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Abstract. We have applied the Gamow shell model (GSM) in the coupled-channel representation to study the astrophysical S -factor for the proton radiative capture reaction
of 6 Li. Reaction channels are built by coupling the proton wave function expanded in
diﬀerent partial waves with the GSM wave functions of the ground state (1+ ) and the
excited states (3+1 , 0+1 and 2+1 ) of 6 Li. All relevant E1, M1, and E2 transitions from the
initial continuum states in 7 Be to the ﬁnal bound states (3/2−1 and 1/2−1 ) are included. It
is found that the calculated total astrophysical S factor for this reaction agrees well with
the experimental data.

1 Introduction
The structure of low-lying states in nuclei from the valley of beta-stability is well described by the
standard shell model (SM). In a vicinity of the neutron or proton drip lines, atomic nuclei become
weakly bound or even unbound in the ground state, and hence the description of its basic properties
requires an explicit including of the coupling to the scattering continuum. The comprehensive description of bound states, resonances and scattering many-body states is possible only in either the
continuum shell model [1, 2] or the Gamow shell model (GSM) [3–5].
GSM is the rigged Hilbert space generalisation of the SM [5]. Many-body states are expanded
in the basis of Slater determinants spanned by bound, resonance and (complex-energy) non-resonant
scattering states of the complete single particle (s.p.) Berggren ensemble [6]. In the past, GSM has
been applied successfully to describe structural properties of many-body bound states, resonances
and their decays. In order to describe both the nuclear structure and reactions in a uniﬁed theoretical
framework, the GSM has been recently formulated in the coupled-channel (CC) representation [7, 8].
The GSM-CC approach has been applied to the low-energy elastic and inelastic proton scattering [7]
and proton/neutron radiative capture reactions [8].
The low-energy proton radiative capture reactions play an important role in the nuclear astrophysics, in particular in the nucleosynthesis of light and medium-heavy elements. In recent years,
much interest has been devoted to the study of reactions which can produce 7 Be in the stellar environment [9, 10], especially to the 6 Li(p, γ)7 Be reaction which is crucial for the consumption of 6 Li
and the formation of 7 Be. This reaction can contribute to the understanding of the solar neutrino
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problem and pp-II, pp-III reaction chains since it produces 7 Be which is destroyed by the 7 Be(p, γ)8 B
reaction. In this work, we apply the microscopic GSM-CC approach with the translationally invariant
Hamiltonian and the eﬀective ﬁnite-range two-body interaction to study the low-energy astrophysical
S -factors in the reaction 6 Li(p, γ)7 Be.

2 The Gamow shell model in the coupled-channel representation
2.1 The Hamiltonian

In our studies, the GSM Hamiltonian is written in the intrinsic nucleon-core coordinates of the clusterorbital shell model [5]:
Nval

Ĥ = ∑ (
i=1

Nval
p⃗ˆ i ⋅ p⃗ˆ j
p⃗ˆ 2i
+ Uc (r̂i )) + ∑ (V(⃗rˆi − ⃗rˆ j ) +
),
2μi
Mc
i< j

(1)

where Nval is the number of valence nucleons, Mc is the mass of the core, μi is the reduced proton/neutron mass, Uc (r̂) is the single-particle potential which describes the ﬁeld of a core acting on
each nucleon. The last term in Eq. (1) represents the recoil term, and V(⃗rˆi − ⃗rˆ j ) is the two-body
interaction between valence nucleons.
2.2 The GSM coupled-channel equations

The antisymmetric eigenstates of GSM-CC equations can be expanded in the complete basis of channel states ( ∣r, c⟩ = Â(∣r⟩ ⊗ ∣c⟩):
Â ∣Ψ⟩ = ∣Ψ⟩ = ⨋ ∫

0

c

∞

dr r2

uc (r)
∣r, c⟩ ,
r

(2)

where Â is the antisymmetrization operator, uc (r)/r are the antisymmetrized channel wave functions:
uc (r)/r ≡ ⟨r, c∣Ψ⟩. Inserting Eq. (2) in the Schrödinger equation and then projecting it onto a given
channel basis state ⟨r′ , c′ ∣, one obtains the GSM-CC equations:
⨋ ∫

∞

0

c

dr r2 (Hc′ ,c (r′ , r) − ENc′ ,c (r′ , r))

uc (r)
=0,
r

(3)

where Hc′ ,c (r′ , r) = ⟨r′ , c′ ∣Ĥ∣r, c⟩ and Nc′ ,c (r′ , r) = ⟨r′ , c′ ∣r, c⟩ are the Hamiltonian matrix elements
and the norm matrix elements in the channel representation, respectively.
The channel state ∣r, c⟩ can be constructed using a complete Berggren set of s.p. states [6]:
∣r, c⟩ = ∑
i

ui (r) rad
∣φi , c⟩ ,
r

(4)

rad
rad
rad
where ∣φrad
i , c⟩ = Â(∣φi ⟩ ⊗ ∣c⟩), ui (r)/r = ⟨φi ∣r⟩, and ∣φi ⟩ is the radial part. The antisymmetry
between the low-energy target states and the high-energy projectile states can be neglected in most
cases. Hence, the expansion of Eq. (4) can be written as
imax −1

∣r, c⟩ = ∑
i=1

imax −1
ui (r) rad
ui (r)
∣φi , c⟩ + ∣r⟩ ⊗ ∣c⟩ − ∑
∣φi;cproj ⟩ ⊗ ∣ctarg ⟩ ,
r
r
i=1
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where imax denotes the index from which the antisymmetry eﬀects are neglected, and ∣φi;cproj ⟩, ∣ctarg ⟩ are
the projectile and target states, respectively. Then, using the expansion of Eq. (5), one can calculate
the matrix elements of the Hamiltonian:
Hc′ ,c (r′ , r) = −

h̵ 2 1 ∂2 (r⋅) l(l + 1)
δ(r − r′ )
2
−
−
k
)
×
δc′targ ,ctarg + Vc′ ,c (r′ , r) ,
(
ctarg
2μ r ∂r2
r2
r2

(6)

where kc2targ = 2μEctarg /h̵ 2 and the channel-channel coupling potential Vc′ ,c (r′ , r) is given by:
Vc′ ,c (r′ , r) = Ubasis (r)

δ(r − r′ )
δc′targ ,ctarg + Ṽc′ ,c (r′ , r)
r2

(7)

with
imax −1
ui′ (r′ ) ui (r)
ui (r′ ) ui (r)
′
′ ,c (i , i) − ∑
H
(Ei,cproj + Ectarg )δc′targ ,ctarg .
c
r′
r
r′
r
i=1
i,i′ =1
imax

Ṽc′ ,c (r′ , r) = ∑

(8)

In general, diﬀerent channel states ∣r, c⟩ are nonorthogonal which leads to the generalized eigen1
value problem. To solve it, we use the orthogonal channel basis ∣r, c⟩o = Ô− 2 ∣r, c⟩:
o ⟨r

′

, c′ ∣r, c⟩o =

δ(r′ − r)
δc′ c .
r2

(9)

The GSM-CC equations (3) in this basis become:
⨋ ∫

0

c
1

∞

dr r2 (o ⟨r′ , c′ ∣Ĥo ∣r, c⟩o − E o ⟨r′ , c′ ∣Ô∣r, c⟩o ) o ⟨r, c∣Ψo ⟩ = 0 ,

(10)

1

where Ĥo = Ô 2 Ĥ Ô 2 , and ∣Ψo ⟩ = Ô1/2 ∣Ψ⟩. With a substitution: ∣Φ⟩ = Ô ∣Ψ⟩, this generalized eigenvalue problem can be transformed into a standard one:
⨋ ∫

∞

0

c

dr r2 (o ⟨r′ , c′ ∣Ĥ∣r, c⟩o − E o ⟨r′ , c′ ∣r, c⟩o )o ⟨r, c∣Φ⟩ = 0.

(11)

Back in the nonorthogonal channel basis, these CC equations become:
⨋ ∫
c

0

∞

wc (r)
wc′ (r′ )
,
=E
r
r′

dr r2 ⟨r′ , c′ ∣Ĥm ∣r, c⟩

(12)

where wc (r)/r ≡ ⟨r, c∣Ô 2 ∣Ψ⟩ = o ⟨r, c∣Φ⟩, and Ĥm = Ô− 2 Ĥ Ô− 2 is the modiﬁed Hamiltonian. Detailed
discussion of the method of solving the integro-diﬀerential GSM-CC equations can be found in Ref.
[8]. Therein, one may also ﬁnd all details of the proton/neutron radiative capture cross-section calculation in the GSM-CC approach.
1

1

1

3 Discussion of results
In the present calculations, we choose 4 He as the core. For each considered partial wave: l=0, 1,
and 2, the potential generated by the core is described by the Woods-Saxon (WS) potential with
a spin-orbit term and the Coulomb potential of radius rc =2.5 fm. For a two-body force, we use
the Furutani-Horiuchi-Tamagaki (FHT) ﬁnite-range two-body interaction [11]. GSM and GSM-CC
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calculations are performed in two resonant shells: 0p3/2 and 0p1/2 , and several shells in the nonresonant continuum on discretized contours: L+s1/2 , L+p1/2 , L+p3/2 , L+d3/2 , and L+d5/2 . To reduce the size of
the GSM Hamiltonian matrix, the basis of Slater determinants is truncated by limiting the occupation
of p3/2 , p1/2 , s1/2 , d3/2 and d5/2 scattering states to two particles.
By adjusting parameters of the WS core potential and the FHT two-body interaction (for more
details see Ref. [8]), the binding energies of low-lying states and the proton separation energies of
6
Li and 7 Be are well reproduced in the GSM. The reaction channels in GSM-CC calculations are
obtained by coupling the ground state 1+ and the excited states 3+1 , 0+1 and 2+1 of 6 Li with the proton
partial waves: s1/2 , p1/2 , p3/2 , d3/2 and d5/2 . The channel-channel coupling potentials in GSM-CC
−
−
have been slightly adjusted for 3/21 and 1/21 states of 7 Be to compensate for the missing correlations
due to neglected non-resonant channels. In the calculation of electromagnetic transitions, we take the
standard eﬀective charges for proton and neutron in the case of E1 and E2 transitions [12], while there
are no eﬀective charges for M1 transitions.

Figure 1. (Color online) Plot of the total astrophysical factor for the 6 Li(p, γ)7 Be reaction. Data are taken from
Refs. [13] (open squares), [14] (ﬁlled circles), and [15] (ﬁlled triangles). The solid line represents the exact, fully
antisymmetrized GSM-CC calculation for capture to both the ground state J π = 3/2−1 and the ﬁrst excited state
J π = 1/2−1 of 7 Be. Calculations by the potential model [16] and the microscopic cluster model [17] are shown
with the dashed and dotted lines, respectively.
−

−

−

All relevant E1, M1, E2 transitions from the initial continuum states Ji = 3/2 , 1/2 , 5/2 in 7 Be
−
−
to the ﬁnal bound state J f = 3/21 , 1/21 have been included in the calculation of astrophysical S factor.
GSM-CC results are shown with the solid line in Fig. 1. These results are compared both with the
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experimental data [13–15] and other theoretical studies [16, 17]. Switkowski et al. [13] measured
6
Li(p, γ)7 Be cross section over a wide energy range of astrophysical interest. These data are well
described by the GSM-CC calculations except for the lowest experimental point at ECM = 140 keV.
GSM-CC results agree also qualitatively with other theoretical studies [16–18] but predict a lower
value for S (0). One may notice that above ECM = 1 MeV, the agreement with the data deteriorates.
This may due to the absence of higher-lying discrete and continuum states of 6 Li target in the channel
basis.
Recently, He et al. [14] reported a sudden drop of the astrophysical factor S (ECM ) at low energies
+
+
and predicted a new positive parity resonance, 1/2 or 3/2 , at ECM ≃ 0.195 MeV. We do not conﬁrm
this ﬁnding in the GSM-CC calculations (see Fig. 1).
The energy dependence of the astrophysical S factors has been studied by Prior et al. [19] who
showed that S (ECM ) has a negative slope towards low energies, while an earlier measurement indicated a positive slope [20]. In our studies, the slope of S (ECM ) is negative, and S GSM−CC (0)=88.3423
b⋅eV is close to the accepted experimental value S exp (0) =79±18 b⋅eV.
In conclusion, the GSM-CC calculations provide a comprehensive and uniﬁed description of both
the low-energy spectra of 6 Li and 7 Be as well as the proton radiative capture cross section in the reaction 6 Li(p, γ)7 Be. The same Hamiltonian is used both in the structure and in the reaction studies. The
restriction of a number of excitations into states of the non-resonant continuum and the absence of
reaction channels built from the non-resonant states in the continuum of 6 Li both limit the conﬁguration space in GSM-CC as compared to the GSM. This approximation in the GSM-CC wave function
is corrected by a small adjustment of the channel-channel coupling potentials. The full account of
our studies for mirror reactions 6 Li(p, γ)7 Be, 6 Li(n, γ)7 Li and mirror nuclei 7 Be, 7 Li will be reported
elsewhere [21].
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