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Abstract. The chemical and thermal equilibration in the central zone of heavy-ion col-

lisions at energies around FAIR is studied within two microscopic models. Two systems

are utilized for the analysis: (i) central cubic cell of fixed volume V = 125 fm3 and

(ii) expanding central area of uniformly distributed energy density. It is found that ki-

netic, thermal, and chemical equilibration of the expanding hadronic matter are nearly

approached in both systems for the period of 10-18 fm/c. The expansion proceeds almost

isentropically. The extracted equation of state (EOS) in P − ε plane has a linear depen-

dence P = aε, where a ≡ c2
s slightly increases with the collision energy from 0.12 to

0.145. Linear dependencies for the EOS are found also in T − μB and T − μS planes.

The characteristic kinks observed in the last two phase diagrams are linked to inelastic

freeze-out in the expanding fireball.

1 Introduction

Ultra-relativistic heavy ion collisions offer a unique opportunity to study the nuclear phase diagram

at high temperatures and densities, and to search for a new state of matter, predicted by Quantum

Chromodynamics (QCD), namely, a quark-gluon plasma (QGP) of deconfined quarks and gluons.

Lattice QCD calculations show that as the temperature of the system crosses some critical value Tc,

the energy density rapidly increases and reaches the black body limit for T > Tc, indicating that the

system has turned into the QGP phase. Relaxation to local equilibrium and thermalization has become

a central issue because it is implicitly or explicitly assumed in most proposed signals of the QGP. It

is usually postulated that the non-equilibrium initial stage of nuclear collisions, during which shock

waves, partonic jets, etc., heat the system, is considerably shorter than the characteristic hadronization

times. Evidently, there must be dissipative and irreversible processes leading to equilibration. The

hydrodynamic stage arises when the evolution of the system can be described in terms of local average

particle number, their velocities and energies [1]. However, since the initial state of HIC’s is produced

far from equilibrium, its relaxation to local equilibrium should be studied within e.g. kinetic theory

and/or non-equilibrium microscopic models of hadronic matter.

The microscopic models can help us to understand dynamics of relativistic heavy ion collisions

and reveal, after comparison with the experimental data, the signals of the QGP formation. For our
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analysis two transport Monte Carlo models were employed: ultrarelativistic quantum molecular dy-

namics (UrQMD) model [2] and quark-gluon string model (QGSM) [3]. Central gold-gold collisions

with zero impact parameter b = 0 were simulated at bombarding energies Elab = 11.6, 20, 30, 40, 80

and 160 AGeV, respectively. These reactions can probe the domain of temperatures and baryon chem-

ical potentials where, according to the lattice QCD calculations, the tricritical point of nuclear phase

diagram is located [4]. Search for the tricritical point and determination of the equation of state are

among the primary goals of the compressed baryon matter (CBM) experiment at GSI FAIR at energies

about 20-30 AGeV [5]. But the fireball formed in the course of a heavy ion collision is not a stationary

system. It expands, therefore its bulk characteristics, such as energy density and baryon density, are

instantly changing. How to determine the emergence of equilibrium in this system?

The standard procedure [6, 7] is to compare the snapshot of particle yields and spectra in the test-

volume at given time with those predicted by the statistical thermal model (SM) of hadron gas [8, 9].

The total energy, the net baryon charge, and the net strangeness extracted for a certain volume of the

reaction were inserted into a system of nonlinear equations to obtain temperature, baryon chemical

potential and strangeness chemical potential of an ideal hadron gas in equilibrium. If the microscopic

yields and transverse momentum spectra of particles are close to that provided by the statistical model,

the matter in the cell is considered to be at least in the vicinity of equilibrium. Then its equation of

state and other thermodynamic characteristics can be derived and studied.

This analysis was further modified in [10]. In addition to a fixed-size cell the concept of expanding

volume of uniformly distributed energy density was implemented. Here the whole volume of the

fireball is subdivided into rather small cells. Suppose that at certain time the energy densities of n

inner cells are similar. The verification of the equilibrium conditions is repeated after a timestep of

Δt = 1 fm/c. If the energy densities of m outer cells become the same as those of the n inner cells, the

new volume to be checked for the fulfillment of local equilibrium conditions consists now of n + m

cells, and so on.

The paper is organized as follows. After a brief introduction of basic principles of microscopic

transport models UrQMD and QGSM in Sec.2, the statistical model of an ideal hadron gas is for-

mulated in Sec.3. Section 4 presents study of relaxation of fireballs produced in central heavy ion

collisions at different bombarding energies to the equilibrium. Effective EOS in the form P = aε is

extracted in Sec.5. Analysis is extended to T − μB and T − μS diagrams as well. Conclusions are

drawn in Sec.6.

2 Microscopic models

Both UrQMD and QGSM are formulated as Monte-Carlo event generators allowing to perform a care-

ful analysis of the measurable quantities by introducing all necessary experimental cuts. The models

are designed to describe hadronic, hadron-nucleus, and nuclear collisions in a broad energy range. In

the hadronic sector both models treat the production of new particles via formation and fragmenta-

tion of specific colored objects, strings. Strings are uniformly stretched, with constant string tension

κ ≈ 1 GeV/fm, between the quarks, diquarks and their antistates. The excited string is fragmenting

into pieces via the Schwinger-like mechanism of qq̄-pair production, and the produced hadrons are

uniformly distributed in the rapidity space.

In the UrQMD model the longitudinal excitation of strings is employed, and the string masses

arise from momentum transfer. In the QGSM model the string masses appear due to the color ex-

change mechanism, and strings are stretched between the constituents belonging to different hadrons.

Also, the fragmentation functions which determine the energy, momentum, and type of the hadrons

produced during the string decay, are different in the models. Tables of the experimentally available
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information, such as hadron cross sections, resonance widths and decay modes, are implemented in

the models. If this information is lacking, the one-boson exchange model, detailed balance consider-

ations and isospin symmetry conditions are employed. The propagation of particles is governed by

Hamilton equation of motion, and both models use the concept of hadronic cascade for the description

of hA and A + A interactions. Due to the uncertainty principle newly produced particles can interact

further only after a certain formation time. Only hadrons containing the valence quarks can interact

immediately with the reduced cross section σ = σqN . The Pauli principle is taken into account via the

blocking of the final state, if the outgoing phase space is occupied.

3 Statistical model

If the system is in thermal and chemical equilibrium, its macroscopic characteristics are fully deter-

mined by particle distribution functions

f (p,mi) =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣exp

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

√
p2 + m2

i
− μBBi − μSS i

T

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠ ± 1

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

−1

, (1)

where p, mi and di is the momentum and mass of the hadron species i, respectively. Sign + stands

for fermions and − for bosons. One has to know just three parameters, namely, temperature T and

chemical potentials assigned to the conserved charges: baryon chemical potential μB and strangeness

chemical potential μS. Chemical potential of i-th hadron depends on baryon and strangeness content

μi = BiμB + S iμS. Then the expressions for particle number density ni, energy density εi and pressure

P read

ni =
gi

2π2

∫ ∞

0

p2 f (p,mi)dp (2)

εi =
gi

2π2

∫ ∞

0

p2

√
p2 + m2

i
f (p,mi)dp (3)

P =
gi

2π2

∫ ∞

0

p2dp
p2

3(p2 + m2
i
)1/2

f (p,mi). (4)

with gi being the spin-isospin degeneracy factor. The entropy density si can be calculated either via

the distribution function as

si = −
gi

2π2

∫
f (p,mi)

[
ln f (p,mi) − 1

]
p2dp , (5)

or from the Gibbs thermodynamic identity

T si = εi + Pi − μBρBi
− μS ρS i

. (6)

The total energy density ε, baryon density ρB and strangeness density ρS calculated microscopi-

cally within the cell at time t are inserted into the set of nonlinear equations

ε =
1

V

∑
i

ESM
i (T, μB, μS), (7)

ρB =
1

V

∑
i

Bi · NSM
i (T, μB, μS), (8)

ρS =
1

V

∑
i

S i · NSM
i (T, μB, μS). (9)
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to determine temperature T , baryon chemical potential μB and strangeness chemical potential μS . Af-

ter that all characteristics of the system in equilibrium are known and particle spectra can be compared

with those obtained from microscopic model calculations.

4 Relaxation to equilibrium

The most appropriate area to look for the equilibrium is the central cell in the center-of-mass (CM)

frame. In this case the net collective flow of particles is essentially zero. The cell should be neither

too large because of possible density impurities nor too small to validate the statistical description.

Previous studies revealed [6, 7] that the cubic cell with volume V = 125 fm3 is well suited for our

analysis. To study the early stage of the evolution and the onset of the equilibrium, the central cell

was further subdivided into the smaller ones, embedded one into another. The energy density was

calculated for each cell. In case the energy densities of the inner and outer cells are similar, the latter

becomes a new test-volume. Thus one follows the expansion of the area of homogeneously distributed

energy.

The equilibrium in the cell cannot set in earlier than the time needed for Lorentz contracted nuclei

to pass through each other and leave the cell. After that the pressure isotropy should be checked. Fig-

ure 1 shows the time evolution of pressure in transverse (x) and longitudinal (z) directions calculated

for A+A collisions at energies from 11.6 AGeV to 158 AGeV.
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Figure 1. Time evolution of pressure components in

the central cell of Au+Au collisions at energies from

11.6 AGeV to 158 AGeV in (a) UrQMD and (b) QGSM

calculations.
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Figure 2. Energy spectra of hadrons at t = 13 fm/c

and t = 10 fm/c in (a) UrQMD and (b) QGSM calcula-

tions. Lines correspond to the fit to Boltzmann distribu-

tion with single temperature T .
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These components become very close (within the 5%-limit of accuracy) to each other after the

certain time. The higher the bombarding energy, the faster the convergence, and vice versa. Compar-

ison with the pressure calculated in the SM (also plotted in Fig. 1) shows a good agreement between

microscopic and macroscopic calculations. The preequilibrium stage in the cell holds for a period

of about 10 − 12 fm/c (Fig. 1). Then the system develops again the anisotropy in the pressure and

velocity sectors due to significant reduction of number of collisions between particles.

10
-2

10
-1

1 UrQMD 40 AGeV
  N

K++K0

10
-2

10
-1

10
-2

10
-1

0 5 10 15
t (fm/c)

 Λ+Σ

10
-2

10
-1

1
QGSM 40 AGeV

- SM

10
-3

10
-2

10
-1

0 5 10 15

10
-3

10
-2

10
-1

1

t (fm/c)

 n
i (

fm
-3

)

 N

 Λ+Σ

 K++K0

Figure 3. Hadron yields in the central cell with V = 125 fm3 of central Au+Au collisions at 40 AGeV in UrQMD

(left) and QGSM (right) calculations.

Isotropy of the pressure gradients is just the necessary prerequisite of local equilibrium. Two other

conditions demand fulfillment of thermal and chemical equilibrium. The energy spectra dN/4πpEdE

shown in Fig. 2 are fitted to Boltzmann distribution. In both models the shapes of the spectra are close

to the exponential ones, corresponding to unique temperature T . This is taken as evidence of thermal

equilibration in the system. The yields of hadron species in the central cell of Au+Au collisions at

Elab = 40 AGeV at the moment t = 13 fm/c are displayed in Fig. 3. Statistical model results are plotted

onto the distributions also. One can see that for a certain period the calculations of microscopic and

macroscopic models are close to each other, i.e. chemical equilibrium is attained.
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5 Equation of State

How dense is the compressed baryonic matter? Here it is important to mention two factors. First,

the density estimations are very sensitive to the tested volume, especially at the early stage. Figures

4 and 5 indicate that for the central cell of relatively big volume V = 125 fm3 the baryon density in

both models cannot exceed 5ρ0 at any energy in question. In contrast, for the small cell of volume

V = 0.125 fm3 the ratio ρB/ρ0 can be as high as 15 at Elab = 40 AGeV, as shown in bottom plots of

these figures. Such high densities were reported in [11], where calculations of several microscopic

and macroscopic models were compared. In our opinion this is a pure kinematic effect. When two

Lorentz-contracted nuclei pass through each other, the apparent baryonic density can be quite high.

By no means the whole system is far from equilibrium. Solid lines represent the calculations related

to equilibrated matter at t ≈ 10 fm/c. We see that the baryon density in the cell at this time is about

twice of normal nuclear density.
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Figure 4. Time evolution of total energy density vs.

baryon density (in units of ρ0) in the central UrQMD

cell of volume (a) 125 fm3 and (b) 0.125 fm3 for differ-

ent bombarding energies.

0

2

4

6

8

0 2 4
ρB/ρ0

ε 
(G

eV
/f

m
3 )

- 11.6 AGeV/c
- 20 AGeV/c
- 30 AGeV/c
- 40 AGeV/c
- 80 AGeV/c
- 158 AGeV/c

5x5x5 fm3

0

10

20

30

40

0 10 20
ρB/ρ0

ε 
(G

eV
/f

m
3 )

- 11.6 AGeV/c
- 20 AGeV/c
- 30 AGeV/c
- 40 AGeV/c
- 80 AGeV/c
- 158 AGeV/c

0.5x0.5x0.5 fm3

QGSM
 (a)

 (b)

Figure 5. Time evolution of total energy density vs.

baryon density (in units of ρ0) in the central QGSM cell

of volume (a) 125 fm3 and (b) 0.125 fm3 for different

bombarding energies.

Isentropic expansion of relativistic fluid is one of the main postulates of Landau hydrodynamic

theory [1] of multiparticle production. Though conditions in the cell are instantly changing, it is

possible to check the behavior of the entropy per baryon. Within the 5% accuracy limit, this ratio is

nearly conserved in the equilibrium phase of expansion, see Fig. 6. The entropy densities obtained for

the cell in both models are very close to each other, but, because of the difference in net-baryon sector,

the ratio s/ρB in UrQMD is about 15-20% larger than that in QGSM. Recall that both the pressure

isotropy and the conservation of s/ρB supports the application of hydrodynamics.
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collisions at energies from 11.6 AGeV to 158 AGeV.

Dashed lines correspond to the non-equilibrium stage of

the reaction, solid lines represent the equilibrium phase.
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Figure 7. Time evolution of the pressure P and the en-

ergy density ε in the central 125 fm3 cell in (a) UrQMD

and (b) QGSM calculations.

Without the equation of state, which links pressure of the system to its energy density, the sys-

tem of hydrodynamic equations is incomplete. The corresponding plot is presented in Fig. 7. For

all energies in question and for both models the dependence of pressure on energy density is re-

markably linear. Thus the EOS has a rather simple form P(ε) = aε, where a varies from 0.12 at

Elab = 11.6 AGeV to 0.145 at Elab = 158 AGeV. The slope parameter is related to the speed of sound

in the system as a ≡ c2
s . Both models indicate that the increase of the slope parameter with rising

bombarding energy is changing at Elab = 40 AGeV. After this energy threshold the sonic velocity is

less sensitive to collision energy [10].

The obtained results are in line with other estimates. For instance, the presence of resonances in

hadron spectrum should reduce the speed of sound. In this case the EOS can be coined in the form

[12]

ε = (α + 4)P , (10)

where 2 ≤ α ≤ 3. It means that
1

7
≤ c2

s ≤
1

6
. At RHIC energies

√
s = 200 GeV PHENIX collaboration

extracted the value cs ≈ 0.35±0.05 [13] from the analysis of elliptic flow. This value c2
s = 0.12±0.03

is also very close to our result. All obtained results favor the quite soft EOS.

The time evolution of the central cell in T−μB plane is shown in Fig. 8. The increase of temperature

with the initial collision energy is accompanied by the drop of baryo-chemical potential in line with

the statistical model analysis of the freeze-out conditions at various energies [9]. At energies above
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Figure 9. The same as Fig. 8 but for the temperature

- strangeness chemical potential plane. See text for de-

tails.

40 AGeV the temperature in the cell at the onset of equilibrium is close to the area of phase transition

predicted by the MIT bag model for ideal quark-gluon plasma phase with mS = 0 [6]. For the

“expanding cell" we see distinctly the kink (or “knee"), corresponding to the beginning of the stage of

kinetic equilibrium for all energies in question. The entropy per baryon ratio becomes constant here

already at t = 4 fm/c. It is worth mentioning that similar kinks were observed in several quite different

models, such as (i) lattice QCD simulations for 2-flavor medium [14]; (ii) σ−ω−ρmodel with scaled

hadron masses [15]; (iii) chiral fluid dynamics model with Polyakov loop [16] also along the lines of

constant entropy per baryon. Despite the similarities, the origin of the phenomenon in microscopic

calculations might not necessarily be the same. For instance, it can be connected to transition from

strings as dominant mechanism of particle production to (quasi)elastic collisions, i.e. to inelastic

freeze-out.

Evolution of temperature with strangeness chemical potential is shown in Fig.9. Again, the kinks

emerge exactly at the transition from non-equilibrium phase to the equilibrium one. In contrast to

baryo-chemical potential, which increases with time, the strangeness chemical potential tends to de-

crease. The evolution of both potentials with temperature proceeds almost linearly.

Final remark. It looks a bit disappointing that equilibration in the fireball sets in quite late at

t ≈ 10 fm/c. However, many distributions presented here (see, e.g. EOS-plot or entropy-per-baryon

ratio) indicate that quasi-equilibrium description can be applicable much earlier, at t ≈ 3 − 4 fm/c. In
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this sense our work supports the results of [17], where it was shown that the hydrodynamic description

under a certain conditions can be applicable to systems which are not in local equilibrium. This

interesting and important question should be elaborated in future.

6 Conclusions

The following conclusions can be drawn from our study. Both UrQMD and QGSM predict the for-

mation of chemically and thermally equilibrated hot and dense nuclear matter in central heavy ion

collisions at energies from 11 AGeV to 158 AGeV. The equilibrium phase lasts about 10-15 fm/c.

During this period the expansion of matter in the central cell proceeds isentropically with constant

entropy per baryon, thus supporting the application of hydrodynamics. The EOS has a linear form

P = c2
sε, where the speed of sound rises to c2

s = 0.14 at Elab = 40 AGeV and then slowly increases to

0.145 at SPS and RHIC energies. The knee-structure which appears distinctly in T − μB and T − μS

phase diagrams in calculations for expanding zone of uniformly distributed energy is likely to be re-

lated with the chemical freeze-out in microscopic models. However, other possibilities, e.g. phase

transition, etc. are not ruled out.
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