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Abstract

Cluster aspects in light unstable nuclei as well as light stable nuclei
are discussed. We focus on cluster structures of excited states in 12C,
9Li, and 10Be. The rotation of 3α cluster gas states in 12C and the
6He+t cluster resonances in 9Li are theoretically studied.

1 Introduction

In the recent experimental and theoretical studies, it has been revealed that
a variety of cluster structures appear in unstable nuclei as well as stable
nuclei (for instance, Refs. [1–4] and references therein). This fact indicates
that cluster is one of the essential features in nuclei. Needless to say, the
mean-field feature is another essential feature. The coexistence of cluster
and mean-field features brings rich phenomena in nuclear systems.

12C is a typical example where cluster and mean-field features coexist.
The ground state of 12C is a mean-field state dominated by the p3/2-shell
closed configuration. With energy around 100 MeV, all twelve nucleons of
12C can break up, and the system evolves to a nucleon gas state. In the
energy region around 10 MeV, much below the nucleon gas state, three α
clusters develop in excited states of 12C. The energy for the 3α cluster exci-
tation is much smaller than the energy for the nucleon gas state, implying
that the mean-field and cluster states coexist in low-energy spectra of 12C.
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Moreover, the cluster feature contributes to the ground state structure of
12C. Because of many-body correlation, α clusters are formed at the nuclear
surface even in the ground state, where clusters are largely overlapping with
each other to form a compact triangle state of the 3α structure. This cluster
feature is different from the spatially developed 3α cluster structures in ex-
cited states and it is regarded as a kind of ground state correlation. Namely,
the ground state of 12C is the p3/2-shell closed configuration with the mixing
of the 3α cluster component. From the standpoint of the cluster structure,
the ground state is regarded as the compact 3α state containing the cluster
breaking component.

Historically, many cluster structures have been found mainly in light
stable nuclei. In these years, various cluster structures have been suggested
in heavier-mass nuclei in sd-shell and pf -shell regions. For instance, in 32S,
α+28Si cluster states have been suggested recently [5, 6]. In 32S, also the
superdeformation with the 16O+16O cluster structure has been predicted
in the comparable energy region in the theoretical study, and the 16O+16O
molecular resonances have been known in much higher energy region [1,3,4,
7]. The possible coexistence of the α+28Si cluster states and the 16O+16O
cluster states is one of the interesting issues to be solved.

Further rich cluster phenomena are expected in unstable nuclei owing
to existence of excess nucleons. As predicted in Ikeda’s threshold rule [8],
remarkable cluster structures with spatial development have been suggested
in excited states near the threshold energy. In neutron-rich nuclei, many new
cluster states containing exotic clusters have been suggested in theoretical
and experimental studies: He+He cluster states in Be isotopes, 10Be+α
states in 14C, 14C+α states in 18O and their mirror states, 18O+α states in
22Ne, 9Li+6He states in 15B, 6He+t states in 9Li, and so on.

Conventional cluster models based on the assumption of specific clus-
ters such as α and 16O are no longer applicable for new cluster states hav-
ing exotic clusters as t, 6He, 8He, 10Be, 14C, and 18O in unstable nuclei.
Since 1990’s, many extended frameworks such as antisymmetrized molec-
ular dynamics (AMD) [3, 9, 10] and fermionic molecular dynamics (FMD)
methods [11–13], and extended cluster models of the stochastic variational
method [14, 15], the GCM method [16, 17], and the generalized two-center
cluster model [18, 19] have been developed and applied for cluster study of
unstable nuclei.

Our aim is to theoretically investigate various cluster phenomena to
achieve a systematic understanding of nuclear systems. In this paper, we dis-
cuss cluster phenomena in p-shell nuclei based on the theoretical calculations
mainly using the antisymmetrized molecular dynamics (AMD) method [3,9].
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One the advantages of the AMD method is that the model can describe fea-
tures of both cluster and mean field aspects in general nuclei. In particular,
shell-model structures and cluster formation in low-lying states as well as
developed cluster structures in excited states can be described within the
AMD framework without assuming the existence of any clusters.

This paper is organized as follows. In the following section, the formula-
tion of the AMD model is explained. Cluster structures of 12C are studied
based on the AMD+VAP calculation in section 3, and 6He+t cluster reso-
nances in 9Li are discussed based on the cluster GCM calculation in section
4. Finally a summery is given in section 5.

2 Formulation

In the framework of antisymmetrized molecular dynamics (AMD) [3, 9], an
A-nucleon wave function is given by a Slater determinant of Gaussian wave
packets:

ΦAMD(Z) =
1√
A!

A{ϕ1, ϕ2, ..., ϕA}, (1)

where the ith single-particle wave function is written as

ϕi = φXiχiτi, (2)

φXi(rj) ∝ exp

{
−ν

(
rj − Xi√

ν

)2
}

, (3)

χi =
(

1
2

+ ξi

)
χ↑ +

(
1
2
− ξi

)
χ↓. (4)

Here φXi and χi are spatial and spin functions, and τi is the isospin function
which is fixed to be up (proton) or down (neutron). The width parameter
ν is fixed for each nucleus. Accordingly, an AMD wave function is specified
by a set of variational parameters, Z ≡ {X1,X2, · · · ,XA, ξ1, ξ2, · · · , ξA},
which indicate the Gaussian center positions and the spin orientations for
all nucleons. These parameters are determined by the energy variation.

The AMD wave function is similar to the FMD wave function [11, 12].
The major difference between the AMD and the FMD calculations is the ef-
fective interaction. Phenomenological effective interactions are usually used
in the AMD calculation, while the effective interaction derived from the
realistic interaction is used in the FMD calculation.

To study nuclear structure, energy variation and spin-parity projection
are applied to the AMD wave functions. For the study of Be isotopes, the
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variation after spin-parity projection was performed in the AMD framework
(VAP). For more details of the AMD method, the reader is referred to
Ref. [3].

To study the cluster resonances of 9Li, the 6He+t-cluster GCM calcula-
tion is performed instead of the AMD method.

The effective nuclear interactions used in the present calculations are the
Volkov force and the MV1 force [20,21] with a spin-orbit force supplemented
by the Coulomb force.

3 Cluster gas and rotation

In 12C, we see a variety of cluster structures comprising 3 α clusters. The
ground state of 12C is the compact triangle state of the 3α cluster structure
with a mixing of the p3/2-shell closed configuration, while 3α cluster struc-
tures develop in excited states especially near or above the 3α threshold
energy.

In this decade, the idea of the α cluster gas state has been proposed
by Tohsaki et al. [22, 23]. In the α cluster gas state, α clusters are weakly
interacting in low density like a gas. Because of the bosonic behavior of α
particles in such a dilute system, this state is often discussed in relation with
α condensation in a dilute nuclear matter, though the concept of conden-
sation should not be directly applied to such a small system of only three
αs.

In the result of the AMD calculation, where the α cluster formation
and breaking are microscopically taken into account, many developed 3α
cluster states are obtained in excited states near and above the 3α threshold
energy, even though any clusters are not a priori assumed in the model. We
obtained the 0+

2 state with the feature of the α cluster gas, and also the 0+
3

state having the remarkable 3α cluster structure with an open triangle 3α
configuration (the bending chain like structure).

It is interesting to study the rotation of these cluster states. Recently,
new excited states in 12C were experimentally observed. The 2+

2 state at
9.84(0.06) MeV and the 4+

1 state at 13.3 MeV were reported by Itoh et
al. [24] and Freer et al. [25, 26]. These excited states are candidates of
band members starting from the cluster gas states, 12C(0+

2 ). In Fig. 1, the
excitation energies of these 3α cluster states around are shown as well as
the 0+

2,3,4 states. The energy spectra of the 0+
2 , 2+

2 , and 4+ states show a
rotational band feature, the linear dependence on J(J + 1).

However, it is questionable whether the cluster gas state constructs the
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usual rotational band of the rigid rotor. A more essential problem is ”what is
the rotation of the cluster gas state?”. The cluster gas state has no intrinsic
deformation. Naively, the spherical gas state has no degree of freedom for
the quantum rotation because of the rotational invariance of the intrinsic
state. Indeed, in the result of AMD, it is found that the band is not the rigid
rotor rotation but the intrinsic structure change occurs in the band with the
increase of the spin. When the spin goes up, the cluster gas state in the
band-head 12C(0+

2 ) changes into somewhat deformed state in the 12C(2+
2 ).

Once the intrinsic system has the intrinsic deformation, it can rotate and
construct a rotational band. This is one of the interpretations of the rotation
of the cluster gas state.

The above-mentioned assignment of the 0+
2 , 2+

2 , and 4+ states is based
on the rather strong E2 transition of 2+

2 → 0+
2 obtained by the AMD cal-

culation. However, the AMD result shows further strong E2 transition of
2+
2 → 0+

3 , which suggests the possible alternative band assignment that the
0+
3 state can be the band-head state of the 2+

2 state. The intrinsic structure
of the 0+

3 state is dominated by the open triangle 3α configuration with the
large deformation similar to the 2+

2 and 4+ states. As a result of the large
deformation, the remarkably strong E2 transitions are obtained between
these bands as shown in Fig. 1.

Another interesting problem is the stability of the linear chain 3α struc-
ture in C isotopes. According to AMD and FMD calculations [10,13,27], it
was found that the straight-line linear chain structure is not stable in 12C
but only the bending chain-like 3α structure with the open triangle config-
uration may appear in the 0+

3 state a few MeV above the 0+
2 state. The

question is whether the 3α linear chain structure with excess neutrons can
be stabilized in excited states of neutron-rich C such as 14C. The structure
of 14C was studied with the β-γ AMD method [28]. As is expected, it was
found that the 3α linear-chain structure is stabilized by additional neutrons
in excited states of 14C [29]. Because of the elongated shape, the linear
chain structure is predicted to construct a Kπ = 0+ rotational band with
the small level spacing above the 10Be+α threshold energy.

4 6He+t and 6He+4He cluster states in 9Li and
10Be

The Kπ = 0+
2 band in 10Be has been extensively studied and its developed

cluster structure has been discussed in experimental and theoretical works.
The 0+

2 state at 6.18 MeV just below the 6He+α threshold energy is con-
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Figure 1: Energy levels of 3α cluster states of 12C. (Left) The experimental levels
of 0+, 2+, and 4+ states for the 3α cluster states around Ex ∼ 10 MeV which
have been reported by recent experimental works by Itoh et al., [24] and Freer et
al. [25, 26]. The 0+

2 state is also shown. (Right) The 0+
2 , 0+

3 , 2+
2 , and 4+

2 states
obtained by the AMD+VAP calculation [27]. The calculated B(E2) values (e2fm4)
are also shown by arrows.

sidered to be the band-head state of the Kπ = 0+
2 band. The 2+ state at

7.54 MeV and the 4+ state at 10.2 MeV have been experimentally suggested
to have a developed 6He+α-cluster structure [30–32] though the spin and
parity of the 10.2 MeV have not established yet [33]. These 2+ and 4+ states
are considered to be the candidates for the members of the Kπ = 0+

2 band
starting from the 0+

2 state.
In the theoretical studies of 10Be, the ground and excited Kπ = 0+ bands

have been described well having 2α+2n cluster models. In the molecular
orbital models [34–37], the Kπ = 0+

2 band is described by the σ2 molecular-
orbital state where valence neutrons occupy the σ orbital with two nodes
along the α-α direction. Sophisticated four-body calculations of α+α+n+n
have supported the σ2 structure of the Kπ = 0+

2 band [15,17]. In Refs. [18,
19], the molecular orbital formation and the α+6He asymptotic behaviors
are described in a unified way, and the transition from the strong coupling
6He+α cluster state to the weak coupling one is investigated. It should be
commented that the 2α cluster formation in neutron-rich Be isotopes has
been indeed confirmed by the AMD calculations without assuming existence
of α clusters [38, 39].

The development of the 6He+α cluster structure in the excited states
near the threshold energy is naively expected from the Ikeda’s threshold
rule which suggests appearances of developed cluster states near the cor-
responding threshold energy [8]. Similarly to the 6He+α cluster states in
10Be, one may expect the possible appearance of 6He+t cluster states near
the 6He+t threshold energy in excited states of 9Li. It is a challenging issue
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Figure 2: (Left) Energy levels of positive-parity states in 10Be. The calculated levels
are obtained by the 6He+4He-cluster GCM calculation. (Right) Energy levels of
negative-parity states in 9Li calculated by the 6He+t-cluster GCM method. The
energies measured from the 6He+4He and 6He+t threshold are plotted. The figures
are taken from Ref. [40].

to search for such resonances of two neutron-rich clusters. In our previous
study with the quadrupole deformation (β-γ) constraint in a framework of
AMD, we have shown an indication of a largely deformed state having a
6He+t structure in the excited states of 9Li [28].

To investigate the 6He+t-cluster states near the 6He+t threshold in 9Li,
we perform GCM calculations with a 6He+t cluster model [40]. The calcu-
lated energy levels measured from the 6He+t threshold energy are shown in
Fig. 2. In the calculated result, we obtain 6He+t cluster resonances a few
MeV above the 6He+t threshold energy. The cluster resonances Jπ = 1/2−2 ,
3/2−3 , 5/2−2 and 7/2−2 form a Kπ = 1/2− rotational band, and show strong
in-band E2 transitions. They show remarkably developed 6He+t cluster
structure.

Compared with the Kπ = 0+
2 band of 10Be, in which the 6He cluster

strongly couples to the neighboring 4He cluster, the 6He cluster in the 6He+t-
cluster states of 9Li couples more weakly to the t cluster. It means that the
6He+t-cluster states have dominantly the 6He(0+) component, that is, the
6He cluster in the 6He+t resonances is rather spherical. It is contrast to
the deformed 6He cluster in the Kπ = 0+

2 band of 10Be, in which the 4He
cluster is sitting on the head of a deformed 6He cluster. The reason for the
weaker coupling to the t cluster than the coupling to 4He is that valence
neutrons feel the weaker potential from the t cluster and therefore they do
not move around the whole α + t core but tend to localize around the α
core. This is different from the case of 10Be, in which neutrons are moving
in the molecular σ-orbital around the 2α-cluster core.
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There is no experimental information for the 6He+t cluster resonances.
It is a challenging problem to experimentally search for such cluster states
consisting of exotic clusters, 6He and t, which are unstable nuclei themselves.

5 Summary

Various kinds of cluster structures appear in nuclear systems depending on
the neutron and proton numbers as well as on the excitation energy. We
focused on cluster structures of p-shell nuclei. In particular, we discussed
cluster features of excited states in 12C, 9Li, and 10Be.

Cluster structures of 12C were studied with the AMD+VAP calculation.
In the energy region near and above the 3α threshold energy, many devel-
oped 3α cluster states are obtained in the theoretical result. The rotation
of these 3α cluster states were discussed. Highly excited cluster states of
9Li were studied with cluster GCM calculations. The present work suggests
the 6He+t cluster resonance states near the threshold energy in 9Li. These
states are peculiar because they consist of exotic clusters that are them-
selves unstable nuclei. The analogy and difference between the clustering
properties of 9Li and 10Be were also discussed.
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