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Abstract. In this contribution, we shall describe a formalism that goes beyond the simple time-dependent mean

field and is based on particle-vibration coupling (PVC). Such a formalism has been developed with the idea

of being self-consistent. It makes use of Skyrme effective forces, and has been used for several applications.

We will focus on charge-exchange transitions, namely we will show that our model describes well both the

Gamow-Teller giant resonance width, and the low-lying transitions associated with β-decay. In this latter case,

including PVC produces a significant improvement of the half-lives obtained at mean-field level, and leads to a

good agreement with experimental data. We will end by discussing particle-phonon multiplets in odd nuclei.

1 Introduction

While there is a tremendous progress in developing ab ini-
tio methods in nuclear structure theory, they are still not

applicable to heavy nuclei and/or highly excited states;

Density Functional Theory (DFT) has a much wider range

of applicability and has a fundamental character, being

based on the rigorous Kohn-Hohenberg theorem, at least

in the static case [1]. However, DFT in nuclear physics in-

volves quite a few open questions. There are still many dif-

ferent classes of functionals (local functionals like Skyrme

ones, Gogny functionals and covariant functionals); in

each class there is a proliferation of different parameter

sets, and a strategy to build a universal Energy Density

Functional (EDF) still need to be invented.

The time-dependent extension of DFT (TDDFT) is

even more problematic, and at present it is realized only in

the so-called adiabatic version. This means that the energy

density at point r and time t is assumed to depend only on

the changes of the density at the same point and at the

same time. On the other hand, the nuclear phenomenol-

ogy is characterised by non-localities in space and time,

and it is important to make an effort to include them on

top of TDDFT. The particle-vibration coupling approach

is one possibile way albeit of course not the only one. On

top of the motion in a static, possibly non-local in space,

mean-field, PVC takes into account the coupling with the

mean-field fluctuations [2].

In this contribution, we wish to describe some of

the recent calculations performed in our group along this

line. Our starting point is one of the possible reali-

sations of TDDFT, namely the self-consistent Hartree-

Fock (HF) plus Random Phase Approximation (RPA)

ae-mail: colo@mi.infn.it

scheme based on Skyrme interactions, or functionals. We

shall mainly discuss charge-exchange excitations like the

Gamow-Teller resonances (GTRs), and for details we refer

to Ref. [3], where our formalism has been introduced and

illustrated. Some details that are common between charge-

exchange and normal RPA can be found in Ref. [4], where

HF-RPA for non charge-exchange models is thoroughly

presented.

On top of RPA, we include PVC along the same line

of the model that has been originally introduced in [3].

Such model has been revived and significantly extended

in Refs. [5–7], where many approximations of the original

implementation have been removed.

We apply this model to charge-exchange transitions

like GT and β-decay in Sec. 3, after recalling the main

features of the formalism in Sec. 2. In the last Sec. 4 we

introduce a preliminary version of a model that is intended

to implement the PVC idea to calculate the low-lying spec-

troscopy of odd nuclei, with an extension that is related to

the inclusion of non-collective states.

2 Formalism

We employ the same formalism as in Refs. [5, 6], and here

we only recall its essential points. We first carry out a

self-consistent HF+RPA calculation of the GT strength,

using a standard Skyrme interaction. Forward-going

and backward-going amplitudes associated with the RPA

eigenstates |n〉 will be denoted by X(n)
ph and Y (n)

ph , respec-

tively. Due to the effect of PVC, the RPA strength will be

shifted and redistributed through the coupling to a set of

doorway states, denoted by |N〉, made up with a particle-

hole (p-h) excitation coupled to a collective vibration of

angular momentum J. The properties of these collective
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vibrations, i.e. phonons |nJ〉 are, in turn, obtained by com-

puting the RPA response with the same Skyrme interac-

tion, for states of natural parity Jπ = 0+, 1−, 2+, 3−, 4+,

5−, and 6+. Only collective vibrations which absorb a frac-

tion of the total isoscalar or isovector strength larger than

5% (and with energy less than 20 MeV) are included in the

model space. This amounts to 22 phonons in the case, e.g.,

of the calculation performed for 208Pb with the interaction

SkM*.

The GT strength is obtained from

S (ω) = −1

π
Im

∑
ν

〈0|ÔGT± |ν〉2 1

ω −Ων + i( Γν
2
+ Δ)
, (1)

where ÔGT± is the standard GT operator. |ν〉 are the 1+

eigenstates of the system, associated with the complex

eigenvalues Ων − i Γν
2

and eigenvectors (F(ν), F̄(ν)), that are

obtained by diagonalizing the energy-dependent complex

matrix( D +A1(ω) A2(ω)

−A3(ω) −D −A4(ω)

) (
F(ν)

F̄(ν)

)
= (Ων−i

Γν

2
)

(
F(ν)

F̄(ν)

)
.

(2)

Here, D is a diagonal matrix containing the positive RPA

eigenvalues, and the Ai matrices are associated with the

coupling to the doorway states. The expression of Ai in

the RPA basis |n〉 reads

(A1)mn =
∑

ph,p′h′
W↓

ph,p′h′(ω)X(m)
ph X(n)

p′h′ + W↓∗
ph,p′h′ (−ω)Y (m)

ph Y (n)
p′h′ ,

(3)

(A2)mn =
∑

ph,p′h′
W↓

ph,p′h′(ω)X(m)
ph Y (n)

p′h′ + W↓∗
ph,p′h′(−ω)Y (m)

ph X(n)
p′h′ ,

(4)

(A3)mn =
∑

ph,p′h′
W↓

ph,p′h′(ω)Y (m)
ph X(n)

p′h′ + W↓∗
ph,p′h′ (−ω)X(m)

ph Y (n)
p′h′ ,

(5)

(A4)mn =
∑

ph,p′h′
W↓

ph,p′h′(ω)Y (m)
ph Y (n)

p′h′ + W↓∗
ph,p′h′(−ω)X(m)

ph X(n)
p′h′ ,

(6)

where W↓ is the matrix associated with the coupling of the

particle-hole (p-h) states with the doorway states, that is,

W↓
ph,p′h′(ω) =

∑
N

〈ph|V |N〉〈N|V |p′h′〉
ω − ωN + iΔ

. (7)

The detailed expression of such matrix, together with its

diagrammatic representation, can be found in Refs. [5, 6].

The averaging parameter Δ is introduced to avoid singu-

larities in the denominator of Eq. (7), and a convenient

value is, in practice, Δ=200 keV or larger in the region

of the GTR. A larger value of Δ can effectively take into

account the coupling to more complex configurations (not

included in the current model), and/or simulate the exper-

imental resolution.

In the case of β-decay, we use the allowed GT ap-

proximation, namely we use the GT strength distribution

in order to calculate the decay half-life. This distribu-

tion is obtained as a function of the excitation energy EM

with respect to the mother nucleus, which is related to

the energy E in the daughter nucleus through the relation

EM = E + ΔB, ΔB being the experimental binding energy

difference between mother and daughter nucleus. The de-

tails of the β-decay calculation are described in Ref. [7];

here, we simply mention that we have found that the life-

times converge for small values of Δ, and we have chosen

Δ = 0.05 MeV for the states in the β-decay window. The

β-decay half-life is given by

T1/2 =
D

g2
A

∫ Qβ S (E) f (Z, ω)dE
, (8)

where f is the integrated phase space volume. The integra-

tion includes all the GT states with energy smaller than the

Qβ value. The value of D is 6163.4 s. The quenching effect

is included in gA by taking gA = 1.0. In the GT strength

distribution, we do not include any quenching factor. The

integrated phase space volume reads

f (Z, ω) =
1

(mec2)5

∫ ω

mec2

peEe(ω − Ee)2F0(Z + 1, Ee)dEe,

(9)

where pe, Ee, and F0(Z + 1, Ee) denote the momentum,

energy and Fermi function of the emitted electron, respec-

tively. ω is the energy difference between the initial and

final nuclear state, and is connected with GT energy E by

ω = Qβ + mec2 − E.

3 Results and discussion

3.1 Gamow-Teller excitations

In Fig. 1, the GT strength distributions of 208Pb calculated

by RPA and RPA+PVC approach with the Skyrme interac-

tions SkM* and SGII are shown. The excitation energies

are given with respect to the parent nucleus. To compare

with data, in panels (a) and (c) we adopt for the smear-

ing parameter a value Δ = 1 MeV, in both the RPA and

RPA+PVC calculations. In panels (b) and (d) we also

show the results obtained with a smaller value, that is,

Δ=200 keV, as it allows to see the features of the theo-

retical GT distributions in more detail. With Δ = 1 MeV,

for both interactions the RPA+PVC model provides a

good description of the line shape of the giant resonance.

The essential effect coming from the inclusion of PVC

is that the excitation energies are shifted downwards by

≈1-2 MeV, and in addition a conspicuous spreading width

arises. Besides the main GT peak at 19.2 MeV, there is

another low-energy peak produced by the RPA+PVC cal-

culations, and located at about 11.8 MeV (SkM*) or 12.5

MeV (SGII), which is not visible in the experiment.

Concerning strengths, we briefly discuss the case of

the interaction SkM* (SGII). The total GT− [
∑

B(GT−)]

and GT+ [
∑

B(GT+)] strengths calculated in the RPA

approach are 132.89 (132.95) and 0.90 (0.96), respec-

tively. The RPA result for
∑

B(GT−) − ∑
B(GT+) ex-

hausts 99.99% (99.99%) of the Ikeda sum rule. Only

1% (3%) of the calculated GT− strength lies at in the

energy region above 25 MeV. In the RPA+PVC calcula-

tion,
∑

B(GT−) − ∑
B(GT+) exhausts 95.6% (95.2%) of
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Figure 1. (Color online) Gamow-Teller strength distribution of 208Pb calculated by means of the RPA and RPA+PVC approaches with

the Skyrme interactions SkM* and SGII, using the smearing parameter Δ = 0.2 and 1.0 MeV. The experimental data [8] are also shown

for comparison. Figure adapted from Ref. [6].

the Ikeda sum rule up to the excitation energy of 60 MeV,

while this value becomes 97.7% (97.3%) in the case in

which the smearing parameter Δ = 0.2 MeV is adopted.

The experimental strength integrated up to 25 MeV is

about 68% (71%) of the RPA+PVC result [8].

Previous studies found that RPA tensor correlations

could shift about 10% of the sum rule to the excitation

energy region above 30 MeV [9, 10]. The inclusion of the

coupling with the Δ-isobar excitation could move strength

to very high excitation energy, this amount being of the or-

der of 10% of the total sum rule or less [11–13]. Concern-

ing the remaining discrepancy with experiment, we cannot

determine to which extent it can be attributed to deficien-

cies in the model, or to systematic uncertainties that the

experiment was unable to pin down.

By reducing the value of the smearing parameter to

Δ = 200 keV, the detailed structure of the resonance is

revealed. The main peak, which displayed a full width at

half maximum (FWHM) of about 3.6 MeV withΔ=1 MeV,

is roughly split into two peaks. In the case of both inter-

actions, but in particular for SkM*, more strength and a

smaller width is obtained for the lower peak.

3.2 β-decay

In Fig. 2, β-decay half-lives of 78Ni calculated by RPA and

RPA+PVC approaches with several different Skyrme in-

teractions are compared with the experimental value [14].

The nucleus 78Ni is a doubly magic one that is an impor-

tant waiting point in the r-process, and represents a ma-

jor bottleneck for the synthesis of heavier elements. The

Skyrme interactions are not well constrained in the spin-

isospin channel, and as a consequence their predictions for

the half-life can vary by more than two orders of magni-

tude. With the inclusion of PVC effects, the half-lives are

Figure 2. (Color online) β-decay half-life of 78Ni, calculated

by RPA and RPA+PVC approaches with several Skyrme forces,

in comparison with the experimental value [14]. Figure adapted

from Ref. [7].

reduced for all interactions, and in particular the SkM*

and SIII results agree with the experimental value. It has

to be stressed that the Skyrme force SkM* does not only

reproduce well β-decay half-life, but also describes well

the giant resonance line shape in 208Pb (as we have seen

above) and in 56Ni at the PVC level [5, 6]. Therefore, we

shall use this interaction for further investigations. As we

show and briefly discuss in Ref. [7], there may be some in-

teraction, like SkX, that reproduces the β-decay half-lives

at the level of RPA. However, we aim here at a descrip-

tion of these half-lives on equal footing not only with the

centroid of giant resonances but also with their width and

fragmentation.

In Fig. 3, we analyze how the PVC reduces the half-

life. In panel (a), we present the GT strength distribution

calculated by RPA and RPA+PVC model. The half-life is

determined by the product of the strength with the phase

space volume, which increases as the fifth power of the

NSRT15
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Figure 3. (Color online) The GT low-lying strength distribu-

tion with respect to daughter nucleus [panel (a)], the cumulative

sum of the GT strength [panel (b)], and the cumulative sum of

1/T1/2 [panel (c)]. The RPA and RPA+PVC results are shown

respectively by the dotted line and solid line. The vertical dotted

lines show the experimental value of Qβ [15]. The experimental

value of 1/T1/2 [14] is indicated by the star. Figure adapted from

Ref. [7].

energy, i.e., f ∝ (Qβ − E)5. So a little variation in excita-

tion energy can induce a large variation in phase space vol-

ume, and as a consequence also in the half-life. With the

inclusion of PVC, the RPA strength is shifted downwards

by about 2 MeV. This causes a big increase in phase space

volume, and in turn, a big decrease in the half-life. In panel

(b), the cumulative sums of the GT strength calculated by

RPA and RPA+PVC model are shown. The strength of

each peak is basically kept conserved as in the RPA case

after the inclusion of PVC effect. In panel (c), the cumu-

lative sums of 1/T1/2 calculated by RPA and RPA+PVC

model are shown. With the inclusion of PVC, the 1/T1/2

increases considerably as compared to the RPA result, and

gets quite close to the experimental value. So in conclu-

sion, although the PVC does not change the strength of

each peak, it reduces the half-life dramatically by shifting

downwards the excitation energy.

Finally, the lifetimes of the four nuclei 132Sn, 68Ni,
34Si, and 78Ni are compared with experiment in Fig. 4 in

the case of the SkM* force. The RPA results markedly

overestimate the half-life for all nuclei. Except for 78Ni,

the discrepancy amounts to more than one order of mag-

nitude. For 132Sn, the RPA model even gives an infinite

half-life, i.e., the nucleus is stable. The effect of the PVC

Figure 4. (Color online) The β-decay half-lives of 132Sn, 68Ni,
34Si, and 78Ni, calculated by RPA and RPA+PVC approaches

with the interaction SkM*, respectively, in comparison with ex-

perimental values [14, 15]. The arrow denotes an infinite half-

life. Figure adapted from Ref. [7].

decreases the values of T1/2 by large factors compared to

RPA, substantially improving the overall agreement with

experimental data.

4 A model for odd nuclei

Odd nuclei are also amenable to a PVC description (see

also [16] and references therein). The standard weak-

coupling model [17] has been employed by some of us to

describe some of the low-lying states around the 48Ca core

[18, 19]. The low-lying spectra in odd nuclei like 47,49Ca,

however, show the presence of states with different charac-

ter. Some of them have mainly particle-like (or hole-like)

character, and are characterised by large spectroscopic fac-

tors in pick-up (or stripping) reactions1. Some others may

come from the coupling of the particle (or hole) with a

core vibration. We take as a signature of such character

the fact that the decay reduced transition probability from

these states to the odd nucleus ground state should be sim-

ilar to the reduced transition probability of the core vibra-

tion. In fact, in the weak coupling scheme these reduced

transition probabilities are equal, that is,

B(Eλ,
[
j′ ⊗ λ] j → j′) = B(Eλ, λ→ 0). (10)

At the same time, there might be further states that have

for instance 2p-1h (or 1h-2p) character and do not fit the

weak-coupling PVC scheme by definition. These states

appear, for instance, in shell model calculations whose re-

sults have been displayed in Ref. [19]; at the same time,

it is well known that such shell-model calculations have

difficulties to pin down the particle-vibrational states, and

are too demanding or simply impossible as mass number

and/or excitation energy increase.

1We are well aware of the problems associated with a clean definition

of spectroscopic factors. However, such problems do not prevent from

using spectroscopic factors for a qualitative indication about the nature

of observed states discussed here.
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All these considerations have motivated the formula-

tion of a hybrid model that we shall call Hybrid Configura-

tion Mixing (HCM) model in what follows. In this model,

we include particle states together with states that for prac-

tical reasons emerge from RPA calculations, but can have

either collective character or pure p-h nature. In either

case, we should of course account at our best for Pauli

principle violations, but the problem is certainly more se-

vere in the case of pure p-h states. Some of us are currently

employing this model to explain the spectra of odd nuclei

with one particle outside a magic core, like 133Sb.

In this model, we solve the Hamiltonian

H = H0 + V,

H0 =
∑

jm

ε ja
†
jma jm +

∑
NJM

�ωNJΓ
†
NJMΓNJM ,

V =
∑

jm j′m′

∑
NJM

h( jm; j′m′,NJM)a jm

[
a†j′ ⊗ Γ

†
NJ

]
jm
, (11)

where the single particle states of the core nucleus are la-

belled for simplicity by jm instead of nl jm and have ener-

gies ε j, whereas the phonons with angular momentum JM
are labelled by the index N and have energies �ωNJ . As

usual, a+ (Γ+) refer to single-particle states (RPA states)

creation operator. If we use consistently the Skyrme inter-

action, these states emerge from HF and RPA calculations,

respectively; in this case, the matrix elements h have the

expression that can be read from Eq. (A1) of Ref. [20].

The Hamiltonian (4) can be diagonalised separately in

different Hilbert subspaces with good angular momentum

j and parity π. The basis states in these subspaces are ei-

ther particle states,

| jm〉 = a†jm|0〉, (12)

where |0〉 is the even-even core, or coupled states

| [ j′ ⊗ NJ
]

jm〉, (13)

that, as discussed above, can either be particles plus gen-

uine collective states, or pure 2p-1h states. This ensemble

will define the basis for the calculation of the A+1 nu-

cleus close to a core nucleus A. The model space could

be in principle extended if needed. The matrix elements

between the configurations (12) and (13) are 〈 j||V || j′J〉/ ĵ
[cf. Eq. (A9) of [20]]. So, the Hamiltonian in each of the

subspaces has the typical form

H =

⎛⎜⎜⎜⎜⎜⎜⎝
εn1l j

〈n1l j||V ||n′
1
l′
1

j′
1
N1 J1〉

ĵ
〈n1l j||V ||n′

1
l′ j′

1
N1 J1〉

ĵ
εn′

1
l′
1

j′
1
+ �ωN1 J1

⎞⎟⎟⎟⎟⎟⎟⎠ . (14)

We can label the basis states [either of the type (12) or

(13)] with |i〉, so that the above matrix is Hii′ .

The main problem is that the basis in the second sub-

space [the one spanned by the states (13)] may be non or-

thogonal and overcomplete. This problem by using the

technique of Ref. [21]. For this aim, we need the over-

lap matrix Nii′ between the basis states in the Hilbert sub-

space under study. This matrix is clearly diagonal in the

subspace of states (12), and zero if matrix elements be-

tween states of the type (12) and (13) are considered. On

the other hand, we do have non-trivial overlaps between

states of the type (13). Such overlaps can be calculated if

the structure of the states emerging from the RPA calcula-

tion is known, and the detailed formulas will be displayed

in forthcoming publications. The eigenvalue problem be-

comes of the generalised type, that is,

(H − EN) X = 0, (15)

where E labels a generic eigenvalue and X is the corre-

sponding eigenvector. We plan to obtain results for differ-

ent multipoles in few nuclei, and comparisons with other

existing schemes like the one of Ref. [22] will be carried

out.

5 Conclusions

There are recent developments in self-consistent PVC cal-

culations that employ Skyrme interactions, and we have

described some of them in the present contribution. Of

course, such attempts complement our understanding of

the limitations of currently used Skyrme functionals, and

may pave the way for more advanced and accurate many-

body schemes.

PVC calculations for giant resonances overcome one

of the main limitations of RPA, which cannot describe the

spreading width. In the case of the Gamow-Teller reso-

nance of 208Pb, it has been found that the PVC shifts the

excitation energy downwards by 1-2 MeV, and induces a

non-negligible spreading of the strength of the main RPA

peak. Good agreement with the experimental GT reso-

nance line shape can be obtained, at least for some Skyrme

functionals as SkM*.

The downward shift of the strength is of particular im-

portance in the calculation of beta-decay half-lives, which

are more sensitive to the position of the GT states and to

the consequent increase in phase space, rather than to the

integrated strength below Qβ, which is not much changed

by the inclusion of PVC. The RPA+PVC model reduces

the β−decay half-lives of the nuclei 132Sn, 68Ni, 34Si, and
78Ni (all treated as magic). The SkM* functional leads to a

good agreement with experiment both for the strength dis-

tribution in the GTR region and for the β−decay lifetimes.

The PVC plays an important role in the study of the

low-lying spectroscopy of odd nuclei. We wish to describe

the low-lying states of the A+1 nucleus close to the core A

as combinations of particle states, and particle+RPA cou-

pled states, that can have either particle-vibrational charac-

ter or 2p-1h nature. Preliminary results are already avail-

able for 133Sb.
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