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Abstract. Nuclear structure theory is considered in the framework of the development of a microscopic model
for nucleon-capture astrophysical implementations. In particular, microscopically obtained strength functions

from a theoretical method incorporating density functional theory and quasiparticle-phonon model are used

as an input in a statistical reaction model. The approach is applied in systematic investigations of the impact

of low-energy multipole excitations and pygmy resonances on dipole photoabsorption and radiative neutron-

and proton-capture cross sections of key s- and r-process nuclei which is discussed in comparison with the

experiment. For the cases of the short-lived isotopes 89Zr and 91Mo theoretical predictions are made.

1 Introduction

The nuclear electromagnetic (EM) response at excitation

energies below and around the neutron threshold is a com-

plex admixture of nuclear excitations of different origin.

Among them of special importance are newmodes of exci-

tations called pygmy resonances which were theoretically

predicted in medium and heavy nuclei with neutron excess

and related to skin phenomena [1, 2]. These findings fol-

lowed closely the observation of halos in light nuclei [3]

and revealed new aspects of the isospin dynamics of nu-

clear matter.

Presently, the pygmy dipole resonance (PDR) has been

detected experimentally in a variety of stable and unsta-

ble nuclei [4]. The rapidly increasing number of exper-

iments, using different probes and techniques, allow for

systematic studies of the PDR over isotopic and isotonic

chains from different mass regions [5–13]. Furthermore,

the implementation of complementary probes is found to

be important for the understanding of the character of the

low-energy EM strength which is highly fragmented.

Typically, in neutron-rich nuclei the PDR appears as

an additional dipole strength component around the neu-

tron threshold and situated on top of the low-energy tail of

the giant dipole resonance (GDR) classically represented

by a Lorentzian shape [14]. Theoretical analysis of tran-

sition densities and currents show that the observed PDR

strength is very different from the giant dipole resonance

(GDR) which dominates the electric dipole (E1) strength

in atomic nuclei [4]. In this aspect standard strength func-

tions (SF) based on Lorentz curves cannot describe the
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dipole strength distribution below the (γ, n) threshold cor-
rectly. However, microscopic nuclear structure models can

provide a reliable description [15–23].

The most common explanation of the PDR is asso-

ciated with oscillations of weakly bound single-particle

neutron (for neutron-rich nuclei) or proton ( for neutron-

deficient nuclei) states from the nuclear surface layer with

respect to isospin symmetric core.

The theoretical findings indicating the weak collectiv-

ity of this mode [16, 17, 21] are further confirmed by the

measurements of total PDR strengths and corresponding

contributions to energy-weighted-sum rules (EWSR) [5–

7, 9–11, 13, 17]. Furthermore, from systematic studies of

nuclear isotonic and isotopic chains, a correlation of total

PDR strengths and nuclear skin thickness was found [5–

7, 9–11, 13, 17]. In particular, the increase of the total PDR

strength toward more neutron-rich nuclei can be addressed

to the increase of the neutron skin thickness [5, 17, 24]

which on the other hand is connected with the increase of

the amount of those weakly bound neutron particle-hole

(p-h) states around the Fermi surface. This can be further

explained with the decrease of the neutron binding energy

S n and the increase of the absolute value of the difference

between proton and neutron Fermi energies, ΔF = ε
F
p −εF

n .

The latter is linearly correlated with the neutron skin thick-

ness [4]. These results are extremely interesting as far as

they give a link between the static properties of the nu-

cleus related to the mean-field (MF) and the dynamics of

low-energy nuclear excitations.

Recent theoretical studies reveal that the PDR has im-

portant impact on different processes of astrophysical as-

pects. In particular, it was found that the presence of

PDR affects strongly neutron-capture reaction cross sec-
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Figure 1. (Color online) Ground state densities in N = 50 iso-
tones obtained by the phenomenological EDF + QPM approach.

tions of the stellar nucleosynthesis [25–28]. Further-

more, it was pointed out that the quasiparticle-random-

phase-approximation (QRPA) which considers only coher-

ent superpositions of two-quasiparticle (2QP) excitations,

is not sufficient to account for the complexity of phenom-

ena in the PDR region. Rather, an extended approach

is required which explicitly accounts for the interactions

among multi-quasiparticles and phonons. It can be suc-

cessfully achieved in the framework of the quasiparticle-

phonon model (QPM) [29].

Furthermore, the nuclear SF and especially its low-

energy part is a very important ingredient for calculations

of nuclear reaction rates [25]. Our recent investigations

of the fine structure and dynamics of nuclear electric and

magnetic dipole response functions show a very good de-

scription of experimental data [7, 9, 10, 13, 17, 25].

The presence of a neutron or proton skin affect as

well excitations of other multipolarities and parities. In

this connection, we investigated recently the quadrupole

response of neutron-rich Sn nuclei up to 35 MeV [30].

Our approach, incorporating the energy-density functional

(EDF) theory and the three-phonon QPM, was the first

to predict the existence of pygmy quadrupole resonance

(PQR) as a natural extension of the already known PDR for

higher multipole excitations [30]. Meanwhile, these PQR

states have been detected for the first time experimentally

in 124S n nucleus via the (17O,17O’γ) reaction [31].
Here, we present new results on E1 SF in N = 50

isotones and 196Pt which can be used to predict neutron-

capture reaction cross sections within the formalism de-

scribed in [25]. More specifically, the neutron-capture

reactions 85Kr(n,γ)86Kr, 87Sr(n,γ)88Sr, 89Zr(n,γ)90Zr and
91Mo(n,γ)92Mo are studied with various predictions of the
γ-SF and compared with available experimental data. For
all these cases, the role of the PDR is examined and dis-

cussed in details. For the 89Zr and 91Mo nuclei which are

hardly accessible experimentally, because of the short life-

time of the targets, radiative neutron-capture cross sections

are theoretically predicted. Finally, the proton radiative

capture reaction 89Y(p,γ)90Zr for which experimental data
exist, is also studied to test the newly derived SF [25].

2 The theoretical approach

The theoretical approach is based on EDF theory [32] and

QPM [29]. Our model Hamiltonian resembles in structure

the standard QPM Hamiltonian [29] but in detail differs in

the physical content in important aspects [16, 17]

H = HMF + Hph
M + Hph

S M + Hpp
M . (1)

Here, HMF = Hsp + Hpair is treated by self-consistent

Hartree-Fock-Bogoliubov (HFB) theory [32]. The term

Hsp defines the independent motion of protons and neu-

trons in a static and spherically symmetric mean field and

the term Hpair is a monopole pairing interaction in the

particle-particle (pp) channel. The pure HFB picture is
in fact extended beyond MF by dynamical self-energies,

hence incorporating a more detailed spectral description of

nuclear spectra. That goal is achieved in practice by taking

advantage of the Kohn-Sham theorem of the EDF theory

and applying fully microscopic HFB potentials and pairing

fields as input [32]. Further a second step variation pro-

cedure is performed with scaled auxiliary potentials and

pairing fields readjusted in a self-consistent manner such

that nuclear ground state properties are well reproduced.

In particular, obtained from this procedure nuclear binding

energies, charge radii and the neutron skin thickness given

by the differences of proton and neutron root-mean-square

(rms) radii

δr =
√
< r2 >n −

√
< r2 >p , (2)

reproduce the results from Skyrme SLy4 HFB calculations

[17] and the available experimental data of [33] within un-

certainties below 1%. The total binding energy per nu-

cleon, the mass, the charge radii and the related skin thick-

nesses as obtained by the EDF in N =50 isotones are com-
pared with the data of [33] in Table 1.

Hph
M , Hph

S M and Hpp
M are residual interactions, taken as

a sum of isoscalar and isovector separable multipole and

spin-multipole interactions in the particle-hole (ph) and
multipole pairing interaction in the pp channels. The

model parameters are fixed either empirically [34] or by

reference to QRPA calculation performed within the den-

sity matrix expansion (DME) of G-matrix interaction [32].

The reliable description of ground state properties is

of genuine importance for extrapolations of QRPA and

QPM calculations into unknown mass regions. In prac-

tice, for a given nucleus of mass A, Woods-Saxon poten-
tials are adjusted in a self-consistent manner for protons

and neutrons by the described above procedure (for details

see also [32]). Furthermore, for the QPM calculations the

monopole pairing is simplified by using a constant matrix

element [16, 17]. The approach sketched above leads to a

smooth dependence of the model parameters on A [17].
Calculations of ground state neutron and proton densi-

ties for N =50 are shown in Fig. 1. Of special importance
are the nuclear surface regions which indicate clearly the

formation of a neutron skin. A common observation is that

the thickness of the neutron skin is related to the neutron-

to-proton ratio N/Z in N =50 nuclei. Thus, the thickest
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Table 1. HFB results obtained with the phenomenological EDF of the total binding energy, proton and neutron rms radii and the
related to them skin thickness δr defined with Eq. (2) are compared to measured binding energies [33].

Nucleus N/Z B(A)/A(EDF), (MeV) B(A)/A(exp), (MeV)
√
< r2 >p, (fm)

√
< r2 >n, (fm) δr (fm)

86Kr 1.39 -8.755 -8.712 4.131 4.264 0.133
88Sr 1.32 -8.766 -8.733 4.185 4.291 0.106
90Zr 1.25 -8.696 -8.710 4.229 4.303 0.074
92Mo 1.19 -8.596 -8.658 4.269 4.325 0.056

neutron skin is found for the 86Kr nucleus which has at

the same time the largest N/Z ratio (see as well Table 1).
Similar results were obtained in our studies of Z =50 and
N =82 nuclei [5, 16, 17].

The nuclear excitations are expressed in terms of

QRPA phonons [29]:

Q+λμi =
1

2

∑
j j′

[
ψλi

j j′A
+
λμ( j j′) − ϕλi

j j′ Ãλμ( j j′)
]
, (3)

where j ≡ (nl jmτ) is a single-particle proton or neutron
state; A+λμ and Ãλμ are time-forward and time-backward

operators, coupling 2QP creation or annihilation operators

to a total angular momentum λ with projection μ. The ex-
citation energies of the phonons and the time-forward and

time-backward amplitudes ψλi
j1 j2
and ϕλi

j1 j2
in Eq. (3) are de-

termined by solving QRPA equations [29]. The formalism

allows for a unified treatment of phonons with different

collectivity.

Furthermore, we apply exact commutation relations

between phonon creation and annihilation operators, thus

preserving their internal fermionic structure. This is a nec-

essary condition in order to satisfy the Pauli principle.

Of great importance is that the QPM provides a micro-

scopic approach to multiconfiguration mixing [29]. For

the cases of spherical even-even nuclei considered here,

the model Hamiltonian is diagonalized on an orthonor-

mal set of wave functions constructed from one-, two-

and three-phonon configurations which are implemented

in the calculations of the EM transition matrix elements

[35]. The latter incorporate transition operators account-

ing for the interaction of quasiparticles and phonons and

their exact commutation relations [36].

3 Discussion

The appearance of PDR in the energy range below the neu-

tron threshold is a general observation found in systematic

EDF+QRPA and EDF+QPM calculations of the electric

dipole response in different isotopic and isotonic chains of

neutron-rich nuclei [5, 6, 9, 16, 17]. Here, we focus on the

N = 50 isotones (see also Ref. [9]).
A common observation in nuclei with neutron skin

[5, 6, 9, 16, 17] is that the total PDR strength obtained in

EDF+QRPA calculations and the neutron skin thickness,

δr are linearly correlated, as it is shown in Fig. 2 for N=50
isotones. This correlation is explained as follows. By def-

inition the QRPA excited states are built only from single

p-h contributions to the state vectors (see Eq. (3)). For
neutron-rich nuclei, within the QRPA representation, the

Figure 2. (Color online) N = 50 nuclei: (a) EDF calculations
of neutron skin thickness δr as a function of A; (b) EDF+QRPA
calculations of the total B(E1)PDR strength as a function of the

mass number A. The summation is taken in the energy region
below Eγ ≤9 MeV which is related to PDR [9, 17].

PDR is formed by a sequence of 1− excited states, whose
structure is dominated by oscillations of weakly bound, al-

most pure neutron 2QP configurations. Their contribution

to transition matrix elements increases with the decrease

of S n.

Thus, from analyses of the structure of low-energy 1−
states and corresponding transition densities, the energy

region below Eγ ≤9 MeV is related to the PDR and neu-
tron skin oscillations [9, 17] whose total strength smoothly

decreases with increasing proton number Z. With increas-
ing excitation energies, the isovector dipole strength in-

creases steadily, following closely the slope of the GDR

which in data analyses is assumed to be of Lorentzian

shape (see e.g. [14]). Theoretically, this can be seen in

transition densities and state vectors structure which man-

ifest an enlargement of the out-of-phase neutron to proton

contributions and corresponding EWSR generally associ-

ated with the GDR [9, 17].

For comparison, we have performed two different

kinds of QRPA calculations with respect to the nuclear

MF and residual interactions used in the calculations of

the nuclear excited states [25]. The first method includes

nuclear MF determined by EDF formalism linked to self-
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Figure 3. (Color online) Systematic EDF+QRPA including PDR (blue dashed line), EDF+QRPA excluding PDR (green long-dash-
dot line), three-phonon EDF+QPM (black solid line), HFB+QRPA calculation based on the BSk7 force (red dotted line) and standard

Lorentz curves (brown short-dash-dot line) with parameter sets from Table 1 calculations of dipole photoabsorption cross section below

the neutron threshold of N = 50 nuclei in comparison with experimental data [9].

consistent Skyrme (SLy4) HFB calculations and the sep-

arable residual interactions of the QPM which are ex-

plained in [17, 29]. The second approach, is based on

a self-consistent HFB+QRPA model [37] which incorpo-

rates BSk7 Skyrme force [? ]. In this case, the MF and

the residual interaction are derived consistently from the

Skyrme (BSk7) EDF as discussed in in Refs. [25, 37]. The

two methods are found to give similar results for the dipole

photoabsorption cross sections in N = 50 nuclei (see in
Fig. 3). In addition, a comparison of EDF+QRPA calcula-

tions of dipole photoabsorption cross sections obtained in

two different cases, when the PDR is included (PDR in) or

excluded (PDR ex) is shown in Fig. 3. The EDF+QRPA

(PDR in) findings point out that the PDR has a peak in the

dipole photoabsorption cross section at about Eγ = 8 MeV

which smoothly moves up to higher excitation energy to-

wards 92Mo. More specifically, the EDF+QRPA (PDR

in) calculation in 86Kr gives a 56% increase of the total

dipole photoabsorption cross section in the PDR energy

region compared to the EDF+QRPA (PDR ex) calcula-

tions. The effect gradually reduces with the increase of the

proton number Z reaching about 25% in 92Mo. A com-

parison between the theoretical results and experimental

data is also shown in Fig. 3. It is seen that in general all

QRPA results underestimate significantly the low-energy

dipole photoabsorption data. Furthermore, QRPA calcula-

tions as well as standard Lorentzian approximations (also

given in Fig. 3) are not able to describe in detail the com-

plex dynamics of the low-energy dipole response func-

tion due to the interference of low-energy multi-phonon,

PDR and GDR states (see in Ref. [25] for more details).

The description of the experimental data can be signifi-

cantly improved if the interaction between quasiparticles

and phonons [29] is taken into account in the framework

of the three-phonon EDF+QPM which is shown in Fig. 3.

It indicates that in the PDR region the coupling of QRPA

PDR and GDR phonons and multi-phonon states is very

important. The result is a shift of the E1 strength to lower
energies which can be described in the three-phonon QPM

formalism also quantitatively [9].

Our EDF+ QRPA and three-phonon QPM microscopic

SF-s have been implemented into the TALYS reaction

code to investigate the 85Kr(n,γ)86Kr cross sections of as-
trophysical relevance [26]. It was found that the neutron-

capture cross section calculated within the EDF+three-

phonon QPM is in very good agreement with experimental

data [26] while the one calculated within the EDF+QRPA

formalism underestimates the data by about 35%.

Here, we extend our studies by analyzing system-

atically the neutron-capture reactions in N = 50 iso-

tones for the additional 87Sr(n,γ)88Sr, 89Zr(n,γ)90Zr and
91Mo(n,γ)92Mo reactions. TALYS calculations are per-
formed using the E1 SF-s from EDF+QRPA (SLy4) with
PDR contributions (PDR in) and without PDR contribu-

tions (PDR ex) in order to investigate the PDR impact on

the cross section. The contribution of the PDR to radiative

capture cross section for 10–100 keV incident neutrons is

estimated to be of the order of ∼ 50% for 85Kr(n,γ)86Kr,
∼ 22% for 87Sr(n,γ)88Sr, ∼ 13% for 89Zr(n,γ)90Zr and
∼ 10% for 91Mo(n,γ)92Mo, as shown in Fig. 4.

As far as the QPM predictions are concerned, it can

be seen in Fig. 4 that it leads to radiative neutron-capture
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Figure 4. (Color online) Ground-state neutron-capture cross sections of (a) 85Kr(n,γ)86Kr, (b) 87Sr(n,γ)88Sr, (c) 89Zr(n,γ)90Zr and
(d) 91Mo(n,γ)92Mo calculated with TALYS using EDF plus three-phonon QPM (black solid line), EDF+QRPA (PDR included) (blue

dashed line), EDF+QRPA (PDR excluded) (green dash-dot line), and HFB+QRPA (BSk7) (red dotted line) strength functions. For
85Kr(n,γ)86Kr, the hashed area corresponds to the cross section determined with the experimental strength as derived in Ref. [26]. For
87Sr(n,γ)88Sr, TALYS cross sections are compared with experimental data [25].

cross sections higher than the one obtained on the basis

of the QRPA strength by a factor of about 2 (or slightly

less in the 89Zr(n,γ)90Zr case). The higher cross section
with the QPM strength is directly related to the enhanced

strength stemming from the phonon coupling below the

neutron threshold (Fig. 3). It should be recalled that in

radiative neutron-capture cross section for incident neu-

trons with keV energies, the γ energies of relevance are
found below the neutron separation energies [25]. In the

case of the QPM, the major contribution to the 85Kr and
87Sr neutron-capture cross section originates from the SF

around 4 MeV photons. This energy range has a dominant

core polarization counterpart [25].

Recently, 195Pt(p, p’γ)195Pt and 195Pt(d, pγ)196Pt reac-
tions were carried out at the Oslo Cyclotron Laboratory

using deuteron and proton beams accelerated to 11.3MeV

and 16.5MeV, respectively. Furthermore, for the first time,

it was possible to determine the detailed shape of these

resonances for excitation energies in the quasicontinuum.

For the explanation of the experiment theoretical calcula-

tions in the frame of our EDF+QPM approach are done.

The preliminary results obtained from the calculations of

dipole SF in 196Pt are found in very good agreement with

the Oslo data [38]. These new investigations will con-

tribute to the study of the r-process of nucleosynthesis.

An important question to clarify is the fine structure

of the observed low-energy dipole strengths. For this pur-

pose, three-phonon QPM calculations of low-energy E1
and spin-flip M1 excitations in 52Cr, 90Zr and 138Ba nu-

clei are made. The results are compared to experimental

data obtained from polarized photon beams [7, 10, 13].

Both, experiment and theory show the predominantly elec-

tric character of the observed low-energy dipole strength.

To test the newly derived SF-s in N=50 nuclei, it is also
of particular interest to study the radiative proton-capture

reaction 89Y(p,γ)90Zr recently re-measured in Ref. [39,
40]. In this case, the cross section becomes sensitive to

the γ-SF essentially above the neutron emission threshold
around 3.6 MeV. Below this threshold, the cross section is

only sensitive to the proton-nucleus optical potential [25].

As shown in Fig. 5, the QPM model allows for a signifi-

cantly better description of the cross section above 4 MeV,

at least for the adopted HFB plus combinatorial nuclear

level density (NLD) model [25]. The QRPA models lead

to a substantial underestimation of the cross section and

the PDR contribution is found to have a rather small im-

pact of no more than 5 to 10%. In conclusion, the present

work reveals the predictive power of an advanced micro-

scopic nuclear structure model based on the self-consistent

EDF theory and QPM in systematic studies of dipole pho-

toabsorption and radiative nucleon-capture cross sections

of key s- and r- process nuclei. In particular, the contri-

bution of the PDR to dipole photoabsorption and neutron-

capture cross sections at astrophysical energies is theoret-

ically investigated in N = 50 and 196Pt nuclei. The re-

sults obtained with the EDF+QRPA approach in N = 50
isotones indicate that the largest PDR impact, of the or-

der of ∼ 50%, is observed for the 85Kr(n,γ)86Kr reaction
where the target nucleus 85Kr has the largest N/Z=1.43 ra-
tio. The effect smoothly decreases with the decrease of the

N/Z ratio towards 91Mo (N/Z=1.22) and its contribution
to the 91Mo(n,γ)92Mo reaction cross section is of about
10% [25]. This is similar to the PDR contribution to the
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Figure 5. (Color online) Radiative proton-capture cross sec-

tion 89Y(p,γ)90Zr calculated with TALYS using EDF plus three-

phonon QPM (black solid line), EDF+QRPA (PDR included)

(blue dashed line), EDF+QRPA (PDR excluded) (green dash-dot

line), and HFB+QRPA(BSk7) (red dotted line) SF-s [25].

corresponding dipole photoabsorption cross sections. The

PDR impact to the radiative proton-capture cross section

for the 89Y(p,γ)90Zr reaction is found to be small, less than
∼ 10%.

These studies clearly indicate that the QRPA is not suf-

ficient to account for the nuclear excitations below the neu-

tron threshold and hence QRPA SF-s will in general under-

estimate by a factor of about 2 radiative capture cross sec-

tions at astrophysical energies (see also [25]). However,

three-phonon QPM calculations provide a good descrip-

tion of experimental data, thus indicating the ability of the

microscopic multi-phonon theory for exploratory investi-

gations of nuclear reaction rates in hitherto experimentally

inaccessible mass regions.
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