
Isospin symmetry breaking and large-scale shell-model calculations with the
Sakurai-Sugiura method

Takahiro Mizusaki1, Kazunari Kaneko2, Yang Sun3, and Shigeru Tazaki4

1Institute of Natural Sciences, Senshu University, Tokyo 101-8425, Japan
2Department of Physics, Kyushu Sangyo University, Fukuoka 813-8503, Japan
3Department of Physics and Astronomy, Shanghai Jiao Tong University, Shanghai 200240, People’s Republic of China, Institute
of Modern Physics, Chinese Academy of Sciences, Lanzhou 730000, People’s Republic of China
4Department of Applied Physics, Fukuoka University, Fukuoka 814-0180, Japan

Abstract.Recently isospin symmetry breaking for mass 60-70 region has been investigated based on large-scale
shell-model calculations in terms of mirror energy differences (MED), Coulomb energy differences (CED)
and triplet energy differences (TED). Behind these investigations, we have encountered a subtle problem in
numerical calculations for odd-odd N = Z nuclei with large-scale shell-model calculations. Here we focus on
how to solve this subtle problem by the Sakurai-Sugiura (SS) method, which has been recently proposed as a
new diagonalization method and has been successfully applied to nuclear shell-model calculations.

The isospin symmetry breaking is one of the current
topics in nuclear structure physics. An asymmetry be-
tween spectra of isospin analogue states with mirror pair
nuclei has been extensively investigated in the upper sd−
and the lower f p−shell regions [1], and in mass 60-70
region [2–6]. This asymmetry, that is, isospin symmetry
breaking arises partly due to the Coulomb force and partly
due to the strong nucleon-nucleon interaction.
To analyze this isospin symmetry breaking, mirror en-

ergy differences (MED) [7], Coulomb energy differences
(CED)[8] and triplet energy differences(TED) [7] have
been discussed. The MED is a measure of charge sym-
metry breaking in an effective interaction and is defined
as

MED(J) = Ex
J,T=1
Tz=−1 − Ex

J,T=1
Tz=+1, (1)

where Ex
J,T
Tz
is the excitation energies of analog states with

spin J and isospin T, Tz. The TED of T = 1 states in triplet
nuclei is a measure of the charge-independence breaking
and is defined as

T ED(J) = Ex
J,T=1
Tz=−1 + Ex

J,T=1
Tz=+1 − 2Ex

J,T=1
Tz=0 . (2)

For the TED, we have to evaluate the energy of the
T = 1 and Tz = 0 state for odd-odd N = Z nuclei pre-
cisely, employing shell-model calculations with isospin
non-conserving interactions [5, 6]. This calculation in-
volves a rather subtle problem in numerical calculations,
especially for large-scale shell-model calculation with the
widely used Lanczos method.
For the p f -shell or larger shells, we need large-

scale shell-model calculations where theM-scheme (shell-
model space with definite total magnetic quantum num-
ber) is often used. Third component of isospin, Tz, is also

given, choosing proton and neutron numbers. As the shell-
model interaction is rotationally invariant, the obtained
eigenstates naturally have a good total angular momentum.
For isospin-conserving interactions, they also have a good
total isospin. This property is often utilized by taking a
state with good total angular momentum and isospin as an
initial one of the Lanczos method.
Here we consider isospin symmetry breaking with

large-scale shell-model calculations. Once the shell-model
interaction contains several isospin symmetry breaking
terms, total isospin is no longer a conserved quantity. This
non-conservation is not, however, quantitatively signifi-
cant [5] but it brings numerical difficulty for Lanczos di-
agonalizations, especially for odd-odd N = Z nuclei with
large-scale shell-model calculations.
Without isospin symmetry breaking, the low-lying

states of odd-odd N = Z nuclei have T = 0 or T = 1. As
the ground state or low-spin yrast states often have T = 1,
there are many T = 0 states below the lowest-energyT = 1
analogue state in the Tz = 0 space as shown in Fig 1. As
energy increases, the level density becomes higher. In the
M scheme, in the case of isospin conserving interaction,
T = 1 states can be easily calculated in the Tz = 1 space
which has no T = 0 states due to the isospin algebra. This
calculation is, however, no longer valid for T ≈ 1 states
in the case of isospin non-conserving interactions, then
we need the Tz = 0 space. Here a computational prob-
lem arises. If we carry out the shell-model diagonalization
with the Lanczos method in the M-scheme, a number of
the Lanczos iteration seriously increases because there are
too many T ∼ 0 states below the analogue state. In the
case of large-scale shell-model calculations, this calcula-
tion becomes very difficult or impossible to carry out. For
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this reason, a new method is clearly necessary to compute
this analogue state hidden in the Tz = 0 space, not in the
Tz = 1 space.
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Figure 1. Schematic picture (a) Case for isospin conserving in-
teraction: solid and dotted lines show T = 1 and T = 0 states, re-
spectively. (b) Case for isospin non-conserving interaction: solid
and dotted lines show T ≈ 1 and T ≈ 0 states, respectively.

We have proposed a new shell-modelmethod [9] based
on the Sakurai-Sugiura (SS) method [10] where large-
scale shell-model diagonalization can be solved by the
help of the Cauchy integral on the complex plane. For
this formulation, a central quantity is moments μp defined
as

μp =
1
2πi

∫
Γ

〈φ|
(z − ε)p

z − H
|φ〉dz, (3)

where p = 0, 1, 2, · · · and H is a shell-model Hamiltonian.
In the present calculation, as |φ〉, we take |ψT=1,Tz=0〉 =
1
N

T−|ψT=1,Tz=1〉 where N is a normalization factor. This
state is obtained by the shell-model calculation in the
Tz = 1 space by switching off isospin symmetry breaking
terms. |ψT=1,Tz=1〉 is good approximation but it is defined in
the Tz = 1 space, not in the Tz = 0 space. By introducing
an isospin lowering operator T−, T−|ψT=1,Tz=1〉 is defined
in the Tz = 0 space and has a good isospin T = 1. We set ε
by the expectation energy with |ψT=1,Tz=0〉 of the Hamilto-
nian, including isospin symmetry breaking terms. As the
Cauchy integral contour Γ, we take a circle with the center
z = ε. Its radius is determined so as to include considered
state as shown in Fig. 1. In this method, we can directly

calculate eigenstates inside the Cauchy integral contour Γ.
Moreover, the computation becomes very fast because we
have well-approximated wave function.
The moments in Eq.(3) are evaluated by the numerical

integration and matrix elements of the two Hankel matri-
ces M and N are composed of these moments. Dimen-
sions of these matrices are at most 100 in typical numer-
ical calculations, independent of those of the shell-model
space. Then by solving the small-scale generalized eigen-
value problem Mx = eNx, we can obtain the energies
and wave functions within the Cauchy integral contour.
Note that this procedure can take full advantage of approx-
imated wavefunction |ψT=1,Tz=0〉 with the SS method, un-
like the Lanczos method. Its detailed procedure has been
fully discussed in Refs [9, 10]. Through several applica-
tions [4–6], we confirmed that this method works well and
quite efficiently. Thanks to this development with the SS
method, we have overcome the subtle numerical problem
in the TED, and now we have been able to calculate the
TED in mass 60-70 region.
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