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Abstract. The Axial Magnetic Eﬀect manifests itself as an equilibrium energy ﬂow
of massless fermions induced by the axial (chiral) magnetic ﬁeld. Here we study the
Axial Magnetic Eﬀect in the quenched SU(2) lattice gauge theory with massless overlap fermions at ﬁnite temperature. We numerically observe that in the low-temperature
hadron phase the eﬀect is absent due to the quark conﬁnement. In the high-temperature
deconﬁnement phase the energy ﬂow is an increasing function of the temperature which
reaches the predicted asymptotic T 2 behavior at high temperatures. We ﬁnd, however,
that energy ﬂow is about one order of magnitude lower compared to a theoretical prediction.

1 Introduction
A standard manifestation of an anomaly in a quantum ﬁeld theory is a breaking of a classical symmetry by quantum ﬂuctuations. As a consequence, a classically conserved current, associated with
anomalous symmetry, is no more conserved on a quantum level. For example, the axial anomaly
leads to a non-conservation of the axial current (diﬀerence in current of left- and right-handed massless fermions). A physically measurable consequence of the axial anomaly is the decay of the neutral
pion into two photons.
Recently it was realized that the quantum anomalies are also important for certain unusual transport eﬀects characterized by the existence of dissipationless currents in the presence external ﬁelds. It
is very interesting that these nondissipative currents exist in (strongly) interacting systems in thermal
equilibrium. The celebrated examples of the anomalous transport properties are the Chiral Magnetic
Eﬀect [1–6] and the Chiral Vortical Eﬀect [7–11]. The dissipationless currents can either be anomalous currents associated with global symmetries like the axial current or the currents related to the
presence of gauged symmetries such as the electric current or the energy current.
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The anomalous transport phenomena can be described by a set of transport coeﬃcients which
relate the dissipationless currents with external ﬁelds. It is interesting to notice that the dependence
of the transport coeﬃcients on chemical potentials is associated with conventional chiral anomalies
while a temperature dependence enters via a gravitational contribution to the anomalies [12–14].
For example, the axial anomaly leads to the Chiral Magnetic Eﬀect (CME): in the background of
an external magnetic ﬁeld a chirally imbalanced gas of fermions generates an electric current along
the axis of the magnetic ﬁeld according to the anomalous conduction law
j = σAME B
.

(1)

The chiral imbalance, given by the diﬀerence in densities of left- and right-handed fermions, is usually
described by the presence of a nonzero chiral chemical potential μ5 and σAME ∝ μ5 .
The CME was observed in numerical simulations of lattice QCD [15, 16]. The aim of our study
is to demonstrate, in thermal equilibrium, the existence of the gravitationally induced anomalous
dissipationless transport using ﬁrst-principle lattice simulations.
The gravitational anomaly can be probed by the Axial Magnetic Eﬀect which generates the energy
 5 . The axial magnetic ﬁeld
ﬂow of massless fermions along the direction of the axial magnetic ﬁeld B
 5 (− B
 5 ) on a
is a magnetic ﬁeld which distinguishes the chiralities of fermions. This ﬁeld acts as + B
left- (right-)handed fermion.
The Axial Magnetic Eﬀect is convenient for investigation in lattice gauge theories because the
corresponding anomalous transport coeﬃcient is nonzero even in the absence of chemical potentials.
In other words, in order to probe this eﬀect in lattice simulations it is suﬃcient to consider a ﬁnite
temperature lattice gauge theory with all chemical potentials set to zero. The axial magnetic ﬁeld can
trivially be introduced as the usual magnetic ﬁeld acting separately on left- and right-handed fermions
with opposite signs. This strategy was implemented in Refs. [17, 18] which will be summarized
below.

2 Axial Magnetic Effect in QCD
The AME is described by the following equation:
5 ,
J = σAME B

(2)

 5 is the axial magnetic ﬁeld. The AME may be realized in the
where Ji = T 0i is the energy ﬂow, B
pure thermal vacuum with all chemical potentials set to zero, μ = μ5 = 0. In a weakly coupled gas of
left- and right-handed fermions with charges, respectively, qL and qR , the axial magnetic conductivity
raises with temperature as follows:
⎛
⎞
 ⎟⎟
1 ⎜⎜⎜⎜
qL ⎟⎟⎟⎠ T 2 .
(3)
σAME =
⎜ qR −
24 ⎝ R
L
It is relatively simple to check the AME transport law (2) in Euclidean lattice simulations because
 5 is a rather straightforward procedure [17–20].
the lattice implementation of the axial magnetic ﬁeld B
This fact was used in Ref. [19, 20] where the validity of the theoretical prediction (3) was explicitly
demonstrated in numerical simulations of a system of free lattice fermions. In a case of (strongly)
interacting fermions the law (3) may in principle be modiﬁed. The central issue of the present article
is a numerical calculation of the axial magnetic conductivity entering the transport law (2) in a strongly
interacting theory.
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We study the AME in a simplest possible nonperturbative setup given by a two-color QCD with
quenched quarks. The word “quenched” means that quark loops are ignored so that the eﬀect of the
virtual quarks on gluon dynamics is neglected. It is known that the quark propagator is not strongly
altered by the quenching eﬀects [21] therefore one may generally expect that the quenching should
give a moderate contribution to the anomalous transport of quarks in Eq. (6).
The quenched SU(2) QCD has two phases, the low-temperature conﬁnement (hadron) phase and
the high-temperature deconﬁnement (plasma) phase. The phases are separated by a second-order
phase transition at the critical temperature T = T c .
On general grounds one can expect that in the conﬁnement phase T < T c the dissipationless energy
current should not be generated since in the conﬁnement phase the free massless quarks – which are
critically important for the AME – cannot exist as asymptotic states.
The AME may only be realized in the deconﬁnement phase at T > T c . Generally, on dimensional
arguments, one may expect that in the high-temperature regime at T  T c the AME conductivity
should be proportional to the squared temperature σAME ∼ T 2 as in the theoretical formula (3).
In order to illustrate the existence of the eﬀect it is enough to consider one fermion ﬂavor, N f = 1,
which carries a unit charge:
q5L = −qR5 = +e .

(4)

According to Eq. (3), in QCD with two colors Nc = 2 and one ﬂavor N f = 1 the prefactor σ in the
AME law (2) has the following form:
σth (T )

th
= CAME
T2 ,

(5)

with
th
CAME

=

2N f Nc 1
≡ .
24
6

(6)

3 Numerical results
We consider the following Lagrangian,
L5

/ 5 (A5 )ψ ,
= ψ̄(∂μ − igAaμ ta − iγ5 eA5,μ )γμ ψ ≡ ψ̄D

(7)

where the axial ﬁeld A5,μ acts as a classical Abelian background ﬁeld superimposed over the dynamical
non-Abelian gauge ﬁeld Aaμ , and ta , a = 1, 2, 3 are the generators of the corresponding SU(2) gauge
group. The gauge ﬁeld Aaμ is generated in standard lattice Monte-Carlo simulations of SU(2) lattice
gauge theory.
We choose the axial gauge ﬁeld in the following form
A5,0 = A5,3 = 0 ,

A5,1 = −

x2 B5
,
2

A5,2 =

x1 B5
,
2

(8)

which corresponds to a stationary uniform axial magnetic ﬁeld pointing in the third direction, B5,i =
B5 · δi,3 . The latin index i = 1, 2, 3 labels the spatial coordinates and μ = 0 is the time direction.
The energy ﬂow of the quarks is given by the vacuum expectation value of the T 0i component of
the stress-energy tensor,
Ji

=

T 0i ≡

i
ψ̄(γ0 Di5 + γi D05 )ψ ,
2

where the covariant derivative is deﬁned in Eq. (7).
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In addition to the fermionic part (9), the energy ﬂow may generally also contain a gluonic contribution. However, in the quenched approach the quark vacuum loops are absent so that the gluons
are not sensitive to the external magnetic ﬁeld (although the gluons carry no electric charge, their
dynamics is aﬀected by the external magnetic ﬁeld via interactions with quark vacuum loops). As a
result the energy ﬂow of gluons is vanishing in our approach and Eq. (9) gives us the full energy ﬂow
in the theory.
The details of the numerical calculation of the energy ﬂow (9) in the theory (7) in the presence
of the axial magnetic ﬁeld given by the background (8) can be found in Refs. [17, 18]. Below we
summarize the basic results of our studies.
First of all, we have numerically observed in Ref. [17] that in the conﬁnement phase the AME is
absent, as expected. In the deconﬁnement phase the dissipationless energy ﬂow is a linear function
of the strength of the axial magnetic ﬁeld B5 . This linear behavior is valid a wide set of temperature
and volumes, in agreement with the theoretical prediction (2). A corresponding example is shown in
Fig. 1 for the ﬁxed temperature T ≈ 1.6 T c .
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Figure 1. Energy ﬂow (9) parallel (J ) and perpendicular (J⊥ ) to the direction of the axial magnetic ﬁeld B5 in
the deconﬁnement phase at T ≈ 1.6 T c . The red dashed line represents the best linear ﬁt conﬁrming the existence
of the AME (2). From Ref. [17].

Due to the robustness of the AME’s linear law in order to ﬁnd the temperature behavior of the
conductivity coeﬃcient,
CAME (T ) =

J (T, eB5 )
,
eB5 T 2

(10)

it is suﬃcient to calculate the energy current J for a single value of the external axial magnetic ﬁeld
B5 at a given temperature T . In Fig. 2 we show the dimensionless coeﬃcient (10) of the conductivity (3) as a function of temperature T . It is seen that the conductivity coeﬃcient CAME (T ) raises with
temperature at phase transition region, and approaches a constant value at T ∼ 1.5 T c implying the
expected T 2 behavior of the conductivity σ(T ) at higher temperatures [18].
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Figure 2. The dimensionless conductivity coeﬃcient (10) of the dissipationless energy ﬂow vs. temperature.
The dashed line represents the best ﬁt by Eq. (11). From Ref. [18].

It turns out that the temperature behavior of the coeﬃcient CAME can well be described by the
following formula [18]
ﬁt
∞
CAME
(T ) = CAME
exp −

h T0
,
T − T0

(11)

valid for T > T 0 . The corresponding best ﬁt is shown in Fig. 1 by the dashed line. It is important to
stress that the best ﬁt parameter
∞
CAME
= 0.0097(2) ,

(12)

corresponds to the AME conductivity
∞
σ(T ) = CAME
T2

(13)

in the high-temperature limit. The numerical value of this quantity is much smaller than the theoretical
prediction (6). Indeed, the theoretical proportionality coeﬃcient should be an order of magnitude
larger (6):
th
CAME
=

1
≈ 0.166 .
6

(14)

We attribute this diﬀerence to eﬀects of nonperturbative interactions because in lattice simulations
of free (noninteracting) fermions the anomalous energy ﬂow agrees very well with the theoretical
prediction [19].

4 Conclusions
Summarizing, we have numerically studied the Axial Magnetic Eﬀect in the quenched lattice SU(2)
gauge theory. The energy ﬂow is absent in the conﬁnement phase while in the deconﬁnement phase
the conductivity ﬂow is proportional to the strength of the axial magnetic ﬁeld, as expected. The
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AME conductivity raises sharply in the phase transition region at T ∼ T c and reaches the expected
asymptotic T 2 behavior at high temperatures. However, the conductivity coeﬃcient found in our
numerical simulations is approximately 17 times smaller than the coeﬃcient predicted by the linear
response theory at weak coupling.
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