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Abstract. This contribution deals with the problem of implementing the Pauli principle
in a variational calculation of the binding energy of a fermionic system on the hyper-
spherical harmonics (HH) basis. We summarize the main points of a method that avoids
the antysimmetrization of the basis functions. In fact this gets increasingly cumbersome
as the number of particles increases. The method is tested on the binding energies of two
nuclei (4He and 6Li), using various nuclear potential models, including a realistic one.

1 Introduction

In order to antisymmetrize the hyperspherical harmonics (HH) basis functions an efficient sym-
metrization method had been developed in [1] and successfully applied in many applications up to
a number of particle N=6. However, this method requires considerable computational resources as
the number of particles increases.

Recently a different strategy has been proposed [2, 3], where the HH symmetrization is avoided
by using non-symmetrized HH (NSHH). The approach has been limited to treat central (also spin
dependent) potentials. What we present here is a somewhat modified approach, which has allowed to
use isospin dependent non central interactions and therefore also nuclear realistic potentials.

2 Outline of the non-symmetrized HH approach

In all traditional constructions of the HH functions in terms of the Jacobi coordinates (see e.g. [4])
they turn out not having well-defined permutational symmetries. If one wants to symmetrize them
one has to deal with particle permutations which change the definition of the Jacobi coordinates. The
couplings between the different angular momenta are changed as well, making the effect of particle
permutation on the HH functions rather complicated. In particular the matrices that represent the
permutation operators on the HH basis are full matrices which must be calculated numerically.

The idea of the NSHH approach in [2, 3] consists of two steps. The first step aims at reducing
the evaluation of the potential matrix to a one-dimensional integral. In particular one wants to reduce
the matrix element of each potential term Vi j on the (non-symmetrized) HH basis to an integral in the
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pivot Jacobi coordinate ~ηN−1 =

√
1
2 (~rN−1 − ~rN), only. This requires that for each (i, j) one applies a

sequence of (adjacent) particle permutations Pi, i+1 that finally change particle j into particle N − 1 and
particle i into particle N. Due to the properties of the HHs, the matrices representing the permutation
operator Pi, i+1 are block diagonal and can be easily calculated. There is a price to pay following
this procedure. In fact, since the HH have no definite permutational symmetry, to each value of the
hyperangular momentum K correspond many more HH components than if one had already selected
the symmetry. Therefore to a fixed Kmax in the hyperangular momentum expansion correspond a basis
of much larger size and therefore a larger Hamiltonian matrix. However, this is largely compensated
by having to deal simply with the product of many large, but block diagonal matrices. One then
proceeds to diagonalize the Hamiltonian to obtain eigenvalues and eigenstates. Since the Casimir
operator of the permutation group C(N) =

∑N
i, j Pi j commutes with the Hamiltonian one is sure that

the eigenvectors have well defined permutational symmetries.
The second step consists then in analyzing the symmetry of the eigenstates by applying the Casimir

operator to each of them. Finally, the combination with spin (and isospin) wave functions of appro-
priate symmetry gives the totally antisymmetric wave function.

As already mentioned the procedure described here has been applied to systems interacting via
central potentials (also spin dependent). In this case the total angular momentum L and total spin S are
good quantum numbers. Accordingly, the basis can be identified by (L, S )Jπ (the parity π corresponds
to consider even or odd K values in the expansion). Non-central potentials and in particular realistic
nuclear potentials require to deal with basis functions in the J-coupling. Unfortunately this leads to
an increase in the size of the Hamiltonian matrix and therefore in the number of eigenfunctions that
need to be analyzed in terms of symmetry.

2.1 How to avoid the symmetry analysis of the states

We redefine the Hamiltonian adding a potential term proportional just to the Casimir operator:

H′ = H + γC(N) (1)

where γ is a real parameter. Then one has

E′n,Γ = En,Γ + γλΓ , (2)

where En,Γ are the eigenvalues of H with symmetry Γ ( i.e. Γ stands for symmetric (S), antisymmetric
(A) or any mixed (M) symmetry) and λΓ indicate the eigenvalues of the Casimir operator. We remind
that the antisymmetric states correspond to the lowest eigenvalue of C(N) i.e. λA = −N(N − 1)/2.
This is ensured by choosing γ larger than the lowest eigenstate of H, normalized to the number
of particles [5]. Since we aim at obtaining the lowest antisymmetric eigenvalue of H of a fermionic
system, namely E0,A, we will choose γ > 0 and large enough so that E′0,A is by far the lowest eigenvalue
of H′. The ground state energy is then obtained by

E0,A = E′0,A − γ
N(N − 1)

2
, (3)

The advantage of the procedure outlined here is in the possibility to obtain E0,A by the Lanczos algo-
rithm, with a rather limited number of steps.

EPJ Web of Conferences

02025-p.2



Table 1. Convergence rate in Kmax of the ground state energy E0,A [MeV] and rrms [fm]. Results for 4He are
obtained with the AV4’(plus Coulomb) and AV18 potentials. Results for 6Li are obtained with MTI-III.

4He 4He 4He 4He 6Li 6Li
AV4’ AV4’ AV18 AV18 MTI-III MTI-III

Kmax E0,A rrms E0,A rrms E0,A rrms

2 -32.258 1.3698 -24.640 1.5063 -46.99 2.161
4 -32.227 1.3840 -26.124 1.5111 -36.69 2.079
6 -31.781 1.3957 -25.311 1.5061 -36.45 2.120
8 -32.579 1.3798 -24.999 1.5089 -36.38 2.138
10 -31.858 1.3883 -24.442 1.5197 -36.32 2.156
12 -32.201 1.3866 -24.491 1.5176 -36.27 2.180
14 -32.047 1.3865 -24.348 1.5184
16 -32.068 1.3865 -24.313 1.5181
18 -32.051 1.3865 -24.271 1.5177
20 -32.060 1.3865 -24.266 1.5176
22 -32.049 1.3862 -24.246 1.5170
24 -32.054 1.3863
GFMC[7] -32.11(2)
HH[8] -24.22 1.512 -35.91
EIHH[6] -36.6 2.15
FY[9] -24.23
FY[10] -24.22 1.516
AGS[11] -24.24

3 Results

The results presented in this section are obtained using various two-body nuclear interactions. The
convergence in the HH basis is accelerated via a hyperradial dependent effective interaction derived
by means of a unitary transformation (EIHH approach [6]). In table 1 the ground state energies E0,A
and root mean square radii (rrms) of 4He and 6Li are reported [5]. For 4He we show results obtained
with AV4’ and AV18 [12] potentials, for 6Li those obtained with MTI-III [13]. Table 1 shows the
convergence rate and one can notice the good agreement with the results present in the literature,
derived by other approaches. Our method is very efficient since the lowest eigenenergy of H′ (and
consequently the ground state energy of H) can be found with a rather limited number of steps of the
Lanczos algorithm. This opens up the possibility to reach accurate HH results also for larger nuclear
systems.
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