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Abstract. We calculate the correlators of vector and axial currents in external strong
abelian magnetic ﬁeld in SU(3) gluodynamics.From the correlators the masses (ground
state energies) of neutral ρ and a1 and charged ρ mesons have been calculated depending
on its spin projection on the axis of external magnetic ﬁeld. The energies of neutral
vector mesons with zero spin decrease, while the energies of neutral vector and axial
mesons with nonzero spin increase as a function of the ﬁeld value. Also we show the
splitting of the ground state energy for the charged ρ± mesons in external magnetic ﬁeld.

1 Introduction
We investigate the dependence of ground energy states of light mesons depending on the magnetic
ﬁeld of hadronic scale. This study is of interest because it can give an indication of the phase structure
of QCD in a strong magnetic ﬁeld. Now it is possible to observe such magnetic ﬁelds in non-central
heavy-ion collisions in terrestrial laboratories (ALICA, RHIC, NICA, FAIR). The ﬁeld value can
reach up to 15m2π ∼ 0.27 GeV2 [1], i.e. the order of energies at which the QCD eﬀects appear. The
strong magnetic ﬁelds of ∼ 2 GeV may be associated with the formation of the Early Universe [2].
Quantum chromodynamics in a strong magnetic ﬁeld shows a lot of bright interesting eﬀects which
have been observed in experiment and discovered theoretically, for example inverse magnetic catalysis
[3], chiral magnetic eﬀect [4–8], enhancement of the chiral symmetry breaking [9–13].
The investigations related to QCD phase diagram in strong magnetic ﬁeld are presented in [14–
21]. Numerical simulations in QCD with N f = 2 and N f = 2 + 1 show that strongly interacting matter
in strong magnetic ﬁeld posses paramagnetic properties in the conﬁnement and deconﬁnement phases
[22–24].
In this work we explore the splitting of ground state energy of neutral ρ0 and charged vector
mesons ρ± and neutral axial meson a01 depending on its spin projection on the axis of the external
abelian magnetic ﬁeld. This exploration is important because such splitting can lead to the asymmetry
of emitted neutral and charged particles above and under reaction plane and contribute to the chiral
magnetic eﬀect.
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Articles [25–28] and [29] are also devoted to the behaviour of hadron masses in the external
abelian magnetic ﬁeld. The magnetic moments of mesons have been explored in [30].

2 Details of calculations
The technical details of our calculations are presented in [31]. The tadpole improved Symanzik action
was used for the generation of S U(3) statistically independent lattice gauge conﬁgurations. Then we
solve Dirac equation numerically
Dψk = iλk ψk , D = γμ (∂μ − iAμ )

(1)

and ﬁnd eigenfunctions ψk and eigenvectors λk for test quark in the external gauge ﬁeld Aμ .
We investigate the behaviour of the ground energy states in background gauge ﬁeld, which is a
sum of non-abelian S U(3) gluonic ﬁeld and U(1) abelian uniform magnetic ﬁeld. Abelian gauge
ﬁelds interact only with quarks. In our calculations we do not consider dynamical quarks. We add the
magnetic ﬁeld only in Dirac operator. Our simulations has been carried out on symmetrical lattices
with lattice volumes 166 and 184 and lattice spacings a = 0.115fm and 0.125 fm respectively.
We calculate the following observables in coordinate space and background gauge ﬁeld A
ψ† (x)O1 ψ(x)ψ† (y)O2 ψ(y)A ,

(2)

where O1 , O2 = γ5 , γ5 γμ , γμ are Dirac gamma matrices, μ, ν = 1, .., 4 are Lorenz indices.
In order to calculate the observables (2) we calculate quark propagators in coordinate space. For
M lowest eigenstates a massive Dirac propagator is represented by the following sum:
D−1 (x, y) =

 ψk (x)ψ† (y)
k
.
iλ
+
m
k
k<M

(3)

In our calculations we use M = 50. For the observables (2) the following equation is fulﬁlled
ψ̄O1 ψψ̄O2 ψA = −tr [O1 D−1 (x, y)O2 D−1 (y, x)] + tr [O1 D−1 (x, x)]tr [O2 D−1 (y, y)].

(4)

We calculate the correlators and make its Fourier transformation. As we are interested in the meson
ground state, we choose p = 0. For particles with zero momentum their energy is equal to mass
E0 = m0 .
The expansion of correlation function to exponential series has the form

C̃(nt ) = ψ† (0, nt )O1 ψ(0, nt )ψ† (0, 0)O2 ψ(0, 0)A =
0|O1 |kk|O†2 |0e−nt aEk ,
(5)
k

where a is the lattice spacing, nt is the number of nodes in the time direction, Ek is the energy of
the state. From expansion (5) one can see that for large nt the main contribution origins from the
ground state. Because of periodic boundary conditions the main contribution to the ground state has
the following form
C̃ f it (nt ) = A0 e−nt aE0 + A0 e−(NT −nt )aE0 = 2A0 e−NT aE0 /2 cosh((NT − nt )aE0 ),

(6)

where A0 is a constant, E0 is the energy of the ground state.
Mass of the ground state can be evaluated ﬁtting the correlator (5) with (6) function. In order to
minimize the errors and exclude the contribution of excited states we take various values of nt from
the interval 5 ≤ nt ≤ NT − 5. Masses of ρ mesons have been obtained from correlator (2), where
O1 , O2 = γμ . For O1 , O2 = γ5 γμ we get axial-vector a01 meson.
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Figure 1. The ground state energy of the neutral ρ0 meson with spin sz = 0 as a function of magnetic ﬁeld for
lattice volume 164 , lattice spacing 0.105 fm and lattice volume 184 , lattice spacings a = 0.105 fm, 0.115 fm,
0.125 fm and bare quark mass 34.26 MeV.

3 Neutral mesons
The correlation functions for various spatial directions are given by the following relations
C VV
xx = ψ̄(0, nt )γ1 ψ(0, nt )ψ̄(0, 0)γ1 ψ(0, 0),

(7)

VV
= ψ̄(0, nt )γ2 ψ(0, nt )ψ̄(0, 0)γ2 ψ(0, 0),
Cyy

(8)

VV
= ψ̄(0, nt )γ3 ψ(0, nt )ψ̄(0, 0)γ3 ψ(0, 0).
Czz

(9)

The form of the density matrix for vector particle with spin s = 1 gives the formulas for obtaining
the energies of meson with various spin projections on the axis of the external magnetic ﬁeld. For the
VV
sz = 0 one can obtain the energy of the ground state from the Czz
correlator. The combinations of
correlators
VV
VV
VV
C VV (sz = ±1) = C VV
(10)
xx + C yy ± i(C xy − C yx ).
gives the energies of mesons with sz = +1 and sz = −1.
The decreasing mass of neutral vector meson with zero spin is shown in Fig.1. For the case
of neutral mesons we consider degenerate d and u quarks, so the mixing between ρ0 (sz = 0) and
π0 (s = 0) states doesn’t occur on the lattice. One know that in the presence of strong magnetic ﬁeld
the branching in the decay ρ → πγ has to be large.
In Fig.2 we depict the mass of the ρ0 meson with spin projections sz = ±1. The masses for sz = −1
and sz = +1 are equal which is a manifestation of C-parity of ρ0 meson. They increase with the ﬁeld
value. The lattice spacing and lattice volume artifacts are small. We make a ﬁt
|s|=1
E = E0 (B = 0) − 2πβm
(eB)2
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Figure 2. The energy of the ground state of vector neutral ρ0 meson obtained from the cosh. ﬁts to the correlators
|s|=1
2
C VV
sz =±1 as a function of the magnetic ﬁeld together with the ﬁts E = E 0 (B = 0) − 2πβm (eB) to the data
2
on the interval eB ∈ [0, 2.2 GeV ]. All the ﬁts correspond to the 184 lattice, the solid line is for the lattice
spacing 0.105 fm, the dashed line is for the lattice spacing 0.115 fm and dashed-dotted line corresponds to the
a = 0.125 fm.

|s|=1
to the data on the interval eB ∈ [0, 2.2 GeV2 ], where βm
is the magnetic polarizability of meson
4
with spin |sz | = 1. All the ﬁts correspond to the 18 lattice, the solid line is for the lattice spacing
0.105 fm, the dashed line is for the lattice spacing 0.115 fm and dashed-dotted line corresponds to the
a = 0.125 fm. We observe the square-law dependence of the energy versus eB. One can calculate
the magnetic polarizability of neutral ρ0 meson from such ﬁts, but the extrapolation to zero lattice
|s|=1
spacing is necessary because the βm
value is sensitive to the lattice spacing value. We will calculate
the magnetic polarizability in the next work.
|s|=1
For the case of nonzero spin βm
value is negative and it means that the external magnetic ﬁeld
0
shrinks the wave function of the ρ meson. In case of zero meson spin projection on the ﬁeld axis the
magnetic polarizability is positive (one can see this from Fig.1) and it means that the magnetic ﬁeld
enlarge the size of ρ0 wave function.
In Fig.3 we present the mass of axial meson a01 with spin projection |sz | = 1. Like in the ρ meson
case we make a ﬁt (11) to the data but at larger interval eB ∈ [0, 4.5 GeV2 ], its value is also negative.
The energy increase quadratically. For the case of axial-vector a01 meson the large statistics and large
lattices are needed.

4 Charged mesons
In our case the energy levels of free charged pointlike particle in a background magnetic ﬁeld is
described by the formula
E 2 = |qB| − gsz qB + m2 (B = 0),
(12)
here g-factor characterizes magnetic properties of the particle, q is the charge of the particle, m2 (B = 0)
is the particle mass at B = 0. The values of g and m2 (B = 0) can be obtained from the ﬁtting to the data.
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Figure 3. The mass of axial meson a01 with spin |sz | = 1 as a function of magnetic ﬁeld for lattice volumes
164 , 184 , lattice spacings a = 0.105 fm and bare quark mass 34.26 MeV. The solid line correspnds to the ﬁt
2
4
4
E = E0 (B = 0) − 2πβ|s|=1
m (eB) to the data for 16 lattice, the dashed line is for 18 lattice.

The (12) is true only for point-like particle and doesn’t take into account polarizabilities of mesons.
We cannot distinguish negative and positive vector ρ mesons on the lattice because the exchange of
the particle charge to the opposite is equivalent to the exchange of B to −B which gives the same
masses at sz = 0.
In Fig.4 we represent the energy of the charged vector ρ meson √
with sz = 0. The data is in
accordance with formula (12) at eB ∈ [0, 2 GeV2 ]. We make a ﬁt E = a + eB to the data for lattice
volume 184 and lattice spacing a = 0.105 fm, where a = m2 (B = 0) is the ﬁt parameter.
We represent the energies of the ρ− with spin projections sz = −1 and sz = +1 in Figs. 5 and
6 correspondingly. The energy of the√ρ− ground state with sz = −1 decreases with the ﬁeld value
and the data agree with the ﬁt E = (1 − a)eB + b at eB ∈ [0, 0.6 GeV2 ]. Possibly the reason of
the discrepancy between the data and the ﬁt is non-zero polarizability of charged ρ meson. There is
some eﬀect which prevents the appearance of the tachyonic √
mode. The energy of ρ− ground state with
sz = +1 increases with the ﬁeld value. The function E = (1 + a)eB + b gives the excellent ﬁts for
the all presented data. Simple estimates give the following values of the magnetic ﬁeld corresponding
to the cut-oﬀ: 2.9 GeV2 for lattice spacing a = 0.115 fm and 2.5 GeV2 for a = 0.125 fm.

5 Conclusions
We explore the ground state energies the neutral ρ0 , a01 mesons and charged ρ± mesons in S U(3)
lattice gauge theory. The energies of neutral mesons with non-zero spin |sz | = 1 increase while the
energies of neutral particles with zero spin sz = 0 decrease. For the case of nonzero spin the data
demonstrate square-law dependence on ﬁeld value eB.
The energy splitting of charged particles is described by Landau levels at moderate magnetic ﬁeld:
for s = 0 till eB = 2 GeV2 , for ρ− (sz = +1) (ρ+ (sz = −1)) at all considered in this work magnetic
ﬁelds and for ρ− (sz = −1) (ρ+ (sz = +1)) at eB ∈ [0, 0.6 GeV2 ]. We didn’t observe any evidence

04038-p.5

EPJ Web of Conferences

4

2.2
E(ρs =0), GeV
z

-

164, mq=34.26 MeV, ρ-, a=0.115 fm
18 , mq=34.26 MeV, ρ : a=0.125 fm
a=0.115 fm
a=0.105 fm
0.5
fit: E=(a+eB)

2.4

2
1.8
1.6
1.4
1.2
1
0

0.5

1

1.5

2

2.5

eB, GeV2

Figure 4. The ground state energy of the charged vector meson ρ− with zero spin sz = 0 as a function of magnetic
ﬁeld for 164 and 184 lattices, a = 0.105, fm, a = 0.115, fm and 0.125 fm and various bare quark masses.

in favour of charged vector meson condensation as presented in [33, 34]. There is some mechanism
which prevents the appearance of tachyonic mode.
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