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Abstract. We overview a new mechanism[14] whereby classical Riemannian geometry
emerges out of the diﬀerential structure on quantum spacetime, as extension data for the
classical algebra of diﬀerential forms. Outcomes for physics include a new formula for
the standard Levi-Civita connection, a new point of view of the cosmological constant as
a very small mass for the graviton of around 10−33 ev, and a weakening of metric compatibility in the presence of torsion. The same mechanism also provides a new construction
for quantum bimodule connections on quantum spacetimes and a new approach to the
quantum Ricci tensor.

1 Introduction
It has been argued and is widely accepted that somehow classical gravity should emerge from an
as yet unknown theory of quantum gravity. The latter is expected to be some kind of algebra or
combinatorics much diﬀerent from the smooth continuum, and geometric and matter ﬁelds are meant
to ‘emerge’ form the quantum gravity observables. How exactly this is meant to happen is unclear but
one now widely accepted view, which I have been pursing since the 1980s [8], is that an intermediate
stage should be some kind of noncommutative or ‘quantum’ geometry. Thus,
Classical GR

⇐

Quantum Geometry

⇐

Quantum Gravity

(1.1)

which in practice amounts to:
Quantum spacetime hypothesis. Spacetime is not a continuum but more eﬀectively
described by a noncommutative coordinate algebra where x, y, z, t do not fully commute.
Since points in quantum spacetime cannot be simultaneously measured it means that the continuum assumption is dropped – spacetime becomes fuzzy below the Planck scale λ. But there are also
less obvious predictions, among them the prediction from models of ﬂat quantum spacetime that the
speed of light is energy-dependent[1], in principle testable even if the noncommutativity parameter
λ ∼ 10−44 s (the Planck time). More recent is our prediction [12] that the classically inﬁnite time
dilation factor at a black hole event horizon is in fact ﬁnite due to quantum spacetime eﬀects. On the
more speculative side, reported last year in [13], in the quantum mechanics limit of a Klein-Gordon
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particle on quantum spacetime one ﬁnds that the particle’s eﬀective gravitational and inertial mass
diﬀer as the Klein-Gordon mass parameter approaches the Planck mass. The inertial mass levels oﬀ
while the gravitational mass decays to zero above the Planck mass. There have also been conceptual
insights from the quantum spacetime hypothesis, among them the emergence in some models of time
and of the Laplacian as its conjugate ‘momentum’ out of the diﬀerential structure, see [12]. More recently we found the emergence in some models of curvature (gravity) as similarly being forced by the
algebraic constraints of non-commutative geometry not-directly visible in the classical limit[5]. The
picture that emerges is one where the quantum spacetime hypothesis has predictive and explanatory
power in the form of restrictions which are inexplicable classically but which exist classically as a
remnant of the quantum geometry restriction.
In this paper we overview and discuss the physical implications of new work[14] that goes further
on the conceptual side:
Proposition The quantum spacetime hypothesis provides a mechanism for the emergence
of Riemannian structure – a metric and its Levi-Civita connection – out of nothing but
the Leibniz rule.
We should be clear that this is a radical statement. That is because conventional thinking has
diﬀerent layers of structure, which we present as a kind of dictionary.
Geometry
topological space
diﬀerentiable manifold
Riemannian structure etc

Algebra
coordinate algebra A
diﬀerential graded algebra Ω(A)
noncommutative metric, connections etc

On the right, the algebra need not be commutative (which is then noncommutative geometry or in
our case quantum spacetime). What we show is that the second line on the right – the concept of
diﬀerential structure – implies the third line on the left – classical Riemannian geometry.
Speciﬁcally, we are going to consider unwinding (1.1) by ﬁxing a classical manifold and its diﬀerential structure expressed as its algebra Ω(M) of diﬀerential forms (and exterior diﬀerential d obeying

the graded-Leibniz rule) and then asking what are all the quantum diﬀerential algebras Ω(M)
that
could project onto Ω(M) in the classical limit? We pose this as a central extension problem and just
as group central extensions are controlled by cocycle data, we ﬁnd [14] that extensions are described
by a kind of cocycle. So this is what Riemannian geometry is, a cocycle for quantising the classical
diﬀerential structure, or put another way a remnant of the quantum diﬀerential structure.
This new way of thinking about Riemannian geometry as emerging out of diﬀerential algebra
also suggests an interpretation of the cosmological constant or ‘dark energy density’ as mass of the
gravitational ﬁeld. This is an alternative point of view in massive gravity but which tends to lead there
to physically unrealistic theories[7]. But our version of it is not a new theory and therefore is physical.
It is just that we have a new mathematical point of view, see Section 2.1, whereby the Einstein tensor
appears as a non-linear wave operator − 12 (Δ + S ) on the metric g.
Secondly we will see that the cocycles that arise actually correspond to a slightly larger class of
structures where the connection need not be metric-compatible in the usual way. Rather, its metriccompatibility is controlled by the torsion through an equation which in tensor calculus notation (and
indices on the torsion T μν ρ raised and lowered via the metric g), is
T μ νρ + T μ ρν = gνρ ;μ .
Here the semicolon denotes covariant derivative. The Riemannian case where T = 0 corresponds to
cocycles which are cohomologous to ones where the d is not deformed.
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Another observation will be that it is not particularly natural from the algebraic point of view for
the metric that emerges to be non-degenerate, which could be useful. More radically:
Proposition The metric is really part of a covariant derivative ∇ω acting on all degrees of
the exterior algebra Ω(M), namely the part acting on degree 0.
The covariant derivative, metric and interior product will be further uniﬁed into a single universal
covariant derivative acting on all degrees and along all degrees of ω. Our approach to Riemannian
geometry also links up with BRST quantisation[2] in that there is a natural Batalin-Vilkovisky (BV)
algebra structure on the algebra of diﬀerential forms. Essentially, we ﬁnd that a BV algebra equipped
with a diﬀerential d and where the BRST operator is symmetric in a certain sense (which we will
explain), more or less is a Riemannian manifold. This seems to me a remarkable conﬂuence of a
structure in quantum ﬁeld theory (for the quantisation of ghosts) with gravity.
Finally, while lessons for classical GR are our main concern, our new way of thinking about Riemannian geometry also applies in the quantum case where Ω(M) is replaced by some general diﬀerential graded algebra (DGA), which we denote Ω(A), not necessarily graded-commutative. Then cocycle
central extensions of such objects similarly induce (bimodule) quantum connections and ‘quantum interior products’ giving a new approach to the latter. This new approach provides for the ﬁrst time a
somewhat general deﬁnition of the quantum Ricci tensor, see Section 4.

2 Reconstructing a Riemannian geometry from its divergence operator
Our claims depend on the following results taken from our recent paper [14]. Let M be a smooth
manifold and let (Ω(M), d) be the exterior algebra of diﬀerential forms. Here d increases degree by 1
and obeys the graded Leibniz rule and d2 = 0.
We deﬁne a possibly-degenerate metric as a symmetric tensor viewed as an ‘inner product’ ( , )
on 1-forms. We deﬁne a covariant derivative ∇ω : Ω1 (M) → Ω1 (M) along 1-forms ω by the property
∇ω (aη) = (ω, da)η + a∇ω η,

∀a ∈ C ∞ (M), η ∈ Ω1 (M).

Similarly we will deﬁne interior product by a 1-form η ∈ Ω1 (M) to be iη (ω) = (ω, η) if ω is a 1form and then extended by the graded-Leibniz rule. When ( , ) is nondegenerate then these are just
covariant derivative and interior product along the vector ﬁeld ω∗ = (ω, ). There is a notion of metriccompatibility, torsion and curvature in the generalised case[14] reducing to the usual notions in the
nondegenerate case. This generalisation is similar to the generalisation from symplectic to Poisson
geometry and could be relevant to physics in some degenerate situations.
Theorem 2.1 [14] Let δ : Ω(M) → Ω(M) be a linear map that lowers degree by 1, has δ2 = 0 and
obeys the 6-term relation
δ(aωη) − (δ(aω))η − aδ(ωη) − (−1)|ω| ωδ(aη) + a(δω)η + (−1)|ω| aωδη = 0
for all a ∈ C ∞ (M), ω, η ∈ Ω(M), and the ‘symmetry condition’
δ(adb) − aδdb = δ(bda) − bδda,

∀a, b ∈ C ∞ (M).

Then
(ω, da) = δ(aω) − aδω

1
δ(ωη) − (δω)η + ωδη + iω dη + iη dω + d(ω, η)
∇ω η =
2
∞
1
for all a ∈ C (M), ω, η ∈ Ω (M), deﬁne a possibly-degenerate metric and metric-compatible torsionfree covariant derivative.
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The proof is in [14] but to explain a little, specialising the 6-term identity to η = b a function we ﬁnd
δ(aωb) − a(δ(ωb)) = (δ(aω) − aδω)b,

∀a, b ∈ C ∞ (M), ω ∈ Ω1 (M)

which we can read both as (ωb)∗ (a) = ω∗ (a)b and as ω∗ (ab) = ω∗ (a)b + aω∗ (b) where ω∗ (a) =
δ(aω) − aδω. This means that ω∗ is a vector ﬁeld and depends tensorially on ω. Hence it corresponds
to a bivector ( , ) which moreover is symmetric under the symmetry condition on δ. In the case
where ( , ) is nondegenerate we obtain a Riemannian metric and a new formula for its Levi-Civita
connection on M. In the converse direction it is shown in [14] that we can take δ to be the divergence
or codiﬀerential, so any Riemannian structure can be obtained by this theorem.
Corollary 2.2 [14] A manifold has the structure of a Riemannian manifold iﬀ its exterior algebra has
the structure of a BV algebra with δ symmetric and with the associated bilinear nondegenerate. In
this case δ can be taken to be the divergence or codiﬀerential.
Indeed, in Theorem 2.1 and when the metric is non-degenerate, one ﬁnds[14] the 7-term identity
δ(ωηζ) = (δ(ωη))ζ + (−1)|ω| ωδ(ηζ) + (−1)(|ω|−1)|η| ηδ(ωζ)
−(δω)ηζ − (−1)|ω| ω(δη)ζ − (−1)|ω|+|η| ωηδζ
for all ω, η, ζ ∈ Ω(M) as an extension of the assumed 6-term identity. A BV algebra is a degree
-1 operator δ (usually denoted diﬀerently) on a graded-commutative algebra with δ2 = 0 and this
7-term identity, so this explains one direction. In the symmetric case and where the algebra is the
exterior algebra on a manifold, we apply Theorem 2.1. Whenever a graded-commutative algebra has
a diﬀerential d we can think if it as the exterior algebra on a ‘manifold’ in some algebraic sense.
So this is a generic interpretation of BV algebras with diﬀerential and with δ symmetric and nondegenerate in the manner that we have stated. The theory in [14] is more general and only needs δ2
tensorial.
2.1 Massive graviton

A second mathematical result in [14] in the setting of Theorem 2.1 concerns the Hodge Laplacian
Δ = dδ + δd.
This is a degree 0 operator on Ω(M) but it is shown that it extends to tensor products in a canonical
way, in particular to a canonical action of Δ on 1-1 forms wherein lives the metric g inverse to ( , ).
Theorem 2.3 [14] The Hodge Laplacian extended to 1-1-forms obeys
1
− Δg = Ricci
2
We deﬁne S = ( , )Ricci in the usual way as the Ricci scalar. Then
1
Einstein = − (Δ + S )g,
2

1
S = − ( , )Δg.
2

The Hodge Laplacian provides a natural wave operator with the correction to Δ attributable to the
nonlinear nature of the problem. In this case Einstein’s vacuum equation with cosmological Λ term
has the form
((Δ + S ) − 2Λ)g = 0
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where



2|Λ| ≈ 5 × 10−33 ev

if we put in the observed vacuum density of around 10−29 g/cm3 . As the observed value appears to
be positive, this would seem to imply a tachyonic mass, but this could be a matter of reviewing the
sign and signature conventions. In any event we provide a point of view which puts the puzzle of the
cosmological constant on the same footing as the lack of explanation of other small masses in physics,
such as neutrino or other elementary particle masses, which are all far below the Planck mass. For a
possible explanation of that, there are at least some situations, eg[9], where quantum spacetime prefers
masses to be zero. These then might may appear as quantum corrections when viewed classically.

3 Extension theory for differential graded algebras
Let’s now see[14] how Riemannian geometry in the form above emerges out of nothing but noncommutative diﬀerential calculus, basically the Leibniz rule. The idea is to assume only that the diﬀerential structure on classical spacetime is the projection of some quantum diﬀerential graded algebra
(Ω̃(M), d̃). Thus Ω̃(M) = ⊕n Ω̃n (M) plays the role of diﬀerential forms of diﬀerent degrees and we suppose that Ω̃0 (M) = C ∞ (M) as a vector space and that d̃ increases degree by 1, is a graded-derivation
and d̃2 = 0. This is a minimal requirement. We also suppose:
Ω̃(M)  Ω(M)
is an extension of diﬀerential graded algebras by a single additional 1-form θ with θ 2 = 0, dθ = 0
and θ ∧ ω = (−1)|ω| ω ∧ θ for all ω ∈ Ω(M). So we are supposing just that the noncommutative
geometry has a single extra cotangent direction, setting which to zero takes us back to the classical
Ω(M). Finally, we add one key requirement, namely that the product by functions from the left is the
same as classical. This is a kind of ‘normal ordering’ assumption and such an extension is called cleft
in [14]. This also entails that the product of C ∞ (M) itself is not deformed, only the diﬀerentials are
‘quantum’. So these are only mildly noncommutative extensions of the classical manifold.
Now the general form of (Ω̃(M), d̃) by degree counting is [14]
λ
d̃ω = dω − θ Δω,
2

λ
˜ = ω ∧ η − θ [[ω, η]]
ω∧η
2

for a degree 0 map Δ and a degree -1 (i.e. degree lowering) map [[ , ]]. The constant λ is physically
dimensionful but could otherwise be absorbed in the normalisation of θ . Such maps (Δ, [[ , ]]) deﬁne
an extension iﬀ [Δ, d] = 0 and the ‘cocycle conditions’ [14]
[[ωη, ζ]] + [[ω, η]]ζ = [[ω, ηζ]] + (−1)|ω| ω[[η, ζ]]

(3.1)

LΔ (ω, η) = d[[ω, η]] + [[dω, η]] + (−1)|ω| [[ω, dη]]

(3.2)

hold for all ω, η, ζ ∈ Ω(M). For any operator B of degree b on a graded algebra, we use the Leibnizator
LB (ω, η) := B(ωη) − (Bω)η − (−1)b|ω| ωBη.
The cleft case has the further requirement [[a, ]] = 0 for all a ∈ C ∞ (M).
Theorem 3.1 [14] Associated to any cleft-extension (Ω̃(M), d̃) of (Ω(M), d) is a classical possiblydegenerate metric and covariant derivative
(ω, da) =

1
[[ω, a]],
2

∇ω η =

1
[[ω, η]],
2
00080-p.5
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obeying
(ω, d(η, ζ)) − (∇ω η, ζ) − (η, ∇ω ζ) = T (ω, η)(ζ) + T (ω, ζ)(η),

∀ω, η, ζ ∈ Ω1 (M).

where T is the torsion tensor.
The details are in [14] but the idea is that in the cleft case the cocycle conditions (3.1)-(3.2) specialise
nicely when one of the arguments is of degree 0. From (3.1) one ﬁnds that [[, a]] is a degree -1 gradedderivation so behaves as interior product along a vector ﬁeld allowing us to identify it as the interior
product by 1-forms with respect to some map ( , ) as stated. Then a case of (3.2),
LΔ (a, ω) = [[da, ω]]

(3.3)

tells us when applied to ω = b ∈ A that ( , ) is symmetric. After this, (3.1) tells us that ∇ω behaves as
a covariant derivative. Finally, another case of (3.2),
LΔ (ω, a) = d[[ω, a]] + [[dω, a]] + (−1)|ω| [[ω, da]]

(3.4)

and graded-commutativity tells us that
∇η ω + ∇ω η = d(ω, η) + iη (dω) + iω (dη),

∀ω, η ∈ Ω1 (M).

(3.5)

From this formula it is easy to see that the torsion tensor
T (ω, η)(ζ) := (ω, ∇η ζ) − (η, ∇ω ζ) − iω iη dζ,

∀ω, η, ζ ∈ Ω1 (M)

obeys the stated condition.
This theorem says that our covariant derivative induced by a general cleft extension may not be
metric-compatible but the failure of metric-compatibility is determined by the torsion. If the torsion
is zero then we will have a metric and Levi-Civita connection coming out of the cleft extension. To
describe this torsion free case we say that an extension is ﬂat if it has coboundary Δ in the sense
Δ = dδ + δd
for some linear map δ that lowers degree by 1. This means that the extension is isomorphic (in a kind
of gauge equivalent sense) to one with Δ = 0 i.e. to one where d need not be deformed.
Theorem 3.2 [14] Flat cleft extensions of Ω(M) such that δ2 = 0 and δ symmetric are equivalent to
(possibly degenerate) Riemannian structures on M via Theorem 2.1.
The details are in [14] but the idea is to use (3.3) which computes as [[da, b]] = LΔ (a, b) = 2(δ(adb) −
aδdb) on making use of the symmetry assumption. Hence the deﬁnition of ( , ) reduces by this to the
same as in Theorem 2.1. The 6-term identity is then equivalent to a case of (3.1) as explained in [14].
The δ2 condition and the symmetry condition stated are not too essential but do hold in the case of the
standard divergence operator on a Riemannian manifold.
So the key features of Riemannian geometry, namely a symmetric (but possibly degenerate) metric
and its metric compatibility are induced by the existence of a noncommutative diﬀerential calculus
extension of the ﬂat type considered. This is also some of the mathematics underlying the construction
of the noncommutative Schwarzschild black hole in [12] as explained in later sections of [14]. We
also note a diﬀerent context where a non-cleft but equivalent to zero extension has been applied to
understand stochastic diﬀerentials[3].
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3.1 Novel features for classical Riemannian geometry

What can we learn for physics from this new point of view of Riemannian geometry?
3.1.1 Torsion connections are not naturally metric compatible

We have seen that the metric and covariant derivative pairs that most naturally arise from the noncommutatuve diﬀerential algebra are a bit beyond Levi-Civita with torsion and metric-compatibility
mutually constrained by the formula in Theorem 3.1. This is a novel prediction for the manner in
which metric-compatibility could break down in generalised GR and one could look for this eﬀect.
3.1.2 Uniﬁcation of metric and covariant derivative

On the conceptual side, we learn from Theorem 3.1 that the metric in the form of interior product and
the covariant derivative are really uniﬁed into a single ‘universal covariant derivative’
∇ω η =

1
[[ω, η]],
2

∀ω, η ∈ Ω(M)

where we act on all degrees and along all degrees. If ω ∈ Ω1 then ∇ω is a natural covariant derivative
acting on all degrees, and in particular
∇ω a = (ω, da),

∀ω ∈ Ω1 (M), a ∈ C ∞ (M)

encodes the metric (and its extension to all degrees of ω encodes the interior product ∇ω a = ida ω).
The curvature and torsion vanish automatically on degree 0.
The main consequence for classical geometry is that it is not essential to ask for the metric to
be nondegenerate (after all, we do not usually expect this for covariant derivatives) and indeed one
has basic features even in the degenerate case provided we work with covariant derivatives ∇ω along
forms ω and not along vector ﬁelds as usually done.
3.1.3 Covariant derivative along 2-forms

We also have ∇ω acting along all degrees of ω. Here ∇a = 0 along a function while in general (3.1),
which now reads as
∇ω (ηζ) = (∇ω η)ζ − (−1)|ω| ω∇η ζ + ∇ωη ζ,

∀ω, η, ζ ∈ Ω(M),

(3.6)

tells us that ∇ along 2-forms or higher are determined by the covariant derivative along 1-forms and
also that ∇ω of any degree behave like covariant derivatives but with respect to ida . In some cases,
notably when ( , ) is nondegenerate and the extension is ﬂat (so that we are in the Levi-Civita case)
one can show that ∇ω is a degree |ω| − 1 graded-derivation and hence ﬁnd for example along 2-forms
that
∇ωη = η∇ω − ω∇η , ∀ω, η ∈ Ω1 (M),
which operator looks somewhat like an inﬁnitesimal ‘angular momentum’ operator in the sense
∇dxi dx j = dx j ∇i − dxi ∇ j ;

∇i := ∇dxi .

Also, the 2-form operator ∇ω , ω ∈ Ω2 (M), has divergence δ∇ω which is essentially the curvature
operator associated to ω. This could be relevant to a geometrical understanding of stress-energy.
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3.1.4 Wave equation

The fourth important lesson at the moment is that the Riemannian geometry comes associated with a
Laplacian Δ : Ω → Ω as a byproduct of the quantum diﬀerential calculus. It obeys (3.2) as
[Δ, d] = 0,

1
LΔ (ω, η) = (d∇ω + (−1)|ω| ∇ω d)η + ∇dω η,
2

∀ω, η, ζ ∈ Ω(M)

(3.7)

and ‘emerges’ at the same time as the Riemannian geometry, perhaps explaining the ubiquitous role
of the wave equation in physics. Thus a zero mass eigenfunction of the wave operator, i.e. ω ∈ Ω(M)
such that Δω = 0, is the same thing as an element of the exterior algebra such that
d̃ω = dω,
in other words ﬁelds on which d is not deformed in the noncommutative extension. This is the meaning
of the ‘wave equation’ in our new point of view.

4 Emergence of quantum metrics and bimodule covariant derivatives
If the above is the right way to think about classical Riemannian geometry then it should also be the
right way to think about the axioms of quantum or noncommutative Riemannian geometry where A is
not necessarily given by a classical manifold, indeed it need not even be commutative.
Recall that A will play a role like a coordinate algebra. We suppose it extends to a diﬀerential
graded algebra Ω(A) = ⊕i Ωi playing the role of forms of diﬀerent degrees and equipped with d, the
‘exterior derivative’, obeying d2 = 0 and the graded-Leibniz rule. We already met this idea when
talking about the central extension of the classical exterior algebra in Section 3, but now it will be
our starting point. The other basic idea from noncommutative geometry that we will need is that of
a bimodule, meaning that A acts from both the left and the right and these actions commute. For
example, each Ωi is a bimodule meaning (aω)b = a(ωb) for all a, b ∈ A, ω ∈ Ωi , at least in a
conventional associative setting. Now look at 1-1 tensors like the metric g ∈ Ω1 ⊗A Ω1 . The subscript
A in the tensor product means that we can associate any ‘functional dependence’ either with the left
copy or the right copy of Ω1 , in the sense ω ⊗A aη = ωa ⊗A η for all a ∈ A. Finally, when we talk about
tensorial maps in geometry we mean that they commute with multiplication by functions on the space,
which we can now do on either side when we have a bimodule. Such bimodule maps which commute
with multiplication from either side are the right notion then of ‘tensoriality’ in noncommutative
geometry in the approach being taken here. One could also have left-tensoriality and right-tensoriality
separately.
Now suppose some initial (Ω(A), d) of standard type generated by A, d as a diﬀerential graded
algebra but possibly non-graded-commutative, and we consider similar extensions
Ω̃(A)  Ω(A)
where (Ω̃(A), d̃) has an extra generator θ as before. We have the same notions as before and a cleft
extension is governed by [[a, ω]] = 0 and obeys (3.1)-(3.2) as before, just this time with a ∈ A and
ω, η ∈ Ω. We then follow the line of Theorem 3.1 by setting
jω (adb) =

1
[[ωa, b]],
2

∀ω ∈ Ω, a, b ∈ A

which we suppose gives a well-deﬁned map j : Ω ⊗A Ω1 → Ω as a kind of ‘regularity’ assumption.
In this case (3.1) means that the map j or ‘interior product’ is a bimodule map, i.e ‘tensorial’ as
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explained above. In our approach this map j extends the role of metric, where the latter now appears
as the restriction of the interior product
(ω, ζ) = jω (ζ),

∀ω, ζ ∈ Ω1 .

Here jω (ζ) reduces to iζ (ω) in the classical case of Section 2, i.e. we adjusted the notation better to ﬁt
the noncommutative case.
Then on 1-forms, diﬀerent instances of (3.1) now tell us that
∇ω η =

1
[[ω, η]],
2

∀ω, η ∈ Ω

is an example of a ‘bimodule covariant derivative’ in the sense
∇aω = a∇ω ,

∇ω (aη) = jω (da)η + ∇ωa η

∇ω (ηa) = (∇ω η)a + σω (η ⊗A da);

(4.1)

σω (η ⊗A ζ) = jωη (ζ) − (−1)|ω| ω jη (ζ)

(4.2)

for all a ∈ A, ω, η ∈ Ω, where σ : Ω ⊗A Ω ⊗A Ω1 → Ω is a bimodule map. The idea of a bimodule
connection is somewhat accepted now in noncommutative geometry cf[4, 6] and it is remarkable that
we get one of these out of a cleft extension, albeit with a very special form of the generalised braiding
σ and expressed as a covariant derivative along forms of all degrees.
Having a bimodule covariant derivative in the case where ( , ) is invertible, we obtain a welldeﬁned covariant derivative on tensor products, eg
∇ω (η ⊗A ζ) = ∇ω (η) ⊗A ζ + σω (η ⊗A g1 ) ⊗A ∇g2 (ζ),

∀ω, η, ζ ∈ Ω1 .

where g = g1 ⊗A g2 is a short notation for the inverse of ( , ). We can then deﬁne metric compatibility
as ∇ω g = 0 for all ω ∈ Ω1 , i.e. we have good deﬁnitions and the main ingredients for quantum
Riemannian geometry, and a speciﬁc form for the covariant derivative and interior-product-metric.
As in the classical case, a general regular cleft extension of Ω(A) will not give a torsion free or a
metric compatible covariant derivative. But this time when Ω(A) is non-graded-commutative we no
longer have LΔ (a, b) = LΔ (b, a) and LΔ (a, ω) = LΔ (ω, a) meaning that ( , ) is no-longer symmetric
and ∇ no longer has symmetric part (3.5). However, if our diﬀerential graded algebras deform the
classical case then these desirable features will still be true up to the noncommutativity parameter λ.
Moreover, to get to a quantum version of the Levi-Civita case we need according to Theorem 3.2
to ﬁnd a ﬂat cleft extension, i.e. where Δ = dδ + δd for some δ that lowers degree by 1. The main
result in this section of [14] is a new construction for this that works equally well in the quantum case.
Theorem 4.1 [14] Let Ω(A) be a standard DGA and let ⊥ be a degree -2 ‘product’ on it such that
⊥ a = a ⊥= 0 for all a ∈ A and
(−1)|η| (ωη) ⊥ ζ + (ω ⊥ η)ζ = ω ⊥ (ηζ) + (−1)|ω|+|η| ω(η ⊥ ζ),

∀ω, η, ζ ∈ Ω,

and δ a regular degree -1 map on Ω such that
δ(aω) − aδω = da ⊥ ω,

∀a ∈ A, ω ∈ Ω.

Then there is a regular ﬂat cleft extension with Laplacian and associated quantum inner product and
quantum bimodule covariant derivative
Δ = dδ + δd,

jω (da) =

1
(δ(ωa) − (δω)a + ω ⊥ da)
2
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1
Lδ (ω, η) + ω ⊥ dη − (−1)|ω| dω ⊥ η − (−1)|ω| d(ω ⊥ η)
2
The cocycle is given by Δ and [[ω, η]] = 2∇ω η for all ω, η ∈ Ω.
∇ω η =

Details are in [14] but the idea is to solve ﬁrst with Δ = 0 as the ﬂat case is equivalent to this, but not
necessarily cleft. This comes down to ﬁnding the map ⊥. We then ‘gauge transform’ to an equivalent
cleft extension by adding the coboundary of a suitable δ. We require it to be regular in the sense that
j is well-deﬁned by the formula given. We also have σ from (4.2).
What the theorem amounts to is a quantum version of the construction that associates to a metric
its Levi-Civita connection, something which has largely been missing in noncommutative geometry.
We have not supposed an analogue of δ2 = 0 (nor the weaker δ2 tensorial) nor symmetry of δ, so we
will not necessarily land on a deformation of the classical Levi-Civita connection exactly until we add
such restrictions.
4.1 Novel features in the noncommutative case

What new lessons can we learn for noncommutative geometry from this?
4.1.1 New approach to the interior product

The key new lesson in the quantum case is that we don’t need just the metric inner product on degree
1 but ⊥ on all degrees subject to the novel 4-term relation shown in Theorem 4.1. In the classical case
⊥ is automatically obtained by extending as a derivation from the metric in degree 1 and that is just
what we don’t have for a general Ω(A), but we’ve found a replacement.
More generally, inner products in noncommutative geometry have not been fully understood and
we have seen a new approach to them in which they arise as a bimodule map j : Ω ⊗A Ω1 → Ω from
our universal covariant derivative acting in degree 0. From this point of view, the technical regularity
assumption for a regular cleft assumption amounts to the existence of a bimodule covariant derivative.
Thus, suppose
∇ω (ab) = jω (da)b + ∇ωa b
for some map j. Setting b = 1 tells us that indeed ∇ω (a) = jω (da). Also assume the bimodule
covariant derivative property in degree 0,
∇ω (ab) = (∇ω a)b + σω (a ⊗A db)
which, comparing with the left covariant derivative property, amounts to σω (a ⊗A db) = jωa (db).
Then σ being well-deﬁned and a bimodule map forces us to take j a bimodule map obeying
jω (adb) = jωa (db). So our regularity assumption is really just the logic of requiring a bimodule
covariant derivative acting in degree 0.
Also the interior product in our case is part of our universal bimodule covariant derivative ∇ω η for
all degrees of ω, η. Perhaps this is also a lesson for connections. After all, the interior product jω (ζ)
and its cousin ω ⊥ ζ are needed not only for degree 1 but for all degrees of ω so why should not ∇ω
also extend? In nice cases the covariant derivative along higher degrees can be built up from lower
ones, notably in the nice case where ∇ω for ω of degree 1 is a braided-derivation with respect to σ,
see[14] for details. But just as for interior products, we can’t always assume this and have to work
more generally with the generalised Leibniz rule (3.6) that mixes covariant derivatives along diﬀerent
degrees. The higher form covariant derivative also features in the properties (3.7) of Δ.
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4.1.2 Torsion

At least in the case of a right-inverse for ( , ), one can use a standard deﬁnition of Riemann curvature
and torsion of a connection as operations (otherwise we only have these evaluated against 1-forms as
in Section 3). The curvature vanishes acting on degree 0. Torsion is deﬁned on all degrees as a degree
increasing map Ω → Ω,
T := g1 ∇g2 − d
and also vanishes acting on degree 0. We want T to be ‘tensorial’ and as we explained, this means
that we want it to be a bimodule map (one says that the connection is ‘torsion compatible’[4]). It is
already deﬁned to be left-tensorial in the sense of commuting with multiplication from the left but for
a bimodule connection we can ask for it to be fully tensorial, which comes down to
∧(σ(ω ⊗A ζ)) = (−1)|ω| ωζ,

∀ω ∈ Ω, ζ ∈ Ω1

(4.3)

where σ = g1 ⊗A σg2 is the usual generalised braiding or ‘ﬂip map’ in this context. Putting in our
speciﬁc form of σ, torsion compatibility for covariant derivatives that come from cleft extensions
amounts to
g1 g2 jω (ζ) + g1 jg2 ω (ζ) = (−1)|ω| ωζ, ∀ω ∈ Ω, ζ ∈ Ω1 .
(4.4)
In nice cases where ∇ω is a braided-derivation one has that T is then a graded-derivation, see [14].
4.1.3 Ricci tensor

This is not fully understood in noncommutative geometry although there are several reasonablelooking examples on a case by case basis. However, for any left covariant derivative one has a
well-deﬁned ‘half curvature’ operator
ρ(ω ⊗A η) = ∇ω ∇η − ∇∇ω η ,

∀ω, η ∈ Ω1 .

As a result one has in the case of ( , ) invertible a well-deﬁned Laplace-Beltrami operator[14]
ΔLB := ρ(g) = ∇g1 ∇g2 − ∇∇g1 g2
and an interesting result in [14] is that in the case of a bimodule covariant derivative,
LΔLB (a, ω) = ∇da+σg1 (g2 ⊗da) ω,

∀a ∈ A, ω ∈ Ω.

Hence if the generalised braiding is such that
σg1 (g2 ⊗ ζ) = ζ,

∀ζ ∈ Ω1 ,

(4.5)

we will have that LΔLB (a, ω) = LΔ (a, ω) if the Hodge laplacian has the usual Leibnizator 2∇da ω is in
our case from (3.7). Then ∇LB − Δ commutes with left-multiplication by A, i.e. is left-tensorial. For
this class of bimodule covariant derivatives we can therefore deﬁne[14]
Ricci := g1 ⊗A (ΔLB − Δ)(g2 )
which is now well-deﬁned as it depends only on g1 ⊗A g2 . This short-circuits the construction of Ricci
from the quantum Riemannian curvature, which has so far proven problematic, but necessarily gives
the same answer in the classical case. Its further properties remain to be studied but at least we have
a deﬁnition of Ricci for a class of quantum bimodule covariant derivatives.
For our covariant derivatives that come from cleft extensions one ﬁnds that (4.5) holds whenever
the metric is quantum symmetric in the sense that it is killed by the wedge product, i.e. g1 g2 =
0, which is something we usually impose in any case in noncommutative models, so this is a very
reasonable new approach.
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4.1.4 Inner calculi and a quantum example

A typical phenomenon in noncommutative geometry which is, however, impossible in classical geometry, is that there can exist a 1-form θ ∈ Ω1 such that dω = θω − (−1)|ω| ωθ for all ω ∈ Ω. Such a
calculus is called inner. This is not possible classically because classical forms graded-commute but
is quite typical for a suﬃciently noncommutative geometry for algebraic reasons. In this inner case
one can show that δ in Theorem 4.1 exists once we have solved for ⊥, indeed in this case[14]
δ = θ ⊥,

Δ = 2∇θ − θ2 ⊥,

1
∇ω η = − L⊥θ (ω, η),
2

σω (η ⊗A ζ) =

jω (ζ) =

1
ω⊥ζ
2


1
(ωη) ⊥ ζ − (−1)|ω| ω(η ⊥ ζ)
2

for all ω, η ∈ Ω, ζ ∈ Ω1 . In particular, ( , ) = 12 ⊥ restricted to degree 1. Also on the coordinate
algebra, Δa = 2(θ, da) = θ ⊥ da in keeping with the analysis in [10], which is now extended to all
degrees of forms.
To illustrate, we summarise quantum geometry on 2 points {x, y} from [14]. Let A be the commutative algebra of functions on this set. Like any unital algebra this has a maximally noncommutative
‘universal’ exterior algebra Ω. In our case it is inner and generated by A and a single 1-form θ, so in
degree n the n-form θn is a basis. If f ∈ A, let f¯(x) = f (y), f¯(y) = f (x). Then the structure of Ω is
θ f = f¯θ,

d f = ( f¯ − f )θ,

dθn = (1 − (−1)n )θn+1 .

On this one can solve the 4-term relation for ⊥ as[14]
θm ⊥ θn = 2(−1)m+1 mnθm+n−2
where 2 ﬁxes a particular normalisation. This induces by Theorem 4.1 the coderivation, interior
product, bimodule covariant derivative, inverted metric and Laplacian[14],
δ( f θn ) = 2 f¯nθn−1 ,

jθm (θ) = (−1)m+1 mθm−1 ,

σθ (θn ⊗ θ) = (−1)n θn ,

g = θ ⊗ θ,

∇θ ( f θn ) = ( f − (−1)n f¯)θn

Δω = 2(∇θ ω + 2|ω|ω),

∀ω ∈ Ω.

One ﬁnds[14] that this quantum covariant derivative is torsion free and metric-compatible. Thus
we obtain a metric and quantum Levi-Civita connection on a set with 2 points with its universal
diﬀerential calculus. Not too surprisingly, it has zero quantum Riemannian curvature.

4.1.5 Quantum BV algebra

In the noncommutative case the δ in Theorem 4.1 no longer has to obey the 7-term identity for a BV
algebra as was the case classically in Section 2. But for examples close to classical it should deform
that. Therefore according to our philosophy a diﬀerential BV algebra should perhaps be understood
as a quantum metric and covariant derivative giving a cocycle extension as we have seen. It could
therefore be interesting to interpret and extend BRST methods in this way.
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