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Abstract. For 43 stable nuclei-targets in a wide interval of mass number 28 ≤ A ≤ 200 the intensities Iγγ of

the two-step cascades were measured. The experimental data are interpreted and approximated with a high

accuracy within a simple practical model describing two-step γ decay of neutron resonance.

1 Introduction

Up to now the main part of experimental data on the nu-

clear level density at the excitation energy lower than the

nucleon binding energy Bn are extracted from the exper-

imental spectra of evaporated nucleons. The methods of

data extraction are based on rather subjective ideas about

partial emission widths of nuclear reaction products. As

a result the values of level density extracted from evap-

orated nucleon’s spectra are by 3-10 times higher than al-

ready measured level density at excitation energy ∼ 0.5Bn.

Certainly, this is quite low accuracy.

To diminish essentially this fatal discrepancy is possi-

ble by using the experimental intensities of two-step γ cas-

cade for the simultaneous determination of both the level

density and the partial widths.

The two nuclear properties, the level density and the

partial widths of nuclear reaction emission products, have

to be known in a very wide range of nuclear excitation

energy if one likes to understand dynamics of superfluid

correlations in excited nuclei Ref. [1]. In practice this de-

mand can be fulfilled only by the measuring and analy-

sis of the intensities of the two-step γ cascades between a

compound-state and some low-lying levels. Form of these

data is determined by convolution of the energy depen-

dence of level density ρ(Eex) and of the radiative widths

Γ(Eγ) (Eex is an excitation energy of a nucleus, Eγ is a

gamma-quantum energy). To determine ρ and Γ one is re-

quired to specify their functional forms with the minimum

number of fitting parameters.

2 The practical model of the process

The model was developed and approved in FLNP JINR

Refs. [2, 3]. The expression for the level density of

fermion system ρl is based on the model of n-quasiparticle
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state density Ωn [4]

ρl =

(2J + 1) exp[−
(J +

1

2
)2

2σ2 ]

2
√

2πσ3
Ωn(Eex) (1)

Ωn(Eex) =
gn(Eex − Ul)

n−1

((n/2)!)2(n − 1)!
(2)

Here, σ is a cut-off factor, J is spin of a compound nucleus,

g is a density of single-particle states near the Fermi sur-

face, Ul is one of the required model parameters – a break-

ing energy of the lth Cooper pair. Other model parameters

Al, Eμ, Eν and β are included in the phenomenological co-

efficient Ccoll which describes the vibrational enhancement

of level density at a given excitation energy Eex.

Ccoll = Al exp
(√Eex − Ul

Eν
− Eex − Ul

Eμ

)
+ β. (3)

Al determines the absolute values of vibrational level den-

sity above the breaking point of each lth Cooper pair; Eν
determines a rate of change of quasiparticle state energies;

Eμ determines a rate of change of the nuclear entropy; the

parameter β ≥ 1.

To describe a smooth distribution of the E1 and M1

transition widths the model proposed by S.G. Kadmen-

skij, V.P. Markushev and W.I. Furman Ref. [5] was used

with several (2–4) peaks of dipole strength functions. For

each peak the most likely values of location, amplitude and

slope of exponential decrease were found.

Thus, applying the fitting procedure with the method

of maximum likelihood the following model parameters

were determined:

1) the breaking thresholds Ul up to l = 4;

2) parameters Eμ and Eν (the same for all Cooper

pairs);

3) independent parameters Al for the density of vibra-

tional levels above the breaking threshold Ul.

The process of decay of neutron resonance (or other

compound state) λ occurs by a two-step cascade through
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intermediate levels i and some group of low-lying levels

f . The extraction of parameters ρ and Γ from the inten-

sities Iγγ(E1) of two-step cascades for a given energy of

the primary transition E1 is complicated by need to solve

the following system of nonlinear and strongly correlated

equations:

Iγγ(E1) =
∑
λ, f

∑
i

Γλi

Γλ

Γi f

Γi
=
∑
λ, f

Γλi

〈Γλi〉mλi nλi
Γi f

〈Γi f 〉mi f
, (4)

where mλi is a number of initial primary transitions in

energy intervals from the energy of primary level λ to

the intermediate level i; mi f is a number of secondary γ-
transitions in the energy intervals from the intermediate

level i to the lower level f ; nλi is a number of intermediate

levels involving in cascades in small energy intervals of

initial transitions. To obtain the best values of model pa-

rameters it is necessary to determine a part of the primary

transitions Iγγ(E1) with a precision not worse than 10-20%

in any energy interval.

3 Examples of approximation

The intensities Iγγ(E1) of the two-step cascades were mea-

sured for 43 nuclei: even-odd nuclei 71Ge, 125Te, 137Ba,
139Ba, 163Dy, 165Dy, 181Hf, 183W, 185W, 187W, 191Os, 193Os;

even-even nuclei 74Ge, 114Cd, 118Sn, 124Te, 138Ba, 150Sm,
156Gd, 158Gd, 164Dy, 168Er, 174Yb, 184W, 188Os, 190Os,
196Pt, 200Hg; odd-odd nuclei 28Al, 40K, 52V, 60Co, 64Cu,
128I, 140La, 160Tb, 166Ho, 170Tm, 176Lu, 177Lu, 182Ta, 192Ir,

and 198Au. All these nuclei were investigated using our

practical model. Variations of the initial fitting parameters

and selection of approximations with minimal χ2 allow us

to manage with 4 peaks of strength functions for nuclei
28Al, 64Cu, 71Ge, 177Lu, and 193Os and with 3 peaks for
52V, 60Co, 74Ge, 156Gd, 160Tb, 166Ho, 176Lu, 184W, 191Os,

and 200Hg. For the best fit of the data on remaining 28 nu-

clei one peak of the strength functions both of electric and

of magnetic transitions was enough.

Fitting results with model calculations for 5 nuclei are

presented in Figs. 1–5 as examples. These five Figures are

organized as follows:

1. In the top panels, we display the following quanti-

ties as functions of the of primary transition energy E1:

the sums of the experimental cascade intensities with their

uncertainties as a histograms in 0.5 MeV bins; the best

fit for 6 different variants of approximation; the spectra

calculated within nuclear statistical model with radiation

strength function k(M1)=const.

2. In the middle panels, we show as functions of ex-

citation energy Eex the most probable average density of

intermediate levels of the two-step cascades in nuclei;

level density calculated within the Fermi-gas model; par-

tial level densities for the lth Cooper pair at energy higher

than the breaking threshold Ul.

3. In the bottom panel, we show, as functions of the of

primary transition energy E1, the strength functions of E1-

transitions and M1-transitions; the sum of these strength

Figure 1. (Color online) Fitting and model calculations for 118Sn.

Top panel: Histograms are the sums of the experimental cascade

intensities; the best fit for 6 different variants of approximation

– closed circles; spectra calculated within the nuclear statistical

model with the radiative strength function k(M1)=const – trian-

gles. Middle panel: the most probable average density of inter-

mediate levels of the two-step cascades in nuclei – closed circles

including errors; thin solid lines – partial level densities for the

l = 1, 2.. Cooper pair at energy higher than the corresponding

breaking threshold Ul; solid line – the Fermi-gas model calcula-

tion. Bottom panel: Strength functions k(E1) and k(M1) – solid

line and dashed line, respectively; closed circles (include errors)

– the sum of E1 and M1 strength functions; the upper band of

triangles – the data of a giant E1 resonance extrapolation; the

lower band of triangles – calculations within the KMF model [5]

with k(M1)=const.

functions; the data of the giant E1 resonance extrapola-

tions; results of calculations within the KMF model [5]

with k(M1)=const.

4 Interpretation of the results

Existence of the step-like structure in the nuclear level

density demands in its turn the dependence of Γ on the

structure of initial and final nuclear levels of γ transition.

This is the only way to explain a smoothness of evaporated

nucleon spectrum.

In Fig. 6, the best values of the parameters Eμ (the

rate of change of the nuclear entropy) and Eν (the rate

of change of the quasiparticle energies) in all the nuclei

are presented and compared with the mean pairing energy
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Figure 2. (Color online) Same as in Fig. 1 for 156Gd.

Figure 3. (Color online) Same as in Fig. 1 for 163Dy.

Δ0 =
12.8√

A
MeV of the last nucleon in a nucleus with the

mass number A.

In Fig. 7, the ratios Ul/Δ0 (l = 2, 3) and Bn/Δ0 are

shown as functions of A. It is seen that in the mass region

150 ≤ A ≤ 190, where most of the nuclei are deformed,

the values Ul/Δ0 are noticeably lower than other. The pa-

rameter Ul are determined with an accuracy allowing to

notice the difference for nuclei with odd- and even num-

bers of neutrons (or protons). As evident from Fig. 7, for

nuclei outside the aforementioned mass region the break-

ing threshold of the 3rd Cooper pair is about the neutron

Figure 4. (Color online) Same as in Fig. 1 for 177Lu.

Figure 5. (Color online) Same in Fig. 1 for 60Co.
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Figure 6. (Color online) Parameters Eμ and Eν as functions of

the mass number A. Closed circles – even-even nuclei, half-open

circles – even-odd nuclei, and open circles – odd-odd nuclei. The

line is the average value of the pairing energy of nucleon.

binding energy (in spherical nuclei this is a lower bound

of the U3 parameter). In deformed nuclei the U3 value is

twice as less (see squares in Fig. 7).

Thus, the main result of our analysis is a statement

that the breaking thresholds of Cooper pairs are higher in

spherical nuclei than in deformed ones.

To describe the measured parameters of the cascade

gamma-decay of neutron resonances with the higher accu-

racy new theoretical models for ρ and Γ are needed. In

these models, a dynamics of quasiparticles and phonon

couplings starting from their minimal number should be

taken into account. The parameters Ul containing infor-

mation about breaking thresholds of few Cooper pairs of

nucleons (maybe including neutron-proton ones) can be

used as a basis for a practical application of these models.

The corresponding results will be of fundamental impor-

tance for understanding the nuclear superfluidity dynam-

ics at excitation energies at least below the energy of giant

dipole resonance.

Authors express their gratitude to the Organizing Com-

mittee of the NSRT15 Conference for the opportunity to

present the results at the Conference.
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Figure 7. (Color online) Dependence of the breaking thresholds

of the second (circles) and the third (squares) Cooper pairs on A.

Closed symbols – even-even nuclei, half-open symbols – even-

odd nuclei, and open circles – odd-odd compound nuclei. Open

symbols – the mass dependence of the ratio Bn/Δ0.
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