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Abstract. We present an analysis of ﬂuctuations of conserved charges, as baryon number
B and electric charge Q, using the Hadron Resonance Gas (HRG) model. The study of
such observables within a theoretical approach and the comparison to experimental data
on the moments of the multiplicity distributions of speciﬁc particles represents a useful
tool to extract the chemical freeze-out parameters, temperature T and baryo-chemical potential μB . In particular we calculate ratios of higher-order susceptibilities for net-protons
and net-charge and we compare our results to the latest data from STAR collaboration.
The eﬀect of resonance decays and kinematic cuts applied in the experimental analysis in
transverse momentum, rapidity and pseudo-rapidity are included in the calculation along
with the randomization of nucleons occurring in the hadronic phase.

1 Introduction
The understanding and the description of the phase diagram of nuclear matter under extreme conditions, high temperature T and/or baryo-chemical potential μB , represent major theoretical and experimental challenges. Heavy Ion Collisions (HICs) at experimental facilities provide a unique tool to
explore a wide area of this phase diagram, from the high baryo-chemical region covered by AGS,
SPS, Beam Energy Scan at RHIC and the future NICA and FAIR facilities to the high temperature
regime covered by top energies at RHIC and LHC.
The dynamical evolution of a HIC proceeds from a system of deconﬁned quarks and gluons, the socalled Quark-Gluon Plasma (QGP), formed at the early stages of the collision, which cools down to a
ﬁnal stage described by hadronic degrees of freedom which undergo elastic and inelastic scatterings.
In particular when inelastic collisions among hadrons stop, the hadro-chemistry and the abundances
of particle species are ﬁxed. This stage is called chemical freeze-out and is entirely determined by the
corresponding values of temperature T ch and baryo-chemical potential μB,ch .
So far, these freeze-out parameters have been extracted by means of Statistical Hadronization Models
(SHMs) which ﬁtted the data on particle yields and ratios in a wide range of energies, from AGS to
LHC [1–5].
Recently the study of ﬂuctuations of conserved charges in Lattice QCD (LQCD) [6–9] and in a HRG
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approach [10–15] has been proposed as another tool to obtain the values of the freeze-out parameters
and experimental data for these observables have been published by the STAR collaboration [16, 17].
The description of the low temperature regime of strongly interacting matter within a HRG model
shows a nice agreement with LQCD calculations up to T ≈ 170 MeV, near the crossover region [18, 19]. The study of ﬂuctuations of conserved charges in a HRG approach can overcome
some of the limitations of LQCD calculations since it allows us to include the experimental acceptance cuts on transverse momentum, rapidity and pseudo-rapidity to study observables for individual
particle species and to explore the ﬁnite μB regime.
In this paper, we evaluate ratios of susceptibilities for net-protons and net-electric charge ﬂuctuations
in a HRG model by including the eﬀect of resonance decays. By comparing our results to data from
the STAR collaboration, we extract a chemical freeze-out parametrization in a large range of collision
energies.

2 The Hadron Resonance Gas model
The hadronic stage occuring during the evolution of a HIC is described by means of the HRG model,
namely by considering this phase as a gas of non-interacting hadrons and resonances in thermal and
chemical equilibrium.
The main ingredient from which we derive all the thermodynamical observables is the logarithm of
the grand-canonical partition function of particle i:
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where + (−) holds for fermions (bosons) and V is the volume. The properties of the hadrons are
included in the degeneracy factor gi , in the mass Mi and in the chemical potential μi = Bi μB + Qi μQ +
S i μS , where Bi , Qi and S i are the baryon, electric and strange charge of the particle while μB , μQ and
μS represent the chemical potentials associated to them.

Pressure P is obtained from Eq. (1) by the relation P = VT i ln Zi , where the index i runs over the
∂P
hadron spectrum and the particle number density ni = ( ∂μ
)T is given by:
i
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so that the densities associated to the conserved charges X = B, S , Q become nX = X Xi ni .
At the experiment the chemical potentials μB , μQ and μS are not independent but the initial conditions
occurring at the collision provide the following costraints:
nS (T, μB , μQ , μS ) = 0
Z
Z
nQ (T, μB , μQ , μS ) = nB (T, μB , μQ , μS ) , = 0.4
A
A

(3)

corresponding to the absence of initial content of net-strangeness and to the isospin asymmetry in the
colliding nuclei given by the ratio of protons to nucleons.
The chemical equilibrium among hadrons is assumed at the transition temperature T c but, as the
expansion of the ﬁreball proceeds, the inelastic scattering rate is not high enough to provide a full
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chemical equilibrium at the hadronic stage before chemical freeze-out. For temperatures T ≤ T ch ≤ T c
hadronic resonance decays and regeneration processes continue to occur leading to hadronic matter in
a partial chemical equilibrium [20]. The multiplicity of hadrons stable against strong decays is frozen
at the chemical freeze-out and the inclusion of resonance decays modiﬁes the ﬁnal number of particles
produced:

N̂i = Ni +
NR < ni >R ,
(4)
R

where the sum runs over all the resonances R decaying into i, Ni and NR represent the primordial
abundance of particles R and i, and < ni >R is the average number of i produced by the decay of
resonances R.
The ensemble of stable particles, which we consider, is π± , π0 , K ± , K 0 , K̄ 0 and p, n, Λ, Σ± , Ξ0,− , Ω
(along with their corresponding anti-particles), while the hadron spectrum of resonances contains
states up to a mass of 2 GeV, listed in the Particle Data Group [21, 22].
In order to make connection to experimental data which cover a ﬁnite phase space region, we also
include the experimental kinematic cuts on transverse momentum, rapidity and pseudo-rapidity which
modiﬁes the thermodynamical integrals in the HRG calculations [10].
2.1 Fluctuations of conserved charges

The susceptibilities of conserved charges B, Q, S represent a tool to probe the hadronic medium for
the ﬂuctuations of such conserved quantities in HICs and they are deﬁned as:
BQS
χlmn
=

∂l+m+n P/T 4
.
∂(μB /T )l ∂(μQ /T )m ∂(μS /T )n

(5)

These quantities are strictly connected to the moments of multiplicity distributions experimentally
available:
mean : M = N = VT3 χ1 ,
skewness : S =

variance : σ2 = (δN)2  = VT3 χ2 ,
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(δN)3 
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,
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−
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In order to not consider the volume, the following volume-independent ratios are usually considered:
χ3
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The direct comparison between our HRG model calculations and eﬃciency corrected data from
STAR collaboration on net-protons (Nnet−p = N p − N p̄ ) and net-charge (Nnet−q = N+ − N− )
ﬂuctuations [16, 17] follows from some preliminary considerations. First of all, the ﬂuctuations of
conserved charges come from the fact that in the experiment only a ﬁnite range of the phase space is
accessible due to acceptance cuts and, as already mentioned in the previous section, such kinematic
cuts have been taken into account in the HRG calculations. Moreover, for the net-proton case we
are considering only a subset of particles which contribute to the baryon charge and we thus need a
relation between ﬂuctuations of a conserved charge such as B and ﬂuctuations of net-quantities such
as net-protons. A theoretical scheme to provide these relations is given by Kitazawa and Asakawa
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Figure 1: Results on the comparison of the ratio χ2 /χ1 in the HRG model and most central experimental data from STAR.

(KA) in [23, 24] and it has been properly included in our calculations [25]. The net-electric charge
ﬂuctuations are not aﬀected by this issue since data and our calculations are based on the contribution
from pions, kaons and protons which constitute the most abundant charged particles. More details
can be found in our published work [10, 11].

3 Results
The analysis to extract the freeze-out parameters T and μB on lower moments of net-protons and net√
charge has been performed in a wide range of beam energy sNN = 11.5, 19.6, 27, 39, 62.4, 200 GeV
for the most central collisions (0 − 5%). The simultaneous comparison of the susceptibility ratios
χ2 /χ1 for net-protons and net-charge allow us to obtain a freeze-out parametrization within a narrow
range of variation for both temperature and baryo-chemical potential.
In Fig. 1 we show the results for the ratio χ2 /χ1 for both net-proton and net-charge evaluated in our
HRG model as a function of the collision energy, along with experimental data from [16, 17]. The
combined ﬁt of these lower moment ratios to data permits to obtain a freeze-out parametrization which
describes very well both the net-proton and the net-charge observables.
The results for the temperature and baryo-chemical potential at chemical freeze-out in our approach are presented in Fig. 2 and compared to the one obtained in [3].
The values obtained for the temperature are lower than those given in [3] and the ones extracted
from ﬁts to particle yields and ratios [1, 26]. A possible explanation for such a diﬀerence could
be that the analysis performed here is mainly driven by non-strange particles, namely pions and
protons. Recent ﬁts to data from ALICE and STAR collaborations show a tension between the
so-called light particles (p, π) and hyperons (Σ, Ξ, Ω) when trying to reproduce the yields with one
value of T , namely it seems that hyperons demand a higher freeze-out temperature. LQCD studies
of the deconﬁnement transition from quarks and gluons to hadrons, also show a √similar ﬂavour
hierarchy [27]. In [10] we reproduce quite well the STAR data on particle ratios for s = 200 GeV,
but hyperons are underestimated for our value of T ch . However the discussion on the so-called proton
anomaly is still ongoing.
The freeze-out parameters we obtained show nevertheless a nice agreement with a similar study on
ﬂuctuations performed on the lattice by the Wuppertal-Budapest collaboration [8].
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Figure 2: Freeze-out parametrization in (T, μB ) plane obtained in this work and results from Cleymans et al. [3].

Using our freeze-out conditions we evaluated the higher-order susceptibility ratios for both netproton and net-electric charge. Results are presented in Fig. 3.

Figure 3: HRG model calculations with our freeze-out parametrization for χ3 /χ2 and χ4 /χ2 for net-electric (left panels) and
net-baryon charge (right panels).

The net-electric charge ratios are well described by our freeze-out conditions, as can be seen
from the left side of the plot, while a discrepancy between our calculations and data on net-baryon is
evident, especially at lower beam energies. This disagreement might come from an overestimate of
KA corrections at lower energies. Moreover we√cannot reproduce the dip in the χ4B /χ2B ratio at low
energies, but the description of data improves as s increases. Still, these inconsistencies between the
HRG calculation and data might derive from an onset of chiral critical behaviour at ﬁnite μB , mainly
in the third and fourth order cumulants [28, 29].
The values for the freeze-out temperature and baryo-chemical potential are listed in Table 1.
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Table 1: Freeze-out values for T and μB at several energies obtained in our HRG model.

√

s (GeV)
11.5
19.6
27
39
62.4
200

T (MeV)
135.5 ± 8.3
148.4 ± 1.6
148.5 ± 0.7
151.2 ± 0.8
149.9 ± 0.5
146.8 ± 1.2

μB (MeV)
326.7 ± 25.9
192.5 ± 3.9
140.4 ± 1.4
99.9 ± 1.4
66.4 ± 0.6
24.3 ± 0.6

4 Conclusions
We presented a study on ratios of lower-order ﬂuctuations for net-protons and net-electric charge
in a HRG approach compared to data from the STAR collaboration in order to extract the chemical
freeze-out parameters T and μB . Experimental acceptance cuts and isospin randomization through the
KA formalism have been taken into account in our calculations. In particular this analysis shows that
it is possible to describe both net-electric and net-proton lower moments in a wide range of collision
energies and that these observables represent a useful tool to determine the freeze-out conditions.
The small uncertainties on the data of the moments of multiplicity distributions from STAR collaboration allow to constrain the freeze-out temperatures in a range ≤ 5 MeV. Within this parametrization,
higher-order moments for net-charge are well reproduced while there are discrepancies at low beam
energy for the net-proton observables, probably due to an overestimate of the KA corrections and
to the onset of a chiral critical behaviour in higher cumulants such as χ3 and χ4 . The freeze-out
conditions obtained in our approach are lower with respect to previous analyses coming from ﬁts to
particle yields and ratios but our results show agreement with similar studies in LQCD. A possible
way to explain the disagreement with the values of T extracted from yields, containing both strange
and non-strange hadrons, is to assume that particles without a strangeness content, i.e. protons and
pions, which drive the net-charge and net-proton ﬂuctuations, require a lower freeze-out T .
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