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Abstract. The turbulent passive advection under the environment (velocity) field with fi-
nite correlation time is studied. Inertial-range asymptotic behavior of a vector (e.g., mag-

netic) field, passively advected by a strongly anisotropic turbulent flow, is investigated

by means of the field theoretic renormalization group and the operator product expan-

sion. The advecting velocity field is Gaussian, with finite correlation time and prescribed

pair correlation function. The inertial-range behavior of the model is described by two

regimes (the limits of vanishing or infinite correlation time) that correspond to nontrivial

fixed points of the RG equations and depend on the relation between the exponents in the

energy spectrum E ∝ k1−ξ
⊥ and the dispersion lawω ∝ k2−η

⊥ . The corresponding anomalous

exponents are associated with the critical dimensions of tensor composite operators built

solely of the passive vector field itself. In contrast to the well-known isotropic Kraichnan

model, where various correlation functions exhibit anomalous scaling behavior with infi-

nite sets of anomalous exponents, here the dependence on the integral turbulence scale L
has a logarithmic behavior: instead of power-like corrections to ordinary scaling, deter-

mined by naive (canonical) dimensions, the anomalies manifest themselves as polynomi-

als of logarithms of L. Due to the presence of the anisotropy in the model, all multiloop

diagrams are equal to zero, thus this result is exact.

1 Introduction

Understanding the turbulent advection is a rich and challenging problem. On the one hand, the vi-

olation of the classical Kolmogorov–Obukhov theory [1] is even more strongly pronounced for a

advected field than for the velocity field itself; see, e.g., review [2]; on the other hand, the problem

of passive advection appears to be easier tractable theoretically. The most remarkable progress on

this way was achieved for the so-called Kraichnan’s rapid-change model [3], in which instead of the

stochastic Navier–Stokes (NS) equation the velocity field is modeled by a Gaussian ensemble, not

correlated in time, with zero mean and prescribed pair correlation function. This approximation cor-

responds to the passive field approximation: if we neglect the influence of advected field θ to the

dynamics of the environment (velocity) field v, the latter can be modeled by statistical ensembles with

prescribed properties. For the first time, the anomalous exponents have been calculated on the basis

of a microscopic model and within regular expansions in formal small parameters in [2].
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In this paper, we consider a more realistic model with finite (and not small) correlation time. The

passively advected field is chosen as a vector and corresponds to the magnetohydrodynamic (MHD)

turbulence. Furthermore, we will investigate the “strongly anisotropic” model, which is obtained by

introducing the velocity field v, oriented along a fixed direction n:

u(t, x) = n × v(t, x⊥). (1)

This problem is closely related to the processes taken place in solar corona, e.g., with solar wind [4],

and n is an “orientation of a large-scale flare” in this context. As well, this model can be viewed

as a d-dimensional generalization of the strongly anisotropic velocity ensemble introduced in [5] in

connection with the turbulent diffusion problem and further studied and generalized in a number of

papers [6–8]. Following [9], we included into the stochastic advection-diffusion equation [see equa-

tion (2) below] an additional arbitrary dimensionless parameter A0, which unifies different physical

situations: the kinematic MHD model, the linearized NS equation and the passive admixture with

complex internal structure of the particles.

One of the most convenient ways to study the anomalous scaling in various statistical models

of the turbulent advection is to apply the field theoretic renormalization group (RG) and operator

product expansion (OPE); see, e.g., the monographs [10, 11]. In this case the anomalous scaling is a

consequence of the existence in the model of composite fields (“composite operators” in the quantum-

field terminology) with negative scaling dimensions; see [12, 13] and references therein.

This model should be considered as generalization and evolution of the models, considered in [7],

where the advected field is chosen scalar, and [14], where the environment (velocity) field is chosen

decorrelated in time. The main result of the present paper is that the inertial-range behavior of vector
fields advected by velocity ensemble with finite correlation time combines the features of both above

models: as in the scalar case, there is a set of fixed points, governing the infrared (IR) behavior; as in

the zero-time correlation model, the inertial-range behavior of vector fields has logarithmic corrections

to ordinary scaling.

2 Description of the model

In the presence of the anisotropy, the turbulent advection of a passive vector field θ(x) ≡ θ(t, x) is

described by the stochastic equation [14]

∂tθi + ∂k (vkθi −A0 viθk) + ∂P = ν0 (∂2⊥ + f0∂2‖ )θi + fi, (2)

where θi(x) is the vector field, x ≡ {t, x}, ∂t ≡ ∂/∂t, ∂i ≡ ∂/∂xi, n is a unit vector that determines

the distinguished direction, x⊥ and ∂⊥ are the components of the vectors x and ∂ perpendicular to n,

∂‖ ≡ ∂ · n, ν0 is the molecular diffusivity coefficient, ∂2 is the Laplace operator, u(x) ≡ {vi(x)} is the

velocity field, fi ≡ fi(x) is an artificial Gaussian scalar noise with zero mean and correlation function

〈
fi(t, x) fk(t′, x′)

〉
= δ(t − t′) Cik(r/L). (3)

Here r = x − x′, r = |r|, the parameter L ≡ M−1 is the integral (external) turbulence scale related to

the stirring, and Cik is a dimensionless function finite for r/L → 0 and rapidly decaying for r/L → ∞.

The dimensionless constant f0, which breaks the Od symmetry of the Laplace operator, had to be

introduced for renormalizability reasons.

As we consider the passive field approximation, the field u(x) can be simulated by a statistical

ensemble with prescribed statistics: it is assumed to be Gaussian, strongly anisotropic, homogeneous,
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and with zero mean and a correlation function [7]

〈
va(t, x) va′ (t′, x′)

〉
= 2πnana′

∫
k>m

dk
(2π)d δ(k‖) eik·(x−x′) D0

k5−d−(ξ+η)
⊥

ω2 +
[
α0ν0k2−η

⊥
]2 . (4)

Here d is the dimensionality of the x space, k⊥ ≡ |k⊥|, 1/m is another integral turbulence scale, related

to the stirring, D0 > 0 is the amplitude factor and the symbol k‖ denotes the scalar product k · n. Un-

like [15] and some other generalizations of the isotropic Kraichnan’s model, this velocity ensemble

does not contain the isotropic case as a special case. The function (4) involves two independent expo-

nents ξ and η, which in the RG approach play the role of two formal expansion parameters; depending

on their values, the model reveals various types of inertial-range scaling regimes (see Sec. 3). A new

parameter α0 is needed for dimensionality reasons.

3 Field theoretic formulation of the model. Renormalization

The stochastic problem (2) – (4) is equivalent to the field theoretic model of the extended set of three

fields Φ ≡ {θ, θ′, u} with the action functional

S(Φ) = −1

2
viD−1
v vk +

1

2
θ′i Dθθ

′
k + θ

′
k

[
−∂tθk − (vi∂i)θk +A0(θi∂i)vk + ν0(∂

2
⊥ + f0∂2‖ )θk

]
. (5)

Here all the terms, with the exception of the first one, represent the De Dominicis–Janssen action

for the stochastic problem (2), (3) at fixed u, while the first term represents the Gaussian averaging

over u. Furthermore, Dθ and Dv are the correlators (3) and (4) respectively; the needed integrations

over x = (t, x) and summations over the vector indices are implied. This formulation means that the

statistical averages of random quantities in the stochastic problem (2), (4) coincide with the functional

averages of weight expS(Φ) with the action (5).

The model (5) is solved by a standard Feynman diagrammatic technique with the triple vertex,

which is represented in the diagrams as the point, in which three lines connect with each other, and

the three bare propagators: 〈vava′ 〉0,
〈
θcθ

′
c′
〉
0
and 〈θbθb′ 〉0, which are determined by the quadratic (free)

part of the action functional and are represented in the diagrams as wavy (which corresponds to the

field v), slashed straight (the slashed end corresponds to the field θ′) and straight (the end without a

slash corresponds to the field θ) lines, respectively.

From the analysis of the ultraviolet (UV) divergences it follows, that we deal with two diverging

functions: the response function 〈θ′αθβ〉1−ir and the triple correlation function 〈θ′αθβvγ〉1-ir; but from

direct calculations the latter appears to be equal to zero. Moreover, all multiloop diagrams entering

into expansion of the 1-irreducible response function 〈θ′αθβ〉1−ir, also are equal to zero, therefore to

renormalize our model we have to calculate the only diagram represented in Fig. 1.

Figure 1. The only divergent diagram, entering into expansion of the

1-irreducible response function 〈θ′αθβ〉1−ir

From the substitution of the explicit expression for the divergent part of the self-energy operator

Σαβ into the expression for the 1-irreducible linear response function 〈θ′αθβ〉1−ir it follows that the poles

in ξ and η cannot be removed by the renormalization of the model parameters, and in order to ensure

multiplicative renormalizability one has to add new term of the form u0 f0ν0(nkθ
′
k)∂

2
‖ (nkθk) into the

action functional (5), with a new positive amplitude factor u0.
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After this trick the model becomes multiplicatively renormalizable with two independent renor-

malization constants Zf and Zu:

f0 = f Z f , u0 = uZu, g0 = gμ
ξ+ηZg; α0 = αμ

η, and Zg = Z−1f . (6)

Here μ is the “reference mass” (additional free parameter of the renormalized theory) in the minimal

subtraction (MS) renormalization scheme, and the coupling constant g is defined as g = D0/ν
3
0

f0 with

D0 from (4).

One of the basic RG statements is that the asymptotic behavior of the model is governed by the

fixed points
{
g∗i
}
, defined by the relations

βg = βu = β f = βα = 0; (7)

the type of the fixed point (IR/UV attractive or a saddle point) is determined by the matrix Ωik =

∂βi/∂gk: for an IR attractive fixed point the matrix Ω has to be positive.

The analysis of the β-functions reveals four different IR attractive fixed points depending on the

exponents ξ and η: if ξ < 0, η < 0, or if η > 0, η − ξ > 0, we have two gaussian fixed points with

g∗ = 0 (regimes 1a and 2a, respectively; see Fig. 2); if ξ > 0, η < 0, or if η > 0, ξ − η > 0, we

have two nontrivial regimes, called 1b and 2b, respectively; for detailes of the calculation see [16].

Thus we can conclude that the domains of IR stability in the vector model (5) coincide with the

corresponding domains of IR stability in the scalar model considered in [7]. Since the β-functions
have no higher-order corrections, this pattern is exact.

1b
(trivial)

(trivial)

1a

2b
2a

ξ = η
η

ξ

Figure 2. Domains of IR stability of the fixed points in the model (5). The

numbers in boxes correspond to the fixed points (1a) – (2b) in the text.

This fact implies that the correlation functions of the model (5) in the IR region (μr � Λr  1,

Mr ∼ 1) exhibit scaling behavior (as we will see below, up to logarithmic factors). For the corre-

sponding critical dimensions Δ[F] ≡ ΔF = dk
F + 2dωF + γ

∗
F we have

Δt = −Δω = −2, Δm = ΔM = 1, Δ f = γ
∗
f , Δu = 0. (8)

Substituting the fixed point values of the regimes (1a) – (2b) we obtain:

Δ f = 0 for (1a), (2a); Δ f = ξ for (1b), and Δ f = ξ − η for (2b). (9)

For any correlation function GR = 〈Φ . . .Φ〉 of the fields Φ we have ΔG = NΦΔΦ, so the critical

dimensions of the fields Φ =
{
u, θ, θ′

}
are the same as their canonical dimensions. It is the specific

feature of the present model, which makes it similar to the zero-correlation time model [14] and distin-

guishes it from both the isotropic Kraichnan’s vector model [13] (in which γν � 0) and the anisotropic

Kraichnan’s scalar model [7] (in which the Laplacian splitting parameter f0 is not dimensionless).
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4 Renormalization and critical dimensions of composite operators

The measurable quantities are equal-time pair correlation functions of two composite fields (“opera-

tors”) FN p, built solely of the basic fields θ:

GN1 p1,N2 p2
(r) =

〈
FN1 p1

(t, x1) FN2 p2
(t, x2)

〉
, FN p = (θiθi)

p (nsθs)
2m. (10)

Here r = |x2 − x1| is the separation, N = 2(p + m) is the total number of fields θ, entering into the

operator F, i = {N1p1}, and k = {N2p2}.
To calculate the renormalization constants we have to calculate the only one-loop diagram, rep-

resented in figure 3; the divergent parts of all the multiloop diagrams are equal to zero and therefore

give no contribution to the renormalization constants and the anomalous dimensions.

Figure 3. The one-loop contribution to the generating functional

From the calculation of this diagram it follows that the operators FN p indeed mix in the renormal-

ization. This means that the renormalization constants Z and the anomalous dimensions γ are some

matrices:

Fp =
∑

p′
Zp,p′FR

p′ , γ̂F = Ẑ−1F DμẐF . (11)

Therefore to solve the RG equation we have to diagonalize these matrices. But they appear to be not

diagonalizable and can only be brought to the Jordan form.

For the equal-time pair correlation function (10) this leads to the appearance of a logarithmic

dependence in the IR asymptotic behavior (in the following we denote it Gik for brevity):

GR
ik ∝ (μr)N1+N2 P(N1+N2)/2

[
ln μr
]
Φ
(
1, Mr, mr, f̄

)
∀i, k. (12)

Here PL (. . . ) is a polynomial of degree L with the argument ln μr; f̄ is the invariant charge and

f̄ → f rξ as 1/μr → 0 for scaling regime (1b), f̄ → f rξ−η as 1/μr → 0 for scaling regime (2b).

The representations (12) with unknown scaling functions Φ describe the behavior of the correla-

tion functions at μr  1 and any fixed value of Mr. The inertial range  � r � L corresponds to the

additional condition Mr � 1, the form of the functions Φ under this condition is studied using the

operator product expansion.

Combining the RG representation (12) with the corresponding OPE, restoring the canonical di-

mension dG = −N1 − N2 and retaining only the leading term, we obtain the following asymptotic

expression for the pair correlation function (10) in the inertial range:

G =
〈
FN1 p1

FN2 p2

〉
∝ νdωG M−N1−N2

[
ln μr
](N1+N2)/2 [ln Mr](N1+N2)/2 Φ̃

(
f̄
)
, (13)

where Φ̃
(

f̄
)
is a certain scaling function, restricted to the inertial range  � r � L. Owing to the

nilpotency of the matrix of the critical dimensions, the only dependence on the exponents ξ and η
that distinguishes the two nontrivial cases (1b) and (2b) from each other is contained in the invariant

charge f̄ . For the trivial regimes (1a) and (2a) there is no corrections to the ordinary scaling.
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5 Conclusion
We applied the field theoretic renormalization group and the operator product expansion to the analysis

of the inertial-range asymptotic behavior of a divergence-free vector field, passively advected by a

strongly anisotropic turbulent flow. Depending on the two exponents ξ and η that describe the energy

spectrum E ∝ k1−ξ
⊥ and the dispersion law ω ∼ k2−η

⊥ of the velocity field, the possible nontrivial
types of the IR behavior appear to reduce to only two limiting cases: the rapid-change type behavior,

realized for ξ > η > 0 (regime 2b), and the “frozen” (time-independent or “quenched”) behavior,

realized for ξ > 0, η < 0 (regime 1b). In this respect, the situation is the same as in the model of the

anisotropic advection of the scalar field studied in [7].

The inertial-range asymptotic expressions for various correlation functions are summarized by the

expressions (13). In contrast to the Kraichnan’s rapid-change model, where the correlation functions

exhibit anomalous scaling behavior with infinite sets of anomalous exponents, here the dependence on

the integral turbulence scale L demonstrates a logarithmic character. The key point is that the matrices

of scaling dimensions of the relevant families of composite operators appear nilpotent and cannot be

diagonalized. This result is perturbatively exact in the sense that the contributions of all multiloop

diagrams appear equal to zero. The physical meaning of this feature is not yet clarified, but it is clear

that it is closely connected with the presence of the anisotropy vector n.
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