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Abstract. The article analyzes the results of numerical simulations of pulsatile flow in a square channel with a

90◦ bend using Proper Orthogonal Decomposition (POD). The simulations of laminar steady and unsteady flow

obtained by ANSYS Fluent commercial system were used as input for modal decomposition. Several regimes for

different values of individual parameters (stationary flow component, ) were simulated. Not only energy-related

modes but also modes significant from the viewpoint of energy dissipation. Other evaluated modes are the modes

corresponding to the pulsatile flow frequency and the modes reflecting the flow separation at the bend.

1 Aim

The aim of the paper was to analyze the results of nu-
merical simulation of unsteady pulsatile flow in the square
cross-section channel with a 90◦ bend in the middle of its
length using the Proper Orthogonal Decomposition (POD)
method.

2 Model

The geometric model of channel for numerical simulation
was created within the Designer program, which is part
of the ANSYS Workbench v14. The channel model had a
constant square cross-section over the whole length with
an edge length of 5 mm. The channel was, in its whole
length of 1000 mm, divided into several independent, con-
secutive sections. The lengths of the sections at the in-
let and outlet from the computational area were 250 mm
and they could be described as input (section 1) / output
(section 5), or stabilizing sections. The remaining inter-
nal sections were considered to be the sections suitable
for flow parameters evaluation. The middle section (3) -
out of 5 sections - had dimensions of a cube with a 5 mm
edge. Such dimensionally designed channel allowed the
use of the same geometry even for data verification in a
straight channel. The remaining two, yet unspecified sec-
tions, namely section 2 and 4, were divided proportionally.
All the aforementioned divisions and constructions were
based on [1].

3 Numerical simulation

3.1 Computational mesh

For the created channel a structured mesh containing only
elements of six-wall type was defined. A non-uniform mesh
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Fig. 1. Computational mesh grid distribution along/across the

evaluated part of channel.

was considered and created for all 3 axis of Cartesian co-
ordinate system, in which the geometry was created. It was
the thickening of the mesh towards the wall and corners of
the channel model. The density of the mesh elements was
increased further in the longitudinal direction, i.e. down-
stream. This thickening was kept exactly to the middle of
the central element (figure 1). The scheme of mesh gen-
eration was subsequently mirrored according to one of its
plane, perpendicular to the flow direction. The total num-
ber of the mesh elements was around 4M. The areas for
definition of boundary conditions were also defined within
the mesh generation. These were mainly the interface be-
tween particular sections.
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3.2 Solver setup

For the numerical simulation itself, the commercial solver
ANSYS Fluent v14 was used. In the first step, the bound-
ary conditions were defined, where a time dependent ve-
locity profile v(t) [m s−1] at the mesh inlet was generated
using the UDF (User Defined Function), which can be de-
scribed by the equation

v(t) = vst + vamp2π fΔt, (1)

where vst [m s−1] represented steady velocity component,
vamp [m s−1] oscillating velocity component, f [Hz] fre-
quency and Δt [s] time step of solver, which was calculated
from the given frequency f and necessary number of seg-
ments n of one period T [s]

T =
1

f n
, (2)

where n is the number of segments for one period.
For the outlet boundary condition a pressure outlet was

defined, for the remaining boundary areas a boundary con-
dition with zero velocity at the wall was defined.

An interface where data were interpolated was created
between the individual sections.

The flow was considered laminar, unsteady, isother-
mal, incompressible and viscous. A pressure based cou-
pled solver was used with the implicit scheme of second
order of accuracy for time and space discretization.

Overall number of solved periods corresponded to the
sum of periods necessary for stabilization and periods for
which data were evaluated. For the stabilization mode 10
periods were considered, the number of which was veri-
fied by evaluating the flow parameters for each subsequent
period and by comparing with current flow parameters of
the preceding period. 10 periods were selected for evalu-
ation. Overall number of solved periods amounted to 20
and each period was divided into 720 segments, namely by
0.5◦. For each of 7200 points several flow parameters nec-
essary for Proper Orthogonal Decomposition (POD) were
saved. These flow parameters were saved in a 2D plane
located in the longitudinal symmetry plane interfering to
section 3 and 4.

4 Experiment

For POD, the results of numerical simulations will only be
considered within the paper. However, this method is not
limited to these results but can be also used on data ob-
tained from the experimental solution, e.g. using the Parti-
cle Image Velocimetry method (PIV) or stereo PIV. The re-
sultant data from the aforementioned experimental method
must meet general requirements [2]. As for data acquisi-
tion, the modal decomposition procedure is similar to re-
sults of numerical simulations.

5 Modal decomposition

The modal analysis can decompose and analyze the time
and spatial development of continuous flow on the indi-
vidual basis. In this case, the modal decomposition was

performed for each of the solution for N snapshots of data
generated for aforementioned 10 amplitudes with a con-
stant time step, which can be written as [3]

U = [u1 . . . uN−1 uN]. (3)

With the help of orthogonal decomposition, which can be
described as a standard modal analysis technique of iden-
tifying the coherent structures, it is possible to decompose
the resultant flow field to the aforementioned spatial modes
X and corresponding time amplitude T [4].

U = XT. (4)

This method helps to find the most energetically significant
mode with the help of diagonalization of the correlation
matrix calculated from

C = UT WU, (5)

where matrix W is a weight matrix, which has, in this case,
the volume of cells from the examined area on its diagonal.

The evaluation of POD modes leads to solving prob-
lems of eigenvalues and eigenvectors

Cvi = λivi i = 1, . . . , N. (6)

The eigenvalues are then proportional to the energy of the
given mode. The time amplitude T can be then obtained by
scaling the norm of eigenvectors vi

T = [vT
i

√
λ]. (7)

The spatial modes can be subsequently obtained by inver-
sion (4), namely

X = UT−1. (8)

6 Results

For solved combinations of flow parameters listed in ta-
ble 1 several regimes of pulsatile flow were evaluated with
the help of POD method.

Parameters Re, Amp, f and α in the table 1 represents
Re as Reynolds number for time average steady velocity
defined by

Re(t) =
vstac(t)a
ν
, (9)

Amp as Reynolds number for time average oscillating ve-
locity defined by

Amp(t) =
vamp(t)a
ν
, (10)

f as frequency of oscillatory flow and α as frequency pa-
rameter defined by

α =

√
2π f
η

a
2
, (11)

where for all above mentions parameters ν [m2 s−1] repre-
sents kinematic viscosity and η [Pa s] dynamic viscosity.
First, the comparison of time average value of the veloc-
ity flow field of evaluated area with the first spatial mode
obtained by POD analysis, which should be identical (see
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Table 1. Evaluated combinations for POD

Label Re [1] Amp [1] f [Hz] α [1]

Reference

XI 600 300 0.4 3.96

Pulsatile flow

Influence of stationary flow

VII 400 300 0.4 3.96

XI 600 300 0.4 3.96

XIV 800 300 0.4 3.96

Influence of oscillatory flow

VIII 600 100 0.4 3.96

XI 600 300 0.4 3.96

XIII 600 500 0.4 3.96

Influence of frequency oscillatory flow

IX 600 300 0.1 1.97

X 600 300 0.3 3.42

XII 600 300 0.5 4.42

Stationary flow

I 100 0 0 3.96

II 400 0 0 3.96

III 800 0 0 3.96

Oscillating flow

IV 0 100 0.4 3.96

V 0 300 0.4 3.96

VI 0 500 0.4 3.96

Fig. 2. Time average velocity flow field in the investigated area

for case with Re = 600, Amp = 300 and f = 0.4.

Fig. 3. First spatial mode in the investigated area for case with

Re = 600, Amp = 300 and f = 0.4.

Fig. 4. Second spatial mode in the investigated area for case with

Re = 600, Amp = 300 and f = 0.4.

figure 2, figure 3). This assumption is valid for steady and
pulsatile flow.

Reason why the velocity flow vectors facing backwards
(see figure 3, figure 7) with compare to time average ve-
locity flow vector (see figure 2, figure 6) is in opposite sign
for time amplitudes T. From figure 4 and figure 5 can bee
seen that topological structures for both spatial modes are
very different.
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Fig. 5. Third spatial mode in the investigated area for case with

Re = 600, Amp = 300 and f = 0.4.

Fig. 6. Time average velocity flow field in the investigated area

for case with Re = 0, Amp = 300 and f = 0.4.

When considering only the oscillating flow where the
steady velocity component was equal to zero, the second,
not the first energy mode would correspond to the time av-
erage value (figure 6, figure 7). Figure 8 shows energy
for first seven modes for all unsteady mode and is obvious
that the most energy is in the first modes. Next six modes
shows that that there are no another significant modes.

Fig. 7. Second spatial mode in the investigated area for case with

Re = 0, Amp = 300 and f = 0.4.

Fig. 8. Energy of POD modes for all unsteady modes (see label

in table 1)

7 Conclusion

Within the paper, the flow field in the square cross-section
channel with a 90◦ bend for several different inlet bound-
ary conditions was investigated with the help of numerical
simulation. Subsequently, the proper orthogonal decompo-
sition was performed on the calculated data. The paper was
mainly focused on POD and determination of significant
energy modes and their assignment to corresponding flow
parameters. It was shown that if the flow field contains only
the oscillating velocity components, then the second, not
the first energy mode corresponds to the time average value
of flow. In case of steady and pulsatile flow the first mode
is the mode, which corresponds to the time average value
of the flow field. Furthermore, it was proven that in case of
pulsatile flow the course of time amplitude of first energy
mode corresponds to the pulsatile flow amplitude.
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