to work unchanged in the case of more
loops, as well as in the presence of IR and collinear di-
vergences. Verifying these conjectures is the subject of
present investigations.
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