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Abstract. The neutron-proton isovector pairing effect on the beta-plus decay log f t values is studied in typical

mirror N�Z nuclei. The log f t values are calculated by including or not the isovector pairing before and after

a particle-number projection using the Sharp-Bardeen-Cooper-Schrieffer (SBCS) method. It is shown that the

values obtained after projection in the isovector pairing case are the closest ones to experimental data. The

effect of the deformation of the mother and daughter nuclei on the log f t is also studied.

1 Introduction

Beta decay of nuclei is a key process to access to the struc-

ture of the atomic nucleus. Although these transitions are,

in principle, well-understood, a satisfactory theoretical de-

scription of this process took place only in the 1990s. This

is due to the complexity of the structure of the nucleus

and the different residual interactions involved in this pro-

cess. One of the residual interactions with a key role in

the description of nuclei is the pairing interaction between

nucleons (p−p, n−n and n−p). This interaction may exist

in two different forms, isoscalar (T=0) taking into account

only the neutron-proton (n−p) pairing or isovector (T=1)

which takes into account three different types of pairing

(i.e., p−p, n−n and n−p). In order to avoid cumbersome

calculations, in both analytical and numerical sides, we

take into account only the isovector pairing in the present

work.

The n−p pairing has a major role in the structure of

N�Z nuclei [1] and in particular in the evaluation of the

beta transition probability [2–4].

To include n−p pairing, there exist many approaches.

One of the most popular is the Bardeen, Cooper and Schri-

effer (BCS) one [5]. However, the main shortcoming of

this method is the non-conservation of the particle num-

ber. Several projection methods have thus been proposed

in the n−p pairing case (see, e.g., in Refs. [6, 7]).

In this contribution, we propose to study the isovec-

tor n−p pairing effect on the β+ transition probability and

therefore on the value of log f t which characterizes these

transitions. This is done within the framework of the BCS

approach. As the BCS theory does not conserve the parti-

cle number, a particle-number projection is performed us-

ing the Sharp-BCS (SBCS) exact projection method [8]

ae-mail: kerrouchis@gmail.com

which has been extended to the isovector pairing case [9–

12].

As a first step, the expressions of the transition prob-

abilities, of Fermi as well as Gamow-Teller types, which

strictly conserve the particle number are established. As

a second step, they are calculated for some transitions

between mirror nuclei N�Z within the framework of the

Woods-Saxon model. The effect of the deformation of the

mother and daughter nuclei on the log f t is also studied.

2 Formalism

2.1 Hamiltonian

In the second quantization and isospin formalism, a system

constituted by Z protons and N neutrons is described, in

the isovector case, by the Hamiltonian:

Ĥ =
∑
ν>0, t

ενt(a+νtaνt + a+ν̃taν̃t)−

1

2

∑
tt′

Gtt′
∑
ν, μ>0

(
a+νta

+
ν̃t′aμ̃t′aμt + a+νta

+
ν̃t′aμ̃aμt′

)
, (1)

where the subscript t corresponds to the isospin compo-

nent (t=n, p), a+νt and aνt, respectively, represent the cre-

ation and the annihilation operators of the particle in the

state |νt〉, of energy ενt; |ν̃t〉 is the time-reversed state of

|νt〉. Gtt′ is the pairing strength which is assumed to be

constant. Neutrons and protons are assumed to occupy the

same energy levels.

2.2 Ground state

The ground-state is expressed in the particle representation

as a tensorial product of individual wave functions |Ψ j〉. It
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is then given by [9]

|ψ〉 =
∏
j>0

|Ψ j〉 (2)

with:

|Ψ j〉 =
[
Bj

1
A+jpA+jn + Bj

pA+jp + Bj
nA+jn+

Bj
4

(
a+

j̃p
a+jn + a+

j̃n
a+jp
)
+ Bj

5

]
|0〉 . (3)

The coefficients Bj
i (i=1, p, n, 4, 5) being the occupation

probability amplitudes of the j state and A+jt=a+
j̃t
a+jt, t=n, p.

However, this state could only describe even systems but

not odd ones. For an odd system let us denote |π〉 the wave-

function of an odd (Z)-even (N) nucleus, and |ν〉 that of an

even (Z)-odd (N) nucleus. If one assumes that the blocked

level is μ, they are given by

|π〉 = a+μp

∏
j>0
j�μ

|Ψ j〉 , |ν〉 = a+μn

∏
j>0
j�μ

|Ψ j〉 . (4)

Let us note here that in expressions (4), the coefficients

Bj
i depend on μ. In order to simplify the notations, this

dependence is omitted in what follows.

However, it is well known that the BCS states are not

eigenstates of the particle number operator. The wave

functions (4) must then be projected. In the present work,

we use a projection method derived from the Sharp-BCS

one [8], which is discrete. The projected homologue of the

state |π〉 is given by

|πmm′ 〉 = Cπ
mm′

[ m∑
k=1

m′∑
k′=1

z−N
k z−Z

k′ |π(zk, zk′ )〉+

z−N
k z̄−Z

k′ |π(zk, z̄k′)〉 + c.c.

]
, (5)

where

|π(zk, zk′)〉 = a+μp

∏
j>0
j�μ

[
z2

kz2
k′B

j
1
A+jpA+jn+

z2
k′B

j
pA+jp + z2

k Bj
nA+jn+

zkzk′B
j
4

(
a+jpa+jn + a+jna+jp

)
+ Bj

5

]
|0〉 ,

m and m′, which are positive integers, are the extrac-

tion degrees of the false components, zk= exp(ikπ/2m), c.c
means the complex conjugate with respect to zk and Cπ

mm′
is the normalization constant. One obtains an analogous

expression for the state |νmm′ 〉.

2.3 Beta decay log f t values

It is well known that the half-lives of the beta transi-

tions t1/2 are given by [13, 14]:

t1/2 =
ln 2

λi f
,where λi f =

ln 2· f0(BF + BGT )

κ
. (6)

Thus,

f t =
κ

BF + BGT
,where κ=6147 s , (7)

and the Fermi (BF) and Gamow-Teller (BGT ) transition

probability amplitudes are given by

BF(resp. BGT )=
g2

V (resp. g2
A)

2Ji + 1
|MF |2(resp. |MGT |2). (8)

The log f t value allows one to make a classification of the

transition [5]. f0 is a phase-space integral that contains

the lepton kinematics; gV=1 is the vector coupling con-

stant of the weak interaction [5] and gA=1.25 is the axial-

vector coupling constant of the weak interaction [5]. Ji

is the angular momentum of the initial nuclear state. The

two matrix elements MF and MGT corresponding to the

Fermi and Gamow-Teller transitions may be written in the

second quantization and isospin formalism

MF=
∑
l l′
〈l′|1|l〉

〈
ψ f
∣∣∣ a+l′nalp

∣∣∣ψi
〉

(9)

MGT=
∑
l l′

∑
τ

〈l′|στ|l〉
〈
ψ f
∣∣∣ a+l′nalp

∣∣∣ψi
〉
, (10)

where 〈l′|1|l〉 and 〈l′|στ|l〉, respectively, represent the ma-

trix elements on the single-particle basis of the unit oper-

ator 1 and the Pauli spin operator στ(τ= − 1, 0, 1). Using

Eq. (4) (i.e. before projection) MF and MGT are given by

MF=
∏
j>0
j�μ

[
Bji

1
Bj f

1
+ Bji

p Bj f
p + Bji

n Bj f
n +

2Bji
4

Bj f
4
+ Bji

5
Bj f

5

]
,

(11)

MGT=μ
∏
j>0
j�μ

[
Bji

1
Bj f

1
+ Bji

p Bj f
p +

Bji
n Bj f

n + 2Bji
4

Bj f
4
+ Bji

5
Bj f

5

]
.

(12)

In the same way, after projection, one has

MF=Cπ
mm′Cν

mm′

{ m∑
k=1

m′∑
k′=1

z−N
k z−Z

k′ T (zk, zk′)+

z−N
k z̄−Z

k′ T (zk, z̄k′) + c.c.

}
,

MGT=Cπ
mm′Cν

mm′μ

{ m∑
k=1

m′∑
k′=1

z−N
k z−Z

k′ T (zk, zk′)

+ z−N
k z̄−Z

k′ T (zk, z̄k′) + c.c

}
,

where

T (zk, zk′ )=
∏
j>0
j�μ

[
z2

kz2
k′B

ji
1

Bj f
1
+ z2

k′B
ji
p Bj f

p +

z2
k Bji

n Bj f
n + 2zkzk′B

ji
4

Bj f
4
+ Bji

5
Bj f

5

]
.

EPJ Web of Conferences

04002-p.2



Table 1. Values of the ground state deformation parameters and

the pairing strengths (in MeV) for the nuclei considered in the

present study.

Nucleus c h Δpp Δnn Δnp

25Al 1.213 0.104 0.105 0.118 0.102
25Mg 1.216 0.078 0.100 0.118 0.102
49Mn 1.164 −0.156 0.080 0.083 0.077
49Cr 1.164 −0.156 0.078 0.084 0.078
53Co 1.063 5.57E−3 0.078 0.080 0.077
53Fe 1.063 5.57E−3 0.076 0.081 0.076

Table 2. Values of the relative discrepancy (%) between

theoretical and experimental results (see the text for notations).

25Al − 25Mg 49Mn − 49Cr 53Fe − 53Co σmoy

σBCS−np 16.2 12.13 13.2 13.9

σS BCS−np 1.79 3.37 0.22 1.79

σBCS 31.9 18.6 23.7 24.73

σS BCS 22.1 15.8 19.6 19.16

σ[5] 10.4 3.2 20.1 11.23

σ0 6.12 2.95 0.73 3.26

3 Results

In all what follows, BCS and SBCS, respectively, refer to

the method dealing with the pairing between like-particles,

before and after the particle-number projection. BCS-

np and SBCS-np, respectively, correspond to their homo-

logues in the isovector pairing case. We consider mirror

nuclei N�Z since n−p pairing effect is supposed to be

maximal in these nuclei. We used single-particle energies

of a deformed Woods-Saxon mean-field with the param-

eters described in Ref. [15] with a number of oscillator

shells Nmax=10. The nuclear deformation is described by

the elongation parameter c and the neck parameter h [15].

The pairing-strengths are determined such as to reproduce

the “experimental” pairing gaps as described in Ref. [16].

3.1 Isovector pairing effect

We consider tree transitions, that is

25Al → 25Mg + e+ + ν (13)

49Mn → 49Cr + e+ + ν (14)

53Co → 53Fe + e+ + ν (15)

The various parameters dealing with the six nuclei used in

the present study are listed in Table 1. The corresponding

log f t values have been calculated using the BCS, SBCS,

BCS-np and SBCS-np approaches (see Fig. 1). We have

also added the values of log f t calculated using the sim-

ple approach used in Ref. [5]. They are compared with

experimental data [17]. The relative discrepancy between

the theoretical and experimental values [16] are summa-

rized in Table 2. Surprisingly, in the pairing between like-

particles case, the BCS results obtained by means of the

simple method described in Ref. [5] (the average value of

the discrepancy is 11.23%) are in better agreement with

Figure 1. Comparison between the log f t values calculated

within BCS, SBCS, BCS-np and SBCS-np approaches and ex-

perimental data. Values obtained using the simple BCS approach

of Ref. [5] are also shown.

Figure 2. Variation of the log f t values as a function of c for

various values of h, within the BCS-np (solid lines) and SBCS-

np (dashed lines) approaches for the 25Al −25 Mg transition. The

value corresponding to the ground state of the mother nucleus is

shown by an arrow in the upper left part. The daughter nucleus

is spherical. δ is the difference between BCS-np and SBCS-np

values.

experiment than those obtained using the effective single-

particle states, either before (24.73%) or after the projec-

tion (19.16%). The inclusion of the np pairing effects im-

proves the results either before (13.90%) or after the pro-

jection (1.79%). However, just the results after the projec-

tion best reproduce experimental data. This fact shows, on

NSRT15
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Figure 3. Same as Fig. 2 for (c′, h′) = (1.1, 0.1047) (ground

state).

the one hand, the necessity of including the isovector pair-

ing correlations and on the other hand, the necessity of the

restoration of the particle-number conservation symmetry.

3.2 Deformation effect

We have then studied the effect of the deformation of the

mother and daughter nuclei on the log f t values using the

BCS-np and SBCS-np approaches. We considered the

transition (13), chosen as an example. We denote the de-

formation parameters of the mother nucleus by (c, h) and

the daughter one by (c′, h′). We have tried to change si-

multaneously the values of (c, h) and (c′, h′). To this end,

we have plotted the variations of log f t as a function of

c for fixed values of h. In the present work, we consider

the spherical state (c′=1, h′= 0) (see Fig. 2) and ground

state (c′=1.1, h′=0.1047) (see Fig. 3) of the daughter nu-

cleus. It seems from this set of results that: (i) a small

variation of the deformation parameters of a nucleus, af-

fects significantly the values of log f t; (ii) it is not only

important to include the isovector pairing when calculat-

ing the values of log f t, but also to restore the symmetry

of particle-number conservation broken under the BCS-np

approach.

4 Conclusion

The particle-number projection effect, in the isovector

pairing case, on the evaluation of the β+ transition proba-

bility amplitudes (of Fermi and Gamow-Teller types), and

thus on log f t, has been studied. With this aim, we used

a discrete particle-number projection method. As a first

step, we have established the expressions of the various

beta transition probability amplitudes that strictly conserve

the particle number. We considered some transitions, for

nuclei with N=Z±1, since the isovector pairing effect is

assumed to be important in them using the Woods-Saxon

mean field. The results of the present model are compared

to those obtained before the projection and to those of the

pairing between like-particles case (before and after the

projection). It is shown, on the one hand, that it is nec-

essary to include the isovector pairing correlations and on

the other hand, that it is necessary to restore the particle-

number symmetry. Furthermore, the good agreement be-

tween the experimental data and the results of the present

work indicates that couplings to the possible collective de-

grees of freedom (which have been omitted in the present

study) play a minor role in the considered transitions. We

also studied the effect of the deformation of the mother

and daughter nuclei on the value of log f t. The impor-

tance of right choice of the deformation parameters has

been shown.
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