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Abstract. Linear response of the orbital momentum to the gradient of the chemical potential is used to obtain

anomalous Hall conductivity. Transition from the ideal Bloch system for which the conductivity is determined

by the Berry phase curvatures to the case of strong disorder for which the conductivity becomes dependent on

the relaxation time is analysed. Presented tight-binding model reproduces experimentally observed qualitative

features of the anomalous Hall conductivity and the transverse Peltier coefficient in the so called bad-metal and

scattering-independent regimes.

1 Introduction

Ferromagnetic materials exhibit, in addition to the standard
Hall, an extraordinary Hall effect which does not vanish at
zero magnetic field. The quantum theory of this so-called
anomalous Hall effect has been traditionally based on the
Kubo-formula, i.e. on the response to the dynamical force,
the electric field [1]. General theory of irreversible pro-
cesses suggests that within the linear approach the same re-
sult has to be obtained by the response of the system to the
statistical force, gradient of the chemical potential μ. By
using this response the relation between asymmetric part
of the conductivity tensor and the orbital momentum can
easily be derived, as shown in Section 2. In the pure crystal
limit the obtained expression for the anomalous Hall con-
ductivity is equivalent to the Kubo-formula result which
expresses the conductivity in terms of the Berry phase cur-
vatures [1,3].

Three broad regimes of the anomalous Hall conductiv-
ity have been identified when surveying a large body of ex-
perimental data for diverse materials: so called bad-metal,
scattering-independent and high conductivity regimes [1,
2]. In the first two regimes the side-jump scattering [4]
dominates. In the high conductivity regime the transverse
current is proportional to the longitudinal current. This prop-
erty is commonly attributed to the asymmetric part of scat-
tering, the so called skew scattering [5]. We limit our at-
tention to the systems for which the statistically averaged
Green functions are invariant under the crystal translations.
Since skew scattering violates this condition the high con-
ductivity regime is excluded from the treatment. Presented
analysis is thus limited to the bad-metal and scattering-
independent regimes.

To analyse scaling of the anomalous Hall conductivity
and the transverse Peltier coefficient with the longitudinal
conductivity a simple tight-binding model is used. Two in-
dependent fully spin-polarized bands are considered. Each
of them is supposed to be formed by atomic-like states hav-
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ing the same orientation of orbital momentum but opposite
for different bands. Finite relaxation time is supposed to
originate in fluctuation of atomic state energies. The detail
model description is presented in Section 3. The following
Section 4 is devoted to the obtained scaling of the anoma-
lous Hall conductivity and Peltier coefficient. Main results
together with the possible applicability to real systems are
summarised in the last Section.

2 Response of the orbital momentum to

the gradient of the chemical potential

The non-zero magnetization of ferromagnetic materials is
attributed to the existence of spin-polarized bands. Within
the tight-binding approach these bands originate in a net-
work of overlapping atomic, or more generally molecular,
spin-polarized orbitals having non-zero orbital momentum
as sketched in Fig. 1. The resulting orbital momentum den-
sity of electrons, represented by the Hamiltonian H, is de-
fined as follows

L = m0 Tr
[
f0(H − μ) r × v

] ≡
∫

L(r) d3r , (1)

where f0(H − μ) denotes the Fermi-Dirac distribution op-
erator. It gives rise to the circulating current density

j(r) =
e

m0

curl L(r) , (2)

where e and m0 are the absolute value of the electron charge
and mass, respectively. For finite samples surface currents
due to modification of orbitals by the surface vicinity can
also appear. However, this phenomenon is limited to a sur-
face layer and the resulting contribution thus scales with
surface area. It vanishes in the thermodynamic limit of
the infinite sample volume. This is the essential difference
from the case of orbits induced by the external magnetic
field giving rise surface diamagnetic currents. Their contri-
bution scales with the sample volume as discussed in detail
in connection with the quantum Hall effect [6].
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Fig. 1. Scheme of the atomic (molecular) orbital network within

an atomic plane perpendicular to the sample magnetization. Hop-

ping vanishes at the left hand side of the network representing the

sample surface.

Within the linear response localized current loops can-
not give rise to any net current by their definition. Only the
part of orbital momentum, Lfc, originating in the so called
free currents is responsible for a Hall current induced by
the chemical potential gradient ∇μ

jH = −
e2

m0

dLfc

dμ
× ∇μ

e
. (3)

It defines the anti-symmetric part of the conductivity ten-
sor [7]. Choosing z-axis to be parallel with Lfc the Hall
conductivity in the zero temperature limit reads

σxy(μ) = e2 Tr
[
δ(H − μ) (r × v)z

]
fc , (4)

where the lower index (fc) limits the trace to the subspace
of extended Fermi-electron states representing free cur-
rents.

For perfect Bloch systems all states represented by a
wave vector k are extended and the Hall conductivity given
by Eq. (4) can be written as

σ
(pBs)
xy (μ) =

e2

8π3

∑
n

∫
d f0

dμ
[rn(k) × vn(k)]z d3k , (5)

where n stands for the band index and vn(k) is the expec-
tation value of the velocity operator, vn(k) = ∇kEn(k)/�.
Because of the system periodicity the expectation value of
the coordinate r can be written as

rn(k) =
1

Ω

∫

Ω

u+n,k(r) r un,k(r) d3r +
1

N

N∑
l=1

Rl , (6)

where un,k(r) stands for the periodic part of the Bloch func-
tion, Ω denotes the unit cell volume and N = 1/Ω is the
number of unit cells per unit volume. While rn(k) depends
on the choice of the coordinate origin the sum of vector
products rn(k)×vn(k) does not since the total velocity van-
ishes in equilibrium. Approximate expectation value of r is
given by the radius vector of the local orbitals.

The total orbital momentum of electrons can be di-
vided into two parts. The contribution given by electron
motion around local orbitals is determined by vector prod-
ucts of inter-band matrix elements, rn,n′ (k)×vn′,n(k). It does

not contribute to the Hall conductivity. The remaining free
current contribution originates in the separation of mass-
centre positions of k- and −k-states. It is controlled by the
real-space distribution of their electron densities [8]. Their
different occupation leads to a local charge polarization [9,
10]. The corresponding Fermi electron contribution to the
orbital momentum can thus be understood as the orbital
polarization momentum. It is equivalent to the Fermi elec-
tron contribution of the Berry-phase correction to the or-
bital magnetization [11]. It is only this contribution that
determines the Hall conductivity.

Note that the most effective scattering leading to elec-
tron transitions from a k-state to the −k-state is of the side-
jump character because of the space separation of their
mass-centre positions, as sketched in Fig. 1.

The expression for the Hall conductivity of the perfect
Bloch system, Eq. (5), is identical to that obtained by the
use of the Kubo-formula [1], originally derived by Karplus
and Luttinger [12]. Using the alternative form for the coor-
dinate expectation value derived with the help of Wannier
functions [13]

rn(k) = −Im

∫
u+n,k(r)∇k un,k(r) d3r +

1

N

N∑
l=1

Rl , (7)

the integration by parts over the Brillouin zone yields

σ
(pBs)
xy (μ) = −e2

h

∑
n

1

4π2

∫

BZ

f0(En(k) − μ) [Ωn(k)]z d3k ,

(8)
where Ωn(k) is just the Berry phase curvature [3]

Ωn(k) = −Im

∫
[∇ku+n,k(r)] × [∇kun,k(r)]d3r . (9)

3 Tight-binding two-band model

The aim of this section is to present a simple model sys-
tem allowing to understand the main features of the anoma-
lous Hall conductivity at zero external magnetic field. For
the sake of simplicity the consideration will be limited to
isotropic systems, like those of the cubic symmetry. Two
spin-polarized bands defined by the following tight-binding
model Hamiltonian will be considered

H(±) =
∑

l

|l,±〉E(±)
l
〈l,±| +

l�m∑
l,m

|l,±〉tlm〈m,±| , (10)

where |l,±〉 are Wannier functions representing atomic or

molecular orbitals of the energy E
(±)

l
associated with lat-

tice sites Rl. Spin-polarized orbitals are supposed to have
nonzero z-component of the orbital momentum only, and
its orientation is represented by the index (±). The system
disorder is modelled by considering a variation of orbital

energies E
(±)
l

around their mean values E
(±)
a = 〈E(±)

l
〉. The

energy difference E
(+)
a − E

(−)
a represents an average Zee-

man spin spliting. Hopping integrals tlm are supposed to
be fluctuation-independent quantities. This so called diag-
onal disorder model covers a variety of possible fluctua-
tions representing for example the alloy composition or a
local variation of the Zeeman spliting.
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To establish longitudinal conductivity the Kubo-Green-
wood formula is used [14]. Since for the considered diago-
nal disorder vortex corrections vanish it is given as follows

σ(±)
xx (μ) =

πe2
�

ã3

∫ 〈
δ
(
η + E

(±)

l
− μ
)〉2

av
Φxx(η) dη , (11)

where ã3 denotes the Wiegner-Seitz cell volume, angular
brackets 〈· · ·〉av represent statistical averaging andΦxx(η) is
a disorder independent function given by energy dispersion
E(k) of the disorder-free system

Φxx(η) =
∑

k

v2
x(k) δ (E(k) − η) . (12)

Hall conductivity, given by Eq. (4), is determined by
the orbital momentum where r within each of Wiegner-
Seitz cells is given as the sum of the position vector Rl of
the orbital centre and rl representing corresponding rela-
tive coordinate. Within the tight-binding model the expec-
tation value rl(k) can be approximated by the radius vector
of orbitals. Since the orbital radius increases with increas-
ing orbital energy we can write

rl(k) = ± r(El) e(k) , (13)

where e(k) is the expectation value of the radius vector
given by the orbit re-scaled to close the area just equal to π
and having the positive value of the orbital momentum.

Since in the equilibrium the total velocity vanishes the
sum of Rl × v over allowed velocities vanishes as well. By
using approximations described above the Hall conductiv-
ity, Eq. (4), can be written as follows

σ(±)
xy (μ) = ± e2

ã3

∫ 〈
δ
(
η + E

(±)
l
− μ
)〉

av
r(η)Φxy(η) dη,

(14)
where

Φxy(η) =
∑

k

[e(k) × v(k)]z δ (E(k) − η) . (15)

The anomalous Nernst effect can be characterised by
the transverse Peltier coefficient αxy(μ). In the low tem-
perature limit the Sommerfeld expansion leads to the Mott
rule [15,16]

α(±)
xy (μ) =

π2

3

k2
B
T

e

⎡⎢⎢⎢⎢⎢⎣dσ
(±)
xy (E)

dE

⎤⎥⎥⎥⎥⎥⎦
E=μ

, (16)

where T and kB are the temperature and the Boltzmann
constant, respectively.

To estimate transport coefficients, we have to make an
additional assumption about the functions Φαβ(η). Let us
assume that states within the lower half of a band are of
the free-electron type with a constant effective mass while
those in upper half of the band are of the hole-type with
the same absolute value of the mass. The corresponding
density of states normalised per Brillouin zone is given as
follows

g(η) = c3/2√
2π2w

√
1 − |η|/w , |η| ≤ w ,

g(η) = 0 , |η| > w ,
(17)
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Fig. 2. a) Model density of states for two spin-polarized bands

with Γ = 0 (full lines) and Γ/w = 1 (dashed lines). b) Energy

dependence of the orbital radius.

where the normalisation constant c = [3π2/(2
√

2]2/3 and
w is the half band width. The resulting energy dependence
for two considered bands is shown in Fig. 2. Resulting es-
timates for Φαβ(η) read

1

ã2
Φxx(η) =

1

3

4π4

c4

1

�2
w4 g3(η) , (18)

and considering a circular shape of orbits

1

ã
Φxy(η) =

1

�

π3

2c2
w2 g2(η) . (19)

Let us assume that the variation of orbital energies is

controlled by a probability distribution p(E
(±)
l
− E

(±)
a ). The

simplest approach allowing to estimate the effect of this
diagonal disorder is the so called virtual crystal approach
which gives

〈
δ
(
η + E

(±)
l
− μ
) 〉

av
= p
(
η + E(±)

a − μ
)
. (20)

It leads to a band broadening as shown in Fig. 2 for the
Gaussian distribution

pG(η, Γ) =
1

Γ
√

2π
e
− η2

2Γ2 . (21)

Within this approach the conductivity components read

σ(±)
xx (μ) =

e2

hã

8π6w4

3c4

+w∫
−w

p2(η + E(±)
a − μ) g3(η) dη , (22)

and

σ(±)
xy (μ) = ± e2

hã

π4w2

c2ã

+w∫
−w

p(η+E(±)
a −μ) r(η) g2(η) dη , (23)

where r(η) is defined by Eq. (13).
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Fig. 3. Anomalous Hall conductivity σxy (lower curves) and its

derivative with respect of μ (upper curves) as function of the lon-

gitudinal conductivity σxx. Full lines correspond to the disorder

represented by the Gaussian distribution of orbital energies fluc-

tuations while dashed lines are for the Lorentz distribution.

4 Results and discussion

Typical dependence curves of the anomalous Hall conduc-
tivity and the Peltier coefficient, Eq. (16), on the longitudi-
nal conductivity established by the use of the Eqs. (22) and
(23) are presented in Fig. 3 for two considered distribu-
tions p(η), Gaussian and Lorentz. Both bands are assumed
to be of the same width, 2w, and the chemical potential is
located just in the middle between mean orbital energies,

μ = [E
(+)
a + E

(−)
a ]/2. Such a model system corresponds to

the so called compensated metal having the same concen-
tration of electrons and holes at the Fermi level. In this case
the longitudinal Peltier coefficientαxx vanishes. Energy de-
pendence of the orbit radius has been approximated by the
linear expansion r(η)/ã = 0.4(1 + 0.4η/w) with ã = 3 Å.
For separation of mean orbital energies the value 0.8w has
been considered. The same parameters have been used for
dependence presented in Fig. 2.

Two regimes can be identified in Fig. 3. First, it is
the scattering-independent regime in which the anomalous
Hall conductivity approaches a constant value for σxx >

104 S/cm. In this regime the band broadening Γ is much
smaller then unperturbed band width w and σxy for the
perfect Bloch system is not significantly affected. Second,
it is the bad-metal regime (σxx ≤ 103 S/cm) in which
the anomalous Hall conductivity decreases with decreasing
σxx at a rate faster than linear. In this case of strong fluc-
tuations, Γ/w ≥ 1, the band broadening becomes substan-
tial. The resulting overlap of spin-polarized bands leads to
the suppression of the total orbital momentum and conse-
quently the Hall conductivity. The numerical example with
the used Gaussian distribution gives σxy ∼ σ1.57

xx in the re-
gion for which Γ/w ∼ 1.

The established scaling is in qualitative agreement with
that observed experimentally for several quite different fer-
romagnetic materials [2]. For example, Cu1−xZnxCr2Se4 in
the bad-metal regime gives σxy ∼ σ1.6

xx which is close to
the presented model result. Such agreement seems to be
surprising because of the model simplicity. Especially the
virtual crystal approach representing the effect of the po-
tential fluctuations is a crude approximation. Nevertheless
it has been found that more sophisticated approaches do
not change the qualitative behaviour presented. It indicates
the universality of the scaling.

5 Concluding remarks

It has been shown that anomalous Hall conductivity is de-
termined by the part of orbital momentum given by free
electron currents, orbital polarization momentum. For a
perfect Bloch system it is equivalent to the Fermi elec-
tron contribution of the Berry-phase corrections to the or-
bital magnetization [11]. General properties of the anoma-
lous Hall conductivity and the transverse Peltier coefficient
have been presented by using the simple two-band model
based on the local orbital approach. Despite of its simplic-
ity it qualitatively describes the scaling of the anomalous
Hall conductivity with the longitudinal conductivity within
bad-metal and scattering-independent regimes.

To estimate anomalous Hall conductivity for a real ma-
terial requires knowledge of local orbitals represented by
Wannier functions and also the specific form of fluctua-
tions relevant for the studied system. It is a challenge to
work out such a procedure based on the first principle cal-
culations. Newly developed numerical techniques allowing
to establish Wannier functions giving the best tight-binding
model parameters [17,18] or the linear muffin-tin orbital
(LMTO) method [19] together with the coherent potential
approximation [20] seem to be a proper way to establish
anomalous Hall effect for real materials.
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