
AN in inclusive lepton-proton collisions: TMD and twist-3 approaches

Alexei Prokudin1,a

1Jefferson Lab, 12000 Jefferson Avenue, Newport News, VA 23606, USA

Abstract. We consider the inclusive production of hadrons in lepton-nucleon scattering. For a transversely

polarized nucleon this reaction shows a left-right azimuthal asymmetry, which we compute in both TMD and

in twist-3 collinear factorization formalisms. All non-perturbative parton correlators of the calculation are fixed

through information from other hard processes. Our results for the left-right asymmetry agree in sign with

recent data for charged pion production from the HERMES Collaboration and from Jefferson Lab. We discuss

similarities and differences of the two formalisms.

1 Introduction

These proceedings are based on two papers published

in collaboration with Mauro Anselmino, Marielena

Boglione, Umberto D’Alesio, Stefano Melis, Francesco

Murgia in Ref. [1] and with Leonard Gamberg, Zhong-

Bo Kang, Andreas Metz, Daniel Pitonyak in Ref. [2]. All

results in these proceedings follow Refs. [1, 2].

Let us consider inclusive production of hadrons in

lepton-nucleon scattering, � N → h X. If the transverse

momentum Ph⊥ of the final state hadron is sufficiently

large, this presents a very interesting testing ground of two

different but related factorization schemes. One is the so-

called Transverse Momentum Dependent factorization and

the other twist-3 collinear factorization.

Our focus here is on the left-right azimuthal asymme-

try that can be defined if the nucleon is transversely polar-

ized. This asymmetry is similar to the transverse single-

spin asymmetry AN which has already been studied ex-

tensively in hadronic collisions like p↑p → h X — see

Refs. [3–33]. Recently, the HERMES Collaboration [34]

and the Jefferson Lab Hall A Collaboration [35] reported

the first ever measurements of AN in lepton-nucleon scat-

tering. In general, one may expect that AN in this reaction

could give new insight into the underlying mechanism of

AN in hadronic collisions, which is the subject of long-

standing discussions.

In twist-3 factorization one computes [2] AN using two

main components: First, a twist-3 effect originates from

the transversely polarized nucleon. In that case the key

non-perturbative entity is the so-called Qiu-Sterman (QS)

function [14, 15] — a specific quark-gluon-quark corre-

lator that has an intimate connection with the transverse

momentum dependent (TMD) Sivers function [36, 37].

Second, a twist-3 effect also arises from parton fragmen-

tation. This contribution can be expressed by means of

two independent fragmentation correlators [32, 38, 39],

ae-mail: prokudin@jlab.org

one of which is related to the Collins fragmentation func-

tion [40]. A first attempt to get a complete result for AN in

� p↑ → h X in the collinear twist-3 approach can be found

in a conference proceeding [41].

On the other hand one could assume TMD factoriza-

tion and then compute the asymmetry using TMD func-

tions, as done in [1, 42, 43]. Assuming the validity of the

TMD factorisation scheme for the process p � → h X in

which the only large scale detected is the transverse mo-

mentum PT of the final hadron in the proton-lepton c.m.
frame, the main contribution to AN comes from the Sivers

and Collins effects, and one has [21, 43–45].

We have studied [1, 2] the process in these two frame-

works and report here results and comparison.

2 Kinematics and analytical results in
twist-3

Here we discuss some details of the kinematics and present

the tree level results for the unpolarized and the spin-

dependent cross section entering the definition of AN . For

the process under consideration

�(l) + N(P, S P) → h(Ph) + X , (1)

l, P, and Ph denote the momentum of the lepton, nucleon,

and produced hadron, respectively, and S P is the spin vec-

tor of the nucleon. We use the momenta of the particles

to fix a coordinate system according to êz = P̂ = −l̂,
êx = P̂h⊥, and êy = êz × êx. The Mandelstam variables

for the scattering process are defined by

S = (l+P)2 , T = (P−Ph)2 , U = (l−Ph)2 , (2)

while at the corresponding partonic level one has

ŝ = (l + k)2 = xS , t̂ = (k − p)2 =
xT
z
, û = (l − p)2 =

U
z
,

(3)
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with k characterizing the momentum of the active quark

in the nucleon, and p the momentum of the fragmenting

quark. Neglecting parton transverse momenta one has k =
xP and p = Ph/z.

For the unpolarized lepton-nucleon collisions, the dif-

ferential cross section at leading order (LO) is given

by [46]

P0
h

dσUU

d3�Ph

=
2α2

em

S

∑
q

e2
q

∫ 1

zmin

dz
z2

1

S + T/z

×1

x
f q
1

(x) Dh/q
1

(z)
[ ŝ2 + û2

t̂2

]
, (4)

where f q
1

is the unpolarized quark distribution, and Dh/q
1

is the unpolarized fragmentation function. Here zmin =

−(T + U)/S , and x can be determined from the on-shell

condition ŝ + t̂ + û = 0 in our LO formula as

x = −(U/z)/(S + T/z) . (5)

We now turn to the spin-dependent cross section for the

process � N↑ → h X, that is, an unpolarized lepton scatter-

ing off a transversely polarized nucleon. We work in the

collinear factorization framework, in which this cross sec-

tion is a twist-3 observable. The twist-3 effect can either

come from the side of the parton distribution in the trans-

versely polarized nucleon [14], or from the side of the par-

ton fragmentation into the final-state hadron [30, 32, 38].

Calculations for such a twist-3 observable in collinear

factorization have become standard, and details can be

found in the literature — see, e.g., Refs. [14–17, 24–

26, 30, 32, 38, 39, 47–54]. In particular, we refer to [32]

where the fragmentation contribution to AN for p↑p → h X
has been computed. Here we only write down the final ex-

pression

P0
h

dσUT

d3�Ph

= −8α2
em

S
ε⊥μν S μ

P⊥ Pν
h⊥

×
∑

q

e2
q

∫ 1

zmin

dz
z3

1

S + T/z
1

x

×
{
− πM

û
Dh/q

1
(z)
(
Fq

FT (x, x) − x
dFq

FT (x, x)

dx

)

×
[ ŝ(ŝ2 + û2)

2t̂3

]

+
Mh

−xû − t̂
hq

1
(x)

{(
Ĥh/q(z) − z

dĤh/q(z)

dz

)[
(1 − x)ŝû

t̂2

]

+
1

z
Hh/q(z)

[ ŝ(ŝ2 + (x − 1)û2)

t̂3

]

+ 2z2

∫ ∞

z

dz1

z2
1

1
1
z − 1

z1

Ĥh/q,�
FU (z, z1)

[ xŝ2û
ξz t̂3

]}}
, (6)

where we use the convention ε12⊥ ≡ ε−+12 = 1, and ξ z =

z/zg with 1/zg = (1/z − 1/z1). At the operator level and in

a parton model analysis, the QS function Fq
FT [14, 15] can

be related to the first k⊥ moment of the Sivers function

f⊥q
1T [18, 55],

π Fq
FT (x, x) =

∫
d2�k⊥

�k 2⊥
2M2

f⊥q
1T (x,�k 2

⊥)
∣∣∣∣
SIDIS

, (7)

where the subscript “SIDIS” indicates the Sivers function

probed in semi-inclusive deep-inelastic scattering. The

function Ĥh/q has the following relation to the Collins

function H⊥h/q
1

[30, 32, 38],

Ĥh/q(z) = z2

∫
d2�p⊥

�p 2⊥
2M2

h

H⊥h/q
1

(z, z2�p 2
⊥) . (8)

Our definitions for both f⊥q
1T and H⊥h/q

1
follow the so-

called Trento convention [56]. On the fragmentation side

σUT contains two additional twist-3 terms. Those depend

on the two-parton correlator Hh/q and the (imaginary part

of the) 3-parton correlator Ĥh/q
FU . The underlying dynam-

ics for these functions may be similar to the one for the

Collins effect, and it turns out in fact that Ĥh/q,Hh/q, and

Ĥh/q,�
FU are not independent of each other but satisfy the

relation [32]

Hh/q(z) = −2zĤh/q(z) + 2z3

∫ ∞

z

dz1

z2
1

1
1
z − 1

z1

Ĥh/q,�
FU (z, z1) .

(9)

3 Analytical results in TMD approach

In Ref. [43] (to which we refer for all details) we con-

sidered the process p↑� → h X in the proton-lepton c.m.
frame (with the polarised proton moving along the posi-

tive Zcm axis) and the transverse single spin asymmetry:

AN =
dσ↑(PT ) − dσ↓(PT )

dσ↑(PT ) + dσ↓(PT )
=

dσ↑(PT ) − dσ↑(−PT )

2 dσunp(PT )
,

(10)

where

dσ↑,↓ ≡ Eh dσp↑,↓ �→h X

d3 Ph
(11)

is the cross section for the inclusive process p↑,↓ � → h X
with a transversely polarised proton with spin “up" (↑) or

“down" (↓) with respect to the scattering plane [43]. AN

can be measured either by looking at the production of

hadrons at a fixed transverse momentum PT , changing the

incoming proton polarisation from ↑ to ↓, or keeping a

fixed proton polarisation and looking at the hadron pro-

duction to the left and the right of the Zcm axis (see Fig. 1

of Ref. [43]). AN was defined (and computed) for a proton

in a pure spin state with a pseudo-vector polarisation ST

normal (N) to the production plane and |ST | = S T = 1.

For a generic transverse polarisation along an azimuthal

direction φS in the chosen reference frame, in which the ↑
direction is given by φS = π/2, and a polarisation S T � 1,

one has:

A(φS , S T ) = ST · ( p̂× P̂T ) AN = S T sin φS AN , (12)

where p is the proton momentum. Notice that if one fol-

lows the usual definition adopted in SIDIS experiments,

one simply has:

Asin φS
TU ≡ 2

S T

∫
dφS [dσ(φS ) − dσ(φS + π)] sin φS∫

dφS [dσ(φS ) + dσ(φS + π)]
= AN .

(13)

EPJ Web of Conferences

02028-p.2



The asymmetry can be written as:

AN =

∑
q,{λ}

∫
[Σ(↑) − Σ(↓)]q�→q�

∑
q,{λ}

∫
[Σ(↑) + Σ(↓)]q�→q�

, (14)

where
∫

stands for

∫
dx dz

16 π2x z2s
d2 k⊥ d3 p⊥ δ(p⊥ · p̂′q) J(p⊥) δ(ŝ+ t̂+ û) (15)

and

∑
{λ}

[Σ(↑) − Σ(↓)]q�→q� =
1

2
ΔNfq/p↑(x, k⊥) cos φ

×
[
|M̂0

1 |2 + |M̂0
2 |2
]

Dh/q(z, p⊥)

+h1q(x, k⊥) M̂0
1 M̂0

2 Δ
NDh/q↑(z, p⊥) cos(φ′ + φh

q) (16)

and∑
{λ}

[Σ(↑) + Σ(↓)]q�→q� = fq/p(x, k⊥)
[
|M̂0

1 |2 + |M̂0
2 |2
]

×Dh/q(z, p⊥) .
(17)

All functions and all kinematical and dynamical vari-

ables appearing in the above equations are exactly defined

in Ref. [43] and its Appendices and in Ref. [21].

TMD functions in notations of Refs. [1, 2] are related

and exact relations can be found in so-called Trento con-

vention Ref. [56].

The first term on the r.h.s. of Eq. (16) shows the contri-

bution to AN of the Sivers function ΔNfq/p↑(x, k⊥) [36, 37,

56],

Δ f̂q/p,S (x, k⊥) = f̂q/p,S (x, k⊥) − f̂q/p,−S (x, k⊥)

≡ ΔNfq/p↑ (x, k⊥) ST · ( p̂× k̂⊥) (18)

= −2
k⊥
M

f⊥q
1T (x, k⊥) ST · ( p̂× k̂⊥) .

The second term on the r.h.s. of Eq. (16) shows

the contribution to AN of the unintegrated transversity

distribution h1q(x, k⊥) coupled to the Collins function

ΔNDh/q↑(z, p⊥) [40, 56],

ΔD̂h/q↑ (z, p⊥) = D̂h/q↑ (z, p⊥) − D̂h/q↓ (z, p⊥)

≡ ΔNDh/q↑ (z, p⊥) sq · ( p̂′q × p̂⊥) (19)

=
2 p⊥
z mh

H⊥q
1

(z, p⊥) sq · ( p̂′q × p̂⊥) .

4 Numerical results and comparison

In this case, in order to apply our TMD factorised ap-

proach, one has to consider data at large PT . Among the

HERMES data there is one bin that fulfils this requirement,

with 1 ∼< PT ∼< 2.2 GeV, and 〈PT 〉  1–1.1 GeV. In Fig. 1

we show a comparison of our estimates with these data

for positive pion production. Sivers functions extracted in

Ref. [57] using the Kretzer set for the collinear FFs [58]

is reffered to as SIDIS 1 set. More recent extraction is of

Ref. [59], where also the sea quark contributions were in-

cluded, we adopted another set for the FFs, namely that

one by de Florian, Sassot and Stratmann (DSS) [60]. We

srefer to these as the SIDIS 2 set.

In this kinematical region the Collins effect is always

negligible, almost compatible with zero. The reason is

twofold: from one side the partonic spin transfer in the

backward proton hemisphere is dynamically suppressed,

as explained in Ref. [43]; secondly, the azimuthal phase

(see the second term on the r.h.s. of Eq. (16)) oscillates

strongly, washing out the effect.

The Sivers effect does not suffer from any dynamical

suppression, since it enters with the unpolarised partonic

cross section. Moreover, there is no suppression from the

integration over the azimuthal phases, as it happens, for

instance, in p p → π X case. Indeed in � p → π X only one

partonic channel is at work and, for the moderate Q2 val-

ues of HERMES kinematics, the Sivers phase (φ) appear-

ing in the first term on the r.h.s. of Eq. (16) appears also

significantly in the elementary interaction, thus resulting

in a non-zero phase integration.

Moreover, in this kinematical region, even if looking

at the backward hemisphere of the polarised proton, one

probes its valence region, where the extracted Sivers func-

tion are well constrained. The reason is basically related to

the moderate c.m. energy,
√

s  7 GeV, of the HERMES

experiment.

As one can see, the SSA for positive pion production

is a bit overestimated, Fig. 1. Notice that in the fully inclu-

sive case under study, at such values of
√

s and Q2 other

effects could contaminate the SSA. Nonetheless the quali-

tative description, in size, shape and sign, is quite encour-

aging.

Using twist-3 functions we compute asymmetry by

Eqs. (4,6). In the following we will plot AN(−xF , Ph⊥) =

AsinΨ
UT (xH

F , Ph⊥) as a function of xH
F and Ph⊥. In Fig. 2

we plot AN as a function of xH
F for π+ production with

1 < Ph⊥ < 2.2 GeV (〈Ph⊥〉  1 GeV) for lepton-proton

collisions at HERMES energy
√

S = 7.25 GeV [34]. For

π+ the contribution coming from Fq
FT related to the Sivers

effect is positive for all xF . The contribution from Ĥh/q

is of opposite sign and smaller in absolute value than that

from Fq
FT . The contribution from Hh/q is positive and that

from Ĥh/q,�
FU is negative, and their sum is similar in abso-

lute value to the contribution from Ĥh/q. In fact those three

contributions almost cancel each other leaving a nearly

vanishing fragmentation piece. The resulting asymmetry

is close to the contribution from Fq
FT and is larger than the

experimental data, as clearly seen in the figure. The exper-

imental data are around 5% and our computations result in

a positive asymmetry of about 15%.

Let us elaborate more on the contribution due to the

3-parton correlator Ĥh/q,�
FU . According to Ref. [33], Ĥh/q,�

FU ,

in particular through its contribution to Hh/q via Eq. (9),

might play a critical role for the description of AN in

p↑p → h X in the collinear twist-3 approach. In Fig. 3 we

present our computations for AN when Ĥh/q,�
FU is switched
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Figure 1. The theoretical estimates for Asinψ
UT vs. xF at

√
s  7

GeV and PT = 1 GeV for inclusive π+ production in � p↑ → π X
processes, computed according to Eqs. (14)–(17) of the text, are

compared with the HERMES data [34]. The contributions from

the Sivers (dotted blue lines) and the Collins (dashed green lines)

effects are shown separately and also added together (solid red

lines). The computation is performed adopting the Sivers and

Collins functions of Refs. [57, 61], referred to as SIDIS 1 in the

text (left panel), and of Refs. [59, 62], SIDIS 2 in the text (right

panel). The overall statistical uncertainty band, also shown, is

the envelope of the two independent statistical uncertainty bands

obtained following the procedure described in Appendix A of

Ref. [59].

off. (Note that setting Hh/q and Ĥh/q,�
FU to zero simulta-

neously would also imply Ĥh/q = 0 due to the relation in

Eq. (9).) We remind the reader that Ĥh/q,�
FU does not have an

analogue among TMD functions, thus using Ĥh/q = 0 sim-

plifies comparison with TMD formalism. Comparing with

Fig. 2 one observes that Aπ+

N does not change very much.

However, one must keep in mind that the function Ĥh/q,�
FU

was fitted to experimental data in proton-proton scattering

which are in the large positive xF range (i.e., large nega-

tive xH
F region) not explored by inclusive hadron produc-

tion in lepton-proton scattering at HERMES. Error bands

for these functions were not computed in Ref. [33].

N
A

H
Fx

0 0.1 0.2 0.3 0.4 0.5 0.6
-0.1

0

0.1

0.2

0.3

0.4

0.5

0.6 +π
Sum
FTF
H
H
FUH

Figure 2. AN as a function of xH
F for π+ (left panel) and π− (right

panel) production at Ph⊥ = 1 GeV for lepton-proton collisions

at
√

S = 7.25 GeV. The data are from Ref. [34]. The solid line

corresponds to the sum of all contributions. The Fq
FT contribu-

tion is the dashed line, the Ĥh/q contribution is the dotted line,

the Hh/qcontribution is the dot-dashed line, and the Ĥh/q
FU contri-

bution is the 3-dotted-dashed line. The error band comes from

uncertainties in the Sivers, Collins, and transversity functions es-

timated in Refs. [59, 63]. Note that positive xH
F corresponds to

pions in the backward direction with respect to the target proton.

N
A

H
Fx

0 0.1 0.2 0.3 0.4 0.5 0.6
-0.05

0

0.05

0.1

0.15

0.2

0.25

Figure 3. AN as a function of xH
F for π+ (left panel) and π− (right

panel) production at Ph⊥ = 1 GeV and
√

S = 7.25 GeV. The

data are from Ref. [34]. The solid line corresponds to sum of all

contributions with Ĥh/q,�
FU = 0.

4.1 Comparison and conclusions

Here we give a brief comparison between the collinear

twist-3 approach described in Sec 2 and the TMD Gener-

alised Parton Model (GPM) described in Sec 3 from both

a conceptual and a phenomenological point of view. The

GPM has been applied to AN for � p↑ → h X [1, 42, 43]

and for p↑p → h X — see [19–23] and references therein.

This model uses 2-parton correlation functions only, but

consistently keeps the transverse parton momenta at all

stages of the calculation. In the case of twist-3 observ-

ables like AN , not all leading power terms are covered by

the GPM.1 This holds for the twist-3 effect on the dis-

1A closely related discussion about the twist-3 so-called Cahn effect

in SIDIS can be found in Ref. [64].
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tribution side [65] and, in particular, also for the twist-3

fragmentation contribution [32]. As mentioned above, for

the latter one has two independent fragmentation corre-

lators [32], while in the GPM only the Collins function

contributes. (At present, a detailed analytical comparison

of the fragmentation contributions in the two approaches

does not exist.) On the other hand, the GPM contains

certain (kinematical) higher twist contributions and may

also mimic effects of a collinear higher order calculation

at leading twist. We note in passing that a recipe for incor-

porating in the GPM the process dependence of the Sivers

effect [66] has been discussed in [65].

Let us now turn to the phenomenology of AN for

� p↑ → h X. The GPM predictions are closer to the HER-

MES data than what we found in the collinear twist-3

framework, where the best results in the GPM were ob-

tained by exploiting somewhat older extractions of the

Sivers function and the Collins function [57, 61] — com-

pare Fig. 1 and Fig. 2 in [1] with our Fig. 2. However,

one again has to keep in mind the aforementioned under-

estimated error of the twist-3 calculation and the need for

a NLO calculation. Moreover, due to large error bands,

no conclusion could be drawn as to whether the Sivers

or Collins effect can describe AN in p↑p → πX within

the GPM [22, 23]. In this regard, a much more definite

statement was made with the collinear twist-3 analysis per-

formed in Ref. [33], i.e., that the fragmentation mechanism

in that formalism can be the cause of the transverse single-

spin asymmetries seen in pion production from proton-

proton collisions.

We find that twist-3 results with Ĥh/q,�
FU = 0 in Fig. 3

have the same signs and are close in magnitude to the

curves labeled as SIDIS 2 in Figs. 1 and 2 of Fig. 1. One

may speculate then that an analytical relation between the

GPM and twist-3 approaches (showing where the two for-

malisms agree and/or differ) is perhaps possible for this

observable if one neglects the 3-parton FF. However, as

already stated, no such rigorous derivation has been per-

formed yet. Let us also mention that prediction for Aπ+

N for

the EIC of Ref. [2] are comparable both in sign and size

with those of Refs. [1, 59] using GPM framework. On the

other hand, our result for Aπ−
N for the EIC is quite different

from what one finds in the GPM [1, 59]. Such a measure-

ment might therefore allow one to discriminate between

the phenomenology of the two approaches.

Further studies both theoretical and experimental are

needed to clarify the issues of relation of two factorization

mechanisms and the origin of the process. We emphasize

the need for computing the NLO corrections and assess

its impact on AN , especially in the region of lower trans-

verse hadron momenta Ph⊥. Moreover, we note the error

of our numerical calculations in Ref. [2] is underestimated

in case of twist-3 calculations. In this regard it will be im-

portant to better constrain the 3-parton fragmentation cor-

relator Ĥh/q,�
FU . On the experimental side, it would be very

useful to have absolute cross section measurements from

both HERMES and Jefferson Lab, which would help one

to obtain a quantitative understanding of the role played

by higher order corrections.
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