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Abstract. Recent progress in a quantitative study of the 12 C+12 C sub-Coulomb fusion is reported. It is carried
out using full-dimensional, time-dependent wave-packet dynamics, a quantum reaction model that has not been
much exploited in nuclear physics, unlike in chemical physics. The low-energy collision is described in the
rotating center-of-mass frame within a nuclear molecular picture. A collective Hamiltonian drives the time
propagation of the wave-packet through the collective potential-energy landscape that is calculated with a realistic two-center shell model. Among other preliminary results, the theoretical sub-Coulomb fusion resonances
for 12 C+12 C seem to correspond well with observations. The method appears to be useful for expanding the
cross-section predictions towards stellar energies.

1 Introduction
The physics of low-energy nuclear reactions is crucial for
understanding the chemical evolution of the Universe [1].
For instance, the 12 C + 12 C fusion at energies near the
Gamow peak (∼ 1.5 MeV) plays a key role in the stellar carbon burning, whose cross section is commonly determined by extrapolating high-energy fusion data [2–4].
The direct fusion measurements are very diﬃcult to carry
out at very low energies (≤ 3 MeV), the observed resonant
structures making the extrapolation very uncertain [5–7].
The sub-Coulomb fusion of 12 C + 12 C has been recently addressed with the coupled channels method [8, 9].
These calculations suggest important eﬀects of both the
low-lying low-density energy spectrum of 24 Mg and the
12
C Hoyle state on the low-energy fusion cross section.
The theoretical fusion excitation curves are smooth, without resonant structures. This feature seems to be due to
the use of a strong absorption model that does not include
the physics of intermediate structure (nuclear molecule)
[10]. The key role of intermediate structure in fusion can
be addressed with a new quantitative model [11]. Recent
progress in this new model is reported in the present contribution.

2 New fusion model
Figure 1 shows the 12 C + 12 C nuclear molecule (upper
panel) along with the collective potential-energy landscape
(lower panel) as a function of the internuclear distance and
the alignment between the two deformed nuclei. The potential curves are presented for fixed orientation of the
a e-mail: torres@ectstar.eu
b e-mail: michael.c.wiescher.1@nd.edu

two 12 C intrinsic symmetry axis relative to the internuclear axis; the three axes are coplanar. The potential of
the non-axial symmetric configurations very weakly depends on the azimuthal angle of the 12 C intrinsic symmetry
axis. The collective potential energy has been calculated
with the finite-range liquid-drop model [12] using nuclear
shapes of a realistic two-center shell model [13]. The large
oblate deformation of 12 C (β2 = −0.5 and moment of inertia I = 0.67 2MeV−1 which is consistent with the ob2
served 2+ excitation energy [E2+ = 2I 2(2 + 1) = 4.43
MeV]) results in a continuous of Coulomb barriers and
potential pockets, which are distributed in a range of radii
(R = 4 − 8 fm). The lowest barrier (90 − 90 alignment)
favors the initial approach of 12 C nuclei which must reorientate in order to get trapped in the deepest pocket of the
potential (0 − 0 alignment) where fusion occurs. In transit
to fusion, the 12 C + 12 C nuclear molecule can populate
quasi-stationary (doorway) states belonging to the shallow potential pockets of the non-axial symmetric configurations. These doorway states may also decay into scattering states, instead of feeding fusion, as the 12 C nuclei
largely keep their individuality within the molecule [13].
The complex motion of the 12 C + 12 C nuclear molecule
through the potential energy landscape is driven by the kinetic energy operator that includes Coriolis interaction between the total angular momentum of the system and the
intrinsic angular momentum of the 12 C nuclei. We use an
exact expression of the kinetic energy operator [14].
Having determined the total collective Hamiltonian of
the 12 C + 12 C system in terms of the radial coordinate, R,
and the spherical angles of the 12 C symmetry axis, θi and
φi , the time propagation of an initial wave function has
been carried out using the modified Chebyshev propagator
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Figure 2. Transmission-coeﬃcient excitation function for the
16
O + 16 O central collision through the Coulomb barrier of the
Broglia-Winther potential, calculated with various methods indicated. The Coulomb-barrier energy is about 10 MeV.
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Figure 1. Cuts in the collective potential-energy landscape for
the 12 C + 12 C nuclear molecule as a function of the internuclear
distance and alignment, V(R, θ1 , φ1 = 0, θ2 , φ2 = 0). The 9090 alignment (dashed line) facilitates the access by tunneling to
the potential pockets. These are explored by the system, guided
by the kinetic-energy operator which drives non-axial symmetric configurations towards the potential pocket of 0-0 alignment
(solid line), where fusion happens by a strong absorption.

method is required. The energy-resolved scattering information can be obtained using a window operator [16]. The
key idea is to calculate the energy spectrum, P(Ek ), of the
initial and final wave functions. Ek is the centroid of a total
energy bin of width 2 . A vector of reflection coeﬃcients,
R(Ek ), is determined by the ratio [17]:
R(Ek ) =

P f inal (Ek )
.
P initial (Ek )

(3)

The transmission coeﬃcients are:
T (Ek ) = 1 − R(Ek ).

for the evolution operator [15]. The initial wave function
is determined when the 12 C nuclei are far apart at their
ground-states (0+ ), the radial and the internal coordinates
being decoupled:
Ψ0 (R, θ1 , k1 , θ2 , k2 ) = χ0 (R) ψ0 (θ1 , k1 , θ2 , k2 ),

where ζ j,m (θ, k) =



(2 j+1)( j−m)!
2 ( j+m)!

The energy spectrum P(Ek ) = Ψ|Δ̂|Ψ, where Δ̂ is
the window operator [16]:
Δ̂(Ek , n, ) ≡

(1)

where ki are conjugate momenta of the φi azimuthal angles, so (1) is in a mixed representation. The radial component, χ0 (R), is considered a Gaussian wave-packet, while
ψ0 (θ1 , k1 , θ2 , k2 ) is the internal symmetrized wave function
due to the exchange symmetry of the system:

ψ0 (θ1 , k1 , θ2 , k2 ) = ζ j1 ,m1 (θ1 , k1 )ζ j2 ,m2 (θ2 , k2 )

+(−1) J ζ j2 ,−m2 (θ1 , k1 )ζ j1 ,−m1 (θ2 , k2 )

(2)
/ 2 + 2 δ j1 , j2 δm1 ,−m2 ,
Pmj (cos θ) δkm , and Pmj are

associated Legendre functions. At the 12 C ground-state,
j1 = j2 = 0 and m1 = m2 = 0. Please note that the radial
and internal coordinates are strongly coupled when the 12 C
nuclei come together, so a product state like Eq. (1) is only
justified asymptotically.
Since the initial radial wave-packet, χ0 (R), contains diﬀerent translational energies, an energy projection

(4)

2n

(Ĥ − Ek )2n +

2n

,

(5)

Ĥ is the system asymptotic Hamiltonian, and n determines
the shape of the window function. As n is increased, this
shape rapidly becomes rectangular with very little overlap
between adjacent energy bins [16], the bin width remaining constant at 2 . The spectrum is constructed for a set
of Ek where Ek+1 = Ek + 2 . Thus, scattering information
over a range of incident energies can be extracted from a
time-dependent wave function that has been calculated on
a grid. In this work, n = 2 and = 50 keV. Solving two
successive linear equations for the vector |χ:
√
√
(6)
(Ĥ − Ek + i )(Ĥ − Ek − i ) |χ = |Ψ,
yields P(Ek ) = 4 χ|χ.
At deep sub-Coulomb energies, R(Ek ) ≈ 1, and Eq.
(4) becomes numerically unstable. The transmission coefficient is then obtained from:
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T (Ek ) =

−(8/vk) 4 χ|Img(Ŵ)|χ
,
P initial (Ek )

(7)
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Figure 3. The sub-Coulomb S-factor excitation function for 12 C + 12 C. Measurements [3, 4] are compared to preliminary theoretical
calculations within the time-dependent wave-packet method, indicating that molecular structure and fusion are closely connected.

where Img(Ŵ) < 0 denotes the imaginary potential
 that
operates at the fusion pocket in Fig 1, while vk = 2Ek /μ
is the asymptotic relative velocity. Eqs. (4) and (7) provide the same results at energies around the Coulomb barrier, which is a good test of the calculation. As an example and sake of simplicity, Fig. 2 shows the transmissioncoeﬃcient excitation function for the 16 O + 16 O central
collision, which is determined by three methods: solving
the stationary Schrödinger equation (solid line) and employing Eqs. (4) and (7) (symbols). The good agreement
among these methods demonstrates the reliability of the
present time-dependent wave-packet approach.
The model calculations are performed on a fivedimensional grid, i.e., a Fourier radial grid (R = 0 − 1000
fm) with 2048 evenly spaced points [18], and for the angular variables, (θ1 , k1 ) and (θ2 , k2 ), a grid based on the extended Legendre discrete-variable representation (KLegDVR) method [19]. The KLeg-DVR grid-size is determined by the values of jmax and kmax [19], which are set
as 4 and 0, respectively. Total angular momenta up to
J = 10 are included. The cross sections are provided
by a single wave-packet propagation with the initial, average total energy E0 = 3 MeV. The initial wave-packet was
centered at R0 = 400 fm, with width σ = 10 fm, and was
boosted toward the collective potential-energy landscape
in Fig. 1 with the appropriate average kinetic energy for
the E0 required. The calculations are considered preliminary, as these do not include Coriolis eﬀects yet.
The sub-Coulomb S-factor excitation function for 12 C
12
+ C is presented in Fig. 3. The fusion cross section,
σ f us (E), is calculated taken into account the identity of

the interacting nuclei and the parity of the radial wave
function (only even partial waves J are included), i.e.,

σ f us (E) = π2 /(2μE) J (2J + 1)(1 + δ1,2 )T J (E), where μ
is the reduced mass, E is the incident energy in the centerof-mass frame and T J is the partial transmission coeﬃcient. The S-factor is S (E) = σ f us (E)E exp(2πη), where
the Sommerfeld parameter η = (μ/2)1/2Z1 Z2 e2 /(E 1/2 )
and Zi = 6 is the 12 C charge number. Fig. 3 shows important features:
1. The total angular momenta J = 0 and 2 clearly
determine the observed resonant structures in the 45 MeV energy window.
2. The J = 0 component is not dominant at deep subCoulomb energies, where various partial waves substantially contribute to the total S-curve. At these
energies, the total S-curve is smooth and overestimates the data. For E < 2 MeV, the fusion cross
section declines strongly. More complete and precise calculations as well as more accurate measurements are required at the astrophysically important
energy region (E < 3 MeV), which are challenging
and are being pursued currently.
Preliminary calculations are very promising, indicating that molecular structure and fusion are closely connected in both the 12 C + 12 C and 16 O + 16 O systems [20].
Calculations for other astrophysically important heavy-ion
systems (e.g., 16 O + 12 C) are in progress. The present
method might be a more suitable tool for expanding the
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cross section predictions towards lower energies than the
commonly employed potential-model approach.
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