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Weconsider thehadron–hadron inelastic scattering in the framework of QCD perturbation theory. It
is shown that in QCD, due to conservation of color, the tree-level diagrams of inelastic scattering are prohibited
and one has to deal with the diagrams with loops. We examine the simplest typeof such diagrams, where the
diagram can be split into blocks, so that the integration over four-momentaof virtual particles in each block can
be done independently. It is shown that for these diagrams the squaredabsolute value of scattering amplitude has
a maximum point, similar to that observed earlier inφ3 model, if one takes into account the relations between the
arguments of scattering amplitude, imposed by the energy-momentum conservation law. This enables to apply
the Laplace’s method for the calculation of cross section of hadron–hadron inelastic scattering. It is shown that
the diagrams of gluon-loop exchange in QCD are equivalent to the diagrams of pion exchange inφ3 theory,
whereby the new mechanism of cross section growth, discovered earlier in φ3 theory, takes place also in the
perturbative QCD. The latter may explain the origin of experimentally-observed growth of cross section of
hadron–hadron inelastic scattering as function of energy of colliding hadrons. The discovered mechanism can’t
emerge in any Regge-based model due to the premises on the particle kinematics, made in these models.

1 Introduction

In Ref. [1] the applicability of the Laplace’s method
to the calculation of the inelastic scattering cross section
was demonstrated on the example of Feynman diagrams
of effective scalar field theories. The aim of this work is
to apply this method to a more realistic theory of hadron
interactions, i.e. to quantum chromodynamics (QCD). At
this point, the problem occurs due to the fact that in QCD
perturbation theory one deals with the diagrams of inter-
acting quarks and gluons, while hadrons in the initial and
the final states represent the bound states of quarks and
gluons. This problem is usually overcome by representing
the state of interacting hadrons via the parton distribution
functions (see Ref. [2] for review), which is the result of
bringing into theory a large number of adjustable parame-
ters. However, it is well known that the static hadrons can
be described within the non-relativistic quark models, in
which hadrons are treated as those that consist of a given
number of quarks (see f.ex. Ref [3]). In these models, in-
teraction of quarks is described by means of potential en-
ergy, ignoring the existence of gluon field inside hadrons.

Next, in the formulation of scattering problem, parti-
cles in the initial or the final states do not interact with
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each other. However, one can not neglect the interaction
of quarks inside initial and final state hadrons, since this
interaction keeps them bound. In the perturbation theory,
one usually considers the scattering problem in the inter-
action picture. In this picture, the non-relativistic interac-
tion operator is described as an integral of oscillating func-
tion, which, according to the Riemann-Lebesgue theorem,
approaches zero when time approaches either plus or mi-
nus infinity, which corresponds to the initial and the final
states, respectively. Hence, one can treat initial and final
state quarks to be free, though they are bound. In the non-
relativistic approximation hadron’s mass must be equal to
sum of masses of component quarks. Neglecting all inter-
actions with respect to the strong interaction, these masses
can be considered approximately equal, i.e. we assume
the hadron mass is shared equally among the constituent
quarks. That is, for example, quarks in baryons are consid-
ered to have an “effective” mass which is equal to one third
of the baryon’s mass in the rest frame. It is found that in
the hadron’s rest frame its energy momentum four-vector
is shared equally among quarks, but then, turning to an
arbitrary frame, we get that initial and final state hadrons
consist of effectively-free quarks, each of which carries ei-
ther one third (baryons) or one half (mesons) of hadron’s
energy momentum four-vector. In this work, we consider
a model in which initial and final state hadrons consist of
effectively-free quarks.
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Figure 1. Elementary diagram of formation of charged pions
in four-gluon interaction (left). The region that corresponds to
emergence of pions is shown with the black rectangle on the di-
agram (right).a1, a2 and g1, g2 denote the Lorentz indices of
gluons and internal indices, respectively. The four-momenta of
pions are denoted withpµ1 andpµ2.

Figure 2. Generic diagram of the charged meson formation (left)
and its replacement with the effective vertex (right).

The paper is structured as follows. In section 2 we
demonstrate the most simple diagrams of hadron–hadron
inelastic scattering, allowed in perturbative QCD. In sec-
tion 3 we describe the analytical expression for scatter-
ing amplitude and address the problem of its constrained
maximum. The existence of constrained maximum point
is shown in this section and the most important features of
scattering amplitude in the maximum point are discussed.
In particular, the emergence of new mechanism of hadron–
hadron cross section growth is demonstrated. Conclusions
are given in section 4.

2 The diagrams of hadron–hadron
inelastic scattering

The simplest diagram describing the formation of
charged mesons in a model with effectively-free initial
and final state quarks is shown in Fig. 1. To exploit the
Laplace’s method, one has to find the maximum point of
squared absolute value of scattering amplitude. From sym-
metry concerns, the momenta of pions in Fig. 1 must be
equal in the maximum point, i.e.

pµ1 = pµ2 = pµ (1)

Furthermore, the matrix element corresponding to a dia-
gram in Fig. 1 is a Lorentz-invariant quantity. The only
Lorentz-invariant combination ofpµ gives p2

µ, which, due
to the mass-shell condition, equals the squared pion mass
p2
µ = m2. The above reasoning holds also for any type of

diagram, shown in Fig. 2-left. In the search for maximum
point, any diagram of this type can be replaced with the ef-
fective vertex (Fig. 2-right), and the corresponding matrix
element can be replaced with a constant term.

Next, due to color conservation in QCD, it is impos-
sible to consider diagrams of inelastic scattering with a

Figure 3. The “forbidden” diagram, in which the colorless sys-
tem of three quark exchanges one gluon with another system
(left), and the simplest diagram, allowed by the color conserva-
tion law (right).

Figure 4. The simplest diagram of the proton–proton inelastic
scattering involving gluon loops. The effective Lagrangians of
proton–proton–gluon–gluon and pion–pion–gluon–gluon inter-
actions are depicted on the plot.

single gluon exchange (Fig. 3-left). The simplest diagram,
giving nonzero contribution to scattering amplitude, is
shown in Fig. 3. In other words, the proton–proton scatter-
ing can’t be described by a model with tree-level diagrams,
and one has to deal with diagrams involving gluon loops.
The simplest diagram of proton–proton inelastic scattering
with gluon loops is shown in Fig. 4. Scattering amplitude
in Fig. 4 can be represented as a product of multipliers,
where each multiplier corresponds either to the proton unit
or to the gluon loop. This allows to explore and to “maxi-
mize” these multipliers separately.

According to Feynman’s diagram technique, scattering
amplitude that corresponds to each gluon loop (Fig. 4) is

Aloop =

∫

d4q
1

(K − q)2 + iǫ
1

q2 + iǫ
1

(q − p)2 + iǫ
(2)

wherep ≡ pµ1+pµ2 is the sum of momenta of final state pi-
ons in the loop, andK is a momentum that enters the loop.
Similar to Ref. [1], one can show thatK2 < 0. Applying
the Feynman’s identity to Eq. 2 and exploiting the nega-
tivity of K2, the amplitude can be reduced to the following
expression (see Ref. [4] for details)

Aloop =
−π2i

2
√

(K p)2 − K2p2

∫

dudv
1

uv + c2 + iǫ
(3)

where

c2 ≡
K2(K − p)2

4
(

(K p)2 − p2K2
) (4)

Eq. 3 includes an integral over the new variablesu andv.
This integral can be evaluated numerically, as described
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Figure 5. Squared absolute value of scattering amplitude as a
function of energy of colliding protons,

√
s, where scattering am-

plitude corresponds to a diagram in Fig. 4, either with 5 loops
(right) or with 20 loops (left).

Figure 6.Rapidities of final-state particles at the maximum point
as a function of position of gluon loop in the diagram (Fig. 4) :√

s = 7 GeV (left),
√

s = 97 GeV (right). The rapidities form
an arithmetic progression. The results of truth maximization are
shown with black dots, and red dots represent the result of maxi-
mization of product of 1/

√

(K p)2 − K2p2 factors only.

in Ref. [4], and is insufficient to the maximization proce-
dure. As shown below, the term

√

(K p)2 − K2p2 plays a
significant role in behaviour of scattering amplitude at the
maximum point.

3 Exploring the maximum point of
scattering amplitude

Similar to Ref [1], from symmetry concerns, a trans-
verse momenta of final-state particles must be zero in the
maximum point. Hence, conservation of transverse mo-
mentum is automatically fulfilled and one has to ensure
only that the energy and the longitudinal momentum are
preserved. Longitudinal components ofP3 andP4 (Fig. 4)
can be found from these conservation laws. In order to
look for the maximum point of scattering amplitude, cor-
responding to the diagram withn loops (Fig. 4), one can
treat scattering amplitude as function ofn variables, which
are longitudinal momenta of pions in the loops. Next, it
is convenient to deal with rapiditiesyi instead of longi-
tudinal momentapi||, where the rapidities are defined as
pi|| = 2m sh(yi) (m denotes the pion mass). Now, one can
numerically maximize a scattering amplitude. As shown
in Ref. [4], scattering amplitude indeed has a maximum
point upon the requirement of energy momentum conser-
vation. The most important features of this maximum are
described further in the text.

The results of numerical maximization of squared ab-
solute value of scattering amplitude [4], which corre-
sponds to a diagram in Fig. 4, appear to be very similar
to those of the simple “comb” Feynman diagrams in the

scalarφ3 model [1]. Furthermore, as seen from Fig. 5,
the absolute value of scattering amplitude at the maxi-
mum point increases with the growth of energy of col-
liding hadrons. That is, the new mechanism of cross sec-
tion growth, discovered earlier in theφ3 model [1], also
takes place in the model with gluons loops. The same anal-
ogy holds also for the rapidities at the maximum point.
Namely, they produce an arithmetic progression (Fig. 6),
as is the case inφ3 theory. The similarity of this result to
that of a comb diagrams inφ3 theory is explained as fol-
lows. As seen from Fig. 6, the results of maximization of
scattering amplitude differs only slightly from those, that
would have been obtained if the integrals, (Eq. 3) corre-
sponding to each loop in diagram Fig 4, were dropped.
In other words, instead of full scattering amplitude, one
can deal with the product of 1/

√

(K p)2 − K2p2 factors
only, dropping out the multipliers and constant terms, ir-
relevant to the maximization procedure. Furthermore, as
shown in [4], at the maximum point the following approx-
imation is relevant

K2
i ≈ (Ki − pi)

2 (5)

Taking into account a mass-shell conditions we get the fol-
lowing approximation for scattering amplitude at the max-
imum point

A ∝
n
∏

i=1

1
√

m2 − K2
i

(6)

Hence, one recovers an expression which is similar to a
scattering amplitude that corresponds to a comb diagram
in φ3 theory [4].

4 Conclusions

It is shown that scattering amplitude, corresponding
to elementary diagrams of hadron–hadron inelastic scat-
tering, has a maximum point upon the requirement of
energy-momentum conservation. As a result, the Laplace’s
method can be exploited for the evaluation of cross section
of hadron–hadron inelastic scattering. Next, it is shown
that in QCD, scattering amplitude at the maximum point
resembles exactly the same features as the one, that cor-
responds to the comb diagrams inφ3 theory. In particular,
the new mechanism of cross section growth is recovered
in QCD. Finally, the above mentioned similarity of QCD
andφ3 theory is explained explicitly by the fact that the
diagrams of gluon-loop exchange in QCD are equivalent
to the diagrams of single-massive-particle exchange in the
scalarφ3 theory.
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