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Abstract. We discuss, in conformally invariant ﬁeld theories such as QCD with massless
fermions, a possible link between the perturbative signature of the conformal anomaly, in
the form of anomaly poles of the 1-particle irreducible eﬀective action, and its description in terms of Wess-Zumino actions with a dilaton. The two descriptions are expected
to capture the UV and IR behaviour of the conformal anomaly, in terms of fundamental
and eﬀective degrees of freedom respectively, with the dilaton eﬀective state appearing in
a nonlinear realization. As in the chiral case, conformal anomalies seem to be related to
the appearance of these eﬀective interactions in the 1PI action in all the gauge-invariant
sectors of the Standard Model. We show that, as a consequence of the underlying anomalous symmetry, the inﬁnite hierarchy of recurrence relations involving self-interactions
of the dilaton is entirely determined only by the ﬁrst four of them. This relation can be
generalized to any even space-time dimension.

1 Introduction
Conformal anomalies play a signiﬁcant role in theories which are classically scale invariant, such as
QCD. This type of anomaly manifests as a non-vanishing trace of the vacuum expectation value (vev)
of the energy momentum tensor in a metric (gμν ) and gauge ﬁeld (Aμ ) background. If the spontaneous
breaking of symmetries is associated with massless Goldstone modes of a theory, it is also natural
to associate to the anomalous breaking of the conformal symmetry a massless state, identiﬁed as
the dilaton. Non-perturbative eﬀects may be responsible for the generation of a mass for this state,
as do radiative corrections in the form of a usual Coleman-Weinberg potential, by a perturbative
resummation. The anomaly is expressed by the functional relation
gμν T μν  s
F
E4

κ μν
F Fμν
4
1
≡ C αβγδCαβγδ = Rαβγδ Rαβγδ − 2 Rαβ Rαβ + R2
3
≡ Rαβγδ Rαβγδ − 4 Rαβ Rαβ + R2 ,
≡

A[g, A] = βa F + βb E4 + βc R −

(1)

a e-mail: luigi.dellerose@le.infn.it
b e-mail: carlo.marzo@le.infn.it
c e-mail: mirko.serino@le.infn.it

This is an Open Access article distributed under the terms of the Creative Commons Attribution License 4.0, which permits
unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.

Article available at http://www.epj-conferences.org or http://dx.doi.org/10.1051/epjconf/20148000015

EPJ Web of Conferences

with the β’s, κ constants which depend on the particle content of the theory. The ﬁrst two scalars
appearing in the anomaly functional given above correspond to the square of the Wey tensor (F) and
to the Euler-Poincaré density (E4 ), here specialized to 4 space-time dimensions.
A perturbative realization of the conformal anomaly is found in the Green function of one energymomentum tensor and two vector currents, the T VV (see Fig. 1) vertex. We start by discussing this
contribution and try to clarify the connection between the perturbative description of the conformal
anomaly both at high and low energy, elaborating on the respective eﬀective actions which account
for it. We begin from the chiral anomaly, as an example, moving then to the conformal anomaly at a
second stage.
Direct perturbative computations [1, 2] show that, in momentum space, for massless fermions and onshell photons of momenta k1 and k2 , the chiral anomaly diagram reduces to a single tensor structure

Figure 1. Diagrammatic expansions of the T VV vertex

Δλμν (k1 , k2 )

=

i Q2 k λ
2 π2 k2

μναβ

k1 α k2 β ,

(2)

with k = k1 + k2 , where we have denoted with λ the index associated with the axial vector current
and with μ, ν those of the two vector currents. In this case the form factor is trivially given by a 1/k2
term in the axial-vector channel, the anomaly pole [2]. A discussion of the nonlocal anomaly action
identiﬁed by this contribution in position space can be found in [1, 3, 4]. Obviously, it is by now
a common lore that the anomaly pole appearing in the perturbative computation is matched, in the
chiral limit of QCD, to the bound state of a quark-antiquark pair, identiﬁed with the pion. In this
respect, the perturbative pole of the chiral anomaly provides a window on the non perturbative phase
of QCD, with the anomaly reproduced, at low energy, by a composite state via a nonlinear (but local)
Wess-Zumino action. This second form of the anomaly action carries the same anomaly content of the
1-particle irreducible eﬀective action (1PI) obtained from (2), although the passage from the nonlocal
to the local formulation is, obviously, a complicated and unsolved problem, related to conﬁnement
and the vacuum structure of QCD. There is no doubt, though, that the appearance of poles in the 1PI
action is an important perturbative aspect which requires a close attention.
It is also clear, though, that the anomaly action is not unique. Both the local and the nonlocal versions of this action are legitimate descriptions of the same phenomenon, and we should use, for
phenomenological applications, the version of the two which is the most appropriate. The nonlocal
anomaly action, for instance, identiﬁed via the anomaly pole, is describing the conformal anomaly
from a perturbative perspective and corresponds to a UV description. Its counterpart, at lower energy, is a local action where the interpolating massless state appears as an asymptotic ﬁeld. We just
recall that Wess-Zumino actions, introduced as a variational solution of the anomaly condition, carry
00015-p.2

QCD@Work 2014

no reference to perturbation theory and introduce an extra ﬁeld, which shifts as a Goldstone mode
under the symmetry. This ﬁeld describes the same composite state previously identiﬁed in the UV as
a simple virtual exchange in the Feynman expansion. This ﬁeld can be a scalar or a pseudoscalar. In
the case of the conformal anomaly this scalar is the dilaton.
As we have emphasized above, anomaly poles are not only a feature of chiral anomalies, but also of
trace anomalies, as shown from the computation of the spectral densities of the T VV correlator in
pure QED [5, 6], QCD and electroweak theory [7, 8]. In massless QED, for instance, which is a conformally invariant theory aﬀected by the conformal anomaly, this is quite evident from the structure
of the T VV correlator in momentum space,


e2  1  β α
Γμναβ (k2 , 0, 0) = −
2 p q − k2 gαβ 2 pμ pν + 2 qμ qν − k2 gμν
2
2
48π k
 2
k
1
k2 αν βμ
η η + ηαμ ηβν
+ 12 log 2 − 35 pμ qν + pν qμ ηαβ +
3
2
μ

k2
− ημν ( ηαβ − qα pβ ) − ηβν pμ + ηβμ pν qα − ηαν qμ + ηαμ qν pβ ,
2

(3)

which exhibits again the 1/k2 behaviour of the anomaly, as in the chiral case. Here k is the momentum
of the graviton and p and q those of the two photons. This pole-like behaviour, as shown in [9], is
naturally inherited by the dilatation current JD = x T of the conformal theory. Obviously, given this
perturbative evidence, which we interpret as an ultraviolet description, it is then natural to thread our
way, also in this case, by following the example of the chiral anomaly. If the anomaly pole is the
signature of the pseudo-Goldstone boson of the broken conformal symmetry, then we should look
for an action which reproduces the same anomaly and is suitable for the description of this virtual
exchange as a composite asymptotic ﬁeld. This action will describe a composite dilaton and will be
characterized by a new scale, Λ, expected to be larger than the electroweak scale v. This perturbative
analysis has been carried out in all the neutral currents sectors of the Standard Model [7, 8], with
identical results.
We are now going to highlight the construction of the local anomaly action which is expected to
capture the dynamics of this composite state using a special procedure called Weyl gauging. As in the
chiral case, also in this case it is natural to expect that all the anomalous interactions of the eﬀective
dilaton will be derived from the anomaly functional. For instance, the part of the local eﬀective action
describing the anomaly pole appearing in (3) is trivial to write down

τ
Γ[Aμ , τ] =
d4 x F μν Fμν + . . . (mass terms) ,
(4)
Λ
with Λ the conformal scale, as the ﬁeld strength Fμν is inert under Weyl scaling. In general, however,
the derivation of the remaining contributions requires considerable eﬀort, also because of the contributions coming from the local anomaly terms which are prescription dependent and that we prefer to
keep. As in the chiral case, the development of a step-by step procedure which would allow to move
from one description to the other remains an open issue.

2 Weyl-gauging and the Wess-Zumino anomaly action for the dilaton
To derive the local dilaton anomaly action, we have extended the method of Weyl-gauging, ﬁrst proposed for classical theories in [10] (see also [11]) to the renormalized (quantum) action responsible
for the conformal anomaly. The general strategy for making a classical ﬁeld theory Weyl invariant
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involves ﬁeld-enlarging transformations such as
Φ → Φ edΦ τ/Λ ,


∇μ → ∇μ + −dΦ δν μ + 2 Σν μ Wν ,
ĝμν

→ gμν e−2τ/Λ ,

(5)

with τ being the dilaton and Wμ an abelian gauge vector ﬁeld. Under a Weyl transformation with a
parameter σ , the change in the metric is given by
ĝμν

→ ĝμν ≡ gμν e2 σ(x) ,

(6)

while the Weyl ﬁeld Wμ transforms as an ordinary abelian connection
Wμ

→

Wμ + ∂μ σ .

(7)

For a theory with a scale invariant Lagrangean, the compensator ﬁeld τ does not appear explicitly.
However, if the theory is not scale invariant, for instance due to the presence of dimensional parameters (μ), there is no way of avoiding the introduction of a compensator ﬁeld. The gauging procedure
renders the general dimensionful parameter μ Weyl invariant via the ﬁeld enlarging transformation
μ →

μ e−dμ τ/Λ .

(8)

Under a Weyl transformation, the transformation rule for τ is that of a Goldstone mode, with a local
shift
τ

→ τ − Λ σ(x) .

(9)

At a second stage the compensator is made dynamical with the inclusion of a kinetic term [12]. In a
minimal description, the Weyl gauge connection is traded for a derivative of the dilaton ﬁeld
Wμ

≡

∂μ τ
,
Λ

(10)

which has signiﬁcant aesthetic appealing, since the gradient of the dilaton ﬁeld takes the role of
a gauge connection for the implementation of the Weyl symmetry. Below we will provide few more
details concerning this construction, which exempliﬁes the approach to be followed in the computation
of the same action for realistic situations, the Standard Model being the most important case. In
general, there can be two kinds of contributions to the dilaton eﬀective action:
1. diﬀeomorphism× Weyl-invariant terms, carrying no information on the anomalous interactions;
2. diﬀeomorphism-invariant ×Weyl-non-invariant terms, describing anomalous interactions.
The ﬁrst kind of contributions are easy to identify, as they are simply given by all the terms obtained
by the Weyl-gauging of all the diﬀeomorphic invariant functionals [13],


1
Jn ∼
d4 x ĝ R̂n .
(11)
2(n−2)
Λ
It is interesting to investigate the eﬀect of Weyl gauging on the non Weyl-invariant part of the quantum
eﬀective action. This is best done by working in dimensional regularization, because in such a scheme
the terms in the trace anomaly are in a one to one correspondence with the 1-loop counterterms
00015-p.4
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[14]. Denoting with Γ0 [g] the classical unrenormalized action and with ΓCt [g] its counterterm, the
renormalized action Γ[g] takes the form
Γ[g] =

Γ0 [g] + ΓCt [g],

with
ΓCt [g] =

−

μ−


dd x

(12)
√ 
g βa F + βb E4 ,

= 4 − d.

The anomaly is generated by the counterterm



2
δΓ0 [g] 
δΓCt [g] 
2


gμν
= 0 , √ gμν
= βa F − R + βb E4 .
δgμν d→4
g
δgμν d→4
3

(13)

(14)

In the case of the square of the Weyl tensor F, for instance, starting from the expansion of the Weylgauged counterterms (with everything computed in d dimensions) one derives the functional relation




∞

∂i+ j ĝ F̂

1
1
1
1
i
dd x ĝ F̂ = −
dd x
−
,
(15)
i!
j!
Λ j ∂ i ∂(1/Λ) j
i, j=0
which plays a key role in the derivation of the local version of the anomaly action. Obviously, only the
O( ) contributions in the power-series expansion above are signiﬁcant, due to the 1/ pole. A similar
relation holds for the E4 counterterm. It is clear that by a Weyl gauging of the counterterm action we
are generating an action which is Weyl invariant
Γ̂ren [g, τ] =
δW Γ̂ren [g, τ] =

Γren [g, τ] − ΓWZ [g, τ] ,
0,

(16)
(17)

with δW the Weyl variation, showing that the new terms generated by this procedure correspond to
the
Wess-Zumino action (up to a sign). After rearranging (15) and the analogue equation for
 dilaton
√
dd x g Eˆ4 through many integrations by parts, we get the ﬁnal expression of the dilaton action

√ 
ΓWZ [g, τ] = Γren [g, τ] − Γ̂ren [g, τ] =
d4 x g

2
τ 
4
2
2 R
(∂τ)2 + (τ)2 − 3 (∂τ)2 τ + 4 (∂τ)4
F − R + 2
βa
Λ
3
Λ 3
Λ
Λ

τ
4  αβ R αβ
4
2
2
(18)
+ βb
E4 − 2 R − g ∂α τ ∂β τ − 3 (∂τ) τ + 4 (∂τ)4 .
Λ
2
Λ
Λ
Λ
At the price of introducing one extra degree of freedom, the dilaton, we have naturally obtained a
Weyl-invariant quantum eﬀective action, represented by Γren [g, τ]. Obviously, at this stage, we view
this result just as a formal trick which allows to extract ΓWZ [g, τ] in an interesting way and not as an
attempt to erase the conformal anomaly at quantum level. In particular, in the ﬂat space limit (with
g → δ) we have the result



4
2 βa
2
4
2
2
(τ)
)
(∂τ)
(β
ΓWZ [δ, τ] =
−
,
(19)
d4 x
+
+
β
(∂τ)
τ
+
a
b
Λ2
Λ3
Λ4
which can be very powerful from the computational point of view.
In fact, from (19) it is easy to extract the dilaton interactions predicted by the anomaly
In (x1 , . . . , xn ), deﬁned as


δn Γ̂ren [δ, τ] − Γren [δ, τ]
δn ΓWZ [δ, τ]
In (x1 , . . . , xn ) =
=−
.
(20)
δτ(x1 ) . . . δτ(xn )
δτ(x1 ) . . . δτ(xn )
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A remarkable feature of (20) is that
In (x1 , . . . , xn )

=

0,

n ≥ 5,

(21)

a constraint which can be generalized to any conformal theory in any even dimension d, showing that
there are no dilaton interactions for n > d.
Thanks to this relation, we can draw some signiﬁcant constraints on the traced correlators of the
energy-momentum tensor for classically conformally invariant ﬁeld theories. This program has been
completed in 2 and 4 dimensions in [13] and for 6 dimensions in [12].

3 Conclusions
The anomalous breaking of a conformal symmetry manifests in the appearance of a dilaton in the
eﬀective action. We have elaborated on the fact that the signature of this breaking, according to
the ultraviolet description provided by the Feynman expansion, consists in the appearance of anomaly
poles (found in all the gauge invariant sectors of QCD as of the electroweak theory) in those correlators
which manifest the anomaly. According to the perturbative picture, the corresponding action takes a
nonlocal form. On the other hand, the local action which describes the dynamics of this eﬀective
degree of freedom should take a typical Wess-Zumino form. In our approach we have derived this
action using a Weyl symmetric construction. This allows to obtain, as an important by-product, some
nontrivial constraints concerning the structure of the dilaton self-interactions. We expect that the
(local) nonlinear realization of this action will ﬁnd signiﬁcant phenomenological applications both in
QCD and in the electroweak theory.
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