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Abstract. In the present paper, using a modification of the LJ-potential and the continuum 
approach, we define С60-H2 (He) potentials, as well as interaction energy of two fullerene 
particles. The proposed approach allows to calculate interactions between carbon structures of 
any character (wavy graphenes, nanotubes, etc.). The obtained results allowed to localize 
global sorption zones both inside the particle and on the outer surface of the fullerene. 

1 Introduction 
Fullerenes are used in medicine [1, 2], in water purification [3], as biosensors [4] and in many other 
spheres. In the present paper, C60 molecules, along with the other components of carbon black, are 
considered from the point of view of forming advanced carbon membranes for gas separation. 

Since the discovery of the fullerene in 1985 [5], numerous works have been dedicated to studying 
the synthesis of these particles. A fullerene is obtained, for example, by means of maintaining the 
carbon-helium plasma with the help of direct or alternating current [6] or from carbon black [7]. 
Alternatively, a fullerene molecule can be formed from primary clusters of C2, which are then joined 
together to form a series of intermediates [8]. Recently, it has become possible to receive new 
graphite- and diamond-like structures from C60, as a result of decomposition of C60 under the 
influence of irradiation or helium plasma [9]. 

Currently, the Lennard-Jones potential (LJ-potential) is used to describe the interaction of a 
fullerene with different particles: to comprehensively study fullerene motion in open carbon 
nanocones [10], to describe the dynamics of the C60-graphite collision [11] to study encapsulation of 
C60 in single-walled carbon tubes [12], to determine the dynamic factors of fullerene nanofluids [13], 
and also a LJ-potential additive is used to generate both translational and anisotropic-rotational motion 
of each fullerene particle [14]. The use of the LJ-potential and the Coulomb potential allows to 
analyze movement of fullerene structures within an ensemble of particles of the same kind, as well as 
movement of potassium ions inside a fullerene “sphere” [15]. 

Using the Monte Carlo computer simulation we studied fullerene adsorption of such gases as 
ethylene [16], nitrogen [17], argon and carbon dioxide [18], as well as adsorption of hydrogen onto a 
neutral fullerene [19] and helium onto C60 and C70 [20]. The Monte Carlo simulation is also used to 
study the collective behaviour of particles consisting of two fullerene spheres and two mesogenic 
fragments rigidly attached to them [21]. 
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With the help of molecular dynamics methods it is possible to investigate thermodynamic 
properties of H2 and (H2)2 inside of C60 [22], to study the interaction of fullerenes with a wavy 
grapheme surface [23], to study the dynamics of a fullerene molecule fluctuations in a single-walled 
carbon nanotube [24], to perform calculations of the strong coupling of sixty carbon atoms in a helium 
atmosphere [25], to study mechanical properties of hybrid structures composed of blocks of various 
shapes [26]. 
On the basis of the surface continuum for the distribution of carbon atoms energy along the crystal 
layer, fullerene-fullerene and fullerene-graphene interactions are thoroughly investigated [27]. 

2 Methods 

2.1 Power centres – interaction energy sources

The continuum model of the interaction of nanoparticles with molecules was developed in [28-35].
The normalized LJ-potential has the form:

                                                          12 6
1 1(ρ)

ρ ρ
� � � ,                                                        (1) 

where 2 2 2( ') ( ') ( ')x x y y z z� � � � � � � , x, y, z, x', y', z', are the Cartesian coordinates of the 
interacting molecules’ centres. Equation (1) can be modified:
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Then at ρ 0 1(ρ)� � in the same way as 1
ρ

. 

In the figure 1 are shown comparing graphs of functions � �ρ�  and � �1 ρ� . 

Figure 1. Comparing graphs of functions � �ρ�  and � �1 ρ� .

This modification of the Lennard-Jones potential has the integrable singularity at the origin. 

2.2 Modified LJ-potential 
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Instead of (2) in the dimensional form we can write: 

� �
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                      (3) 

Here σ is the radius at which the potential (3) vanishes; ε is the depth of the potential well.
The values of the constants ε  and σ , included in the Lennard-Jones potential, for the 

homogeneous pairs of substances used in the work are given in the table 1: 

Table 1. 

Interacting molecules Relative depth of the 
potential well (K)

Influence radius of the 
interaction potential (nm)

H2 — H2 ε k = 34 σ = 0,29
He — He ε k = 10,2 σ = 0,228
C — C ε k = 51,2 σ = 0,335

If the system under study consists of heterogeneous molecules (atoms), for the parameters ε and σ 
the following averaging rules (the Lorentz-Berthelot mixing rules) are observed: 

� �2 2
2 2 2 2

1 2
,

2
CC H H

CH CH CC H H

� ��
� � � � � ��

2.3 Integration in case of interaction between simple molecules and a fullerene 
particle

Within the scopes of continuum description, we assume that the intermolecular interaction energy is 
not localized at the corners of the crystal lattice but is uniformly distributed across the entire surface 
of the spherical fullerene. 

Let � �, ,r x y z�  and � �' ', ', 'r x y z� be the radius vectors of the interacting molecules. Then the 
distance between them in Cartesian coordinates will be: 

� � � � � �2 2 2' ' ' 'r r x x y y z z� � � � � � � . (4)

The surface of the fullerene particle will be simulated by a sphere with uniformly distributed 
sources of energy on its surface; in addition we assume that 'r  determines the position of the point 
on the sphere. Taking the relations of the Cartesian and spherical coordinates into account 

sinθcos sinθsin cosθx r y r z r� �� � �� �   (5)

instead of (4) we obtain: 

� �� �2 2' ' 2 ' sinθsinθ'cos ' cosθcosθ'r r r r rr� � � � ��� � . (6)

The radius vector r will mark the position of the test molecule, with the help of which we will 
define the level of interaction with the particle. In other words, the point given by this vector can be 
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considered the point of the observer. Since the spherical particle has a central symmetry, then, without 
restricting the generality, we can set θ = 0, and the expression (6) will be significantly simplified:

2 2' ' 2 'cosθ'r r r r rr� � � � .  (7)

Replacing in (3) the distance r by the obtained expression, we integrate the interaction potential 
over the surface of the fullerene particle:

� � 2 2
1 2 cosθ '

s

U r q r r rr ds
� �� � �� � � �	 

� �� .  (8)

Here q is the density of carbon atoms distribution on the particle surface; φ θφ θds H d H d� � ��  is 

the area element on the particle surface; φ 'sinθ'H r� , θ 'H r�  are Lamé coefficients. As the 
angle φ is not included in expression (7), and therefore in the integrand expression in (8), the 
integration of this parameter can be carried out analytically:

11 5
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σ σ σ( ) 8 εa th sinθ θU r q d

�
�
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   � �� � � � � �� �
� ,     (9) 

where, in this case 2 2 2 cosθ 'r a ar � � � , and а is the radius of the fullerene.
Integration in (9) was conducted using the trapezoidal rule for the elementary area over the 

corner θ . Figure 3 shows the calculation results for the energy of interaction between the fullerene and 
Не and Н2.

2.4 Interaction energy of two fullerene particles 

In the figure 2, OO1 = l is the distance between the centres of two fullerene spheres. A fragment of the 
particle, highlighted by two central sections, the angle between which is φ is shown on the left. One 
section is in the plane of the sheet, the other passes through a point M on the sphere. Deviation of the 
radius OM from the vertical is determined by the angle θ.

Figure 2. Determining interaction energy of two particles. 
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Considering the triangle OO1A and using the cosine theorem, we get:

2 2 2 2sin 2 sin cosb a l la� !� � !� � .    (10) 

Since OO1A is the horizontal plane and MA is height dropped onto this plane, the triangle AМO1 is 
rectangular. Solving it, we can determine МO1 = r:

2 2 2cosr a b� !� .     (11) 

Then in view of (10), we obtain 

2 2 2 sin cosr a l la� � � !� � .     (12) 

In fact, formula (12) determines the distance between the carbon atom located at the point M on 
the surface of the fullerene particles on the left and the centre of the right particle. Moreover, the 
interaction potential U(r) for this pair of objects is already known. Thus, the interaction energy of two 
fullerene particles is determined by the surface integral of U(r) taken over the surface of the left 
particle on which carbon atoms have the same distribution density q as on the right particle:

� � � � � �
π 2π

0 0
p

s

U l q U r ds q U r H H d d� !� � � ! ��� � �
π 2π

2 2 2

0 0
2 sin cos sinqa U a l la d d

� �� � � !� � ! � !	 

� �� � .     (13) 

3 Results and discussion 
Double integration in (13) can also be conducted using the trapezoidal rule. The integration results are 
shown in figure 4. The distributions shown in figure 3 fix two sorption wells, as well as a wide energy 
barrier at the surface of the particle. The deep well in the centre of the fullerene particle provides a 
possibility of finding hydrogen molecules in some metastable state which is characterized by low 
mobility of molecules and their fairly close packing (the state close to the liquid phase, which
provides intensive heat transfer through the graphene layer). A small well on the outer side of the 
fullerene indicates the ability of low-energy Н2 molecules to be adsorbed in the near-surface layer of 
the particle. At 3.5 nm < r < 0.6 nm the energy of interaction between the molecule and the fullerene 
is positive, and the field of the Van der Waals forces produces a barrier (repellent) effect on the 
molecules of the area. Thus, low-energy molecules can not come to the fullerene any closer than at the 
distance of about 0.25nm (0.7 а). At the same time, as seen from figure 4, the surface of a С60
molecule can come to the same object at a distance two times shorter. However, the calculations show 
that fullerenes can not be closely packed. The considerably wide sorption well, obtained in the case of 
fullerene-fullerene interaction (figure 4), indicates the ability of the particles to be attracted to each 
other. In addition, the most probable distance between the nanoparticles surfaces is 0.25nm.
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Figure 3. Distribution of interaction potentials of hydrogen and helium atoms and fullerene (inside and outside 
particle), k - Boltzmann constant.

 
Figure 4. Interaction energy of two fullerene particles depending on distance between their centres, k -
Boltzmann constant.

The potentials of intermolecular interactions С60-Н2, С60-Не, as well as the potential С60-С60 were 
found. Due to the symmetry of the fullerene particle, the energy of interaction between the fullerene 
and the simple molecule (Не or Н2) is determined by integrating the modified LJ-potential over one of 
the angles, using the spherical coordinate system. The potential С60-С60 is determined, as a final result, 
by a three-time integration over the angular coordinates of fullerene spheres. The sorption zones, 
characteristic for the fullerene, were determined. The most probable distance, which determines 
relative positioning of fullerene particles, was found.
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