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Abstract. Few-body systems with resonant S-wave interactions show universal properties which are independent of the interaction at short distances. These properties include
a geometric spectrum of three- and higher-body bound states and universal correlations
between few-body observables. They can be observed on a wide range of scales from
hadrons and nuclei to ultracold atoms. In this contribution, we focus on few-body universality in halo nuclei which can be considered as eﬀective few-body systems consisting
of halo nucleons and a core. This concept provides a unifying framework for halo nuclei with calculable corrections. Recent progress in this ﬁeld with an emphasis on the
possibility of ﬁnding Eﬁmov states in halo nuclei is discussed.

1 Introduction
Particles with resonant interactions have universal properties that are independent of their interaction
at short distances. The scattering of particles with short-range interactions at suﬃciently low energy
is determined by their S-wave scattering length a. Let us consider equal mass bosons of mass m
for simplicity. If a is much larger than the range of the interaction R, the system shows universal
properties [1]. The simplest example is the existence of a shallow two-body bound state with binding
energy
1
+ O(R/a) ,
(1)
B2 =
ma2
and mean-square separation a2 /2 if a is large and positive.1
If a third particle is added, a three-body parameter κ∗ is required to fully characterize the universal
properties. For ﬁxed scattering length, this implies universal correlations between diﬀerent threebody observables such as the Phillips line [2]. Moreover, the Eﬁmov eﬀect [3] generates a universal
spectrum of three-body bound states with binding energy
B3 = −




 κ∗2
1
−2π/s0 n−n∗
+ O(R/a) ,
+
e
exp
Δ(ξ)/s
0
m
ma2

(2)

where the angle ξ is deﬁned by tan ξ = −(mB3 )1/2 a , the index n labels the three-body states, Δ(ξ) is
a universal function with Δ(−π/2) = 0, and s0 = 1.00624... is a transcendental number (see Ref. [4]
for more details). This spectrum is illustrated in Fig. 1 in the two-dimensional plane spanned by the
a e-mail: Hans-Werner.Hammer@physik.tu-darmstadt.de
1 We

use natural units with  = c = 1.
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Figure 1. Illustration of the Eﬁmov spectrum: The energy variable K = sgn(E) m|E| is shown as a function
of the inverse scattering length 1/a. The solid lines indicate the Eﬁmov states while the hashed areas give the
scattering thresholds. The dashed vertical line illustrates an exemplary system with ﬁxed scattering length.

√
energy variable K = sgn(E) m|E| and the inverse scattering length 1/a. The solid lines indicate the
Eﬁmov states while the hashed areas give the scattering thresholds below which the bound states can
exist. The dashed vertical line illustrates an exemplary system with ﬁxed scattering length.
In the unitary limit 1/a = 0, Eq. (2) reduces to the geometric spectrum
n−n∗ κ∗2

B3 = e−2π/s0
+ O(R/a) .
m

(3)

It is now evident that the three-body parameter κ∗ is chosen as the binding momentum of the state
with label n∗ , but other deﬁnitions are possible.
The spectrum shown in Fig. 1 is invariant under discrete scaling transformations with the preferred
scaling factor λ0 = eπ/s0 :
κ∗

−→

κ∗ ,

a −→ λn0 a ,

B3 −→ λ−2n
0 B3 ,

(4)

where n is any integer. This discrete scale invariance holds for all few-body observables and is a clear
signature of a renormalization group limit cycle in the three-body system [5]. Its manifestation in
observables is often referred to as Eﬁmov physics.
If more particles are added, no new parameters are needed for renormalization at leading order [6].
As a consequence, all four-body observables in the universal regime are governed by the same limit
cycle and can be characterized by a and κ∗ . A similar behavior is expected for higher-body observables. In ultracold atoms, these properties have now been veriﬁed for up to ﬁve particles [7, 8]. For a
review of the status in nuclear and particle physics, see Ref. [9].

2 Halo EFT
Here, we use this universality as the starting point for an eﬀective ﬁeld theory (EFT) expansion for
strongly-interacting quantum systems with short-range interactions. This universal EFT is applicable to any system with resonant interactions, i.e., any system with short-range interactions and large
scattering lengths. Examples include nuclear halo states, ultracold atoms close to a Feshbach resonance, and hadronic molecules in particle physics. The breakdown scale Mhigh of this theory is set
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by the lowest energy degree-of-freedom not explicitly included in the theory. In nuclear and particle
physics, this is typically given by one-pion exchange such that Mhigh ∼ mπ . In ultracold atoms, Mhigh
is determined by the scale set by the van der Waals interaction. The typical momentum scale of the
theory is Mlow ∼ 1/a ∼ k. For momenta k of the order of the breakdown scale Mhigh or above, the
omitted short-range physics is resolved and has to be treated explicitly. This framework exploits the
appearance of a large scattering length a  1/Mhigh , independent of the mechanism generating it.
n

6 He
n
p

n

p

n

1/Mhi

1/Mlo

Figure 2. Illustration of the antisymmetrization of neutrons in the halo nucleus 6 He treated as α + n + n in the
framework of halo EFT. The exchange illustrated by the dashed line involves active degrees of freedom and is
antisymmetric, while the exchanges indicated by the solid lines are not included.

The application of these ideas to nuclear physics has led to the development of the so-called
pionless EFT, which is applicable for typical momenta below the pion mass. (See Refs. [10–12] for
reviews and references to earlier work.) If one also introduces ﬁeld operators for certain tightly-bound
clusters of nucleons, such as α particles, the pionless EFT is usually referred to as halo EFT [13, 14].
This approach can be viewed as a generalization of nuclear cluster models. One might worry about
the missing antisymmetrization of nucleons in the core, which are not active degrees of freedom in
halo EFT, and the halo nucleons (see Fig. 2 for an illustration in the case of 6 He treated as α + n + n.).
However, the eﬀect of exchanging nucleons in the core with halo nucleons on observables is governed
by the same expansion in Mlow /Mhigh as the EFT itself. Therefore, these eﬀects are controlled and
remain small in its applicability domain.
Halo EFT complements ab initio approaches to halo nuclei by providing universal relations between diﬀerent few-body observables. These relations can be combined with input from ab initio
theory or experiment to predict halo properties. Halo EFT has recently been applied to describe the
structure and reactions of many known and predicted one- and two-neutron halo systems. For oneneutron halos it essentially reproduces the eﬀective range expansion, but their electromagnetic structure and reactions can be predicted [15–20]. Moreover, the natural accuracy limits of cluster models
can be estimated from the order at which local gauge invariant couplings to the currents appear.
The Eﬁmov eﬀect provides a natural binding mechanism for two-neutron halos, but the contribution of higher partial waves and partial wave mixing complicate the situation compared to ultracold atoms. While halo EFT naturally accommodates resonant interactions in higher partial waves
[13, 14], there is no Eﬁmov eﬀect in this case [21, 22]. The possibility of observing excited Eﬁmov
states in two-neutron halo nuclei was investigated in Refs. [23–25]. The two-neutron halo nucleus
6
He is particularly interesting due to the dominance of P-wave neutron-α interactions. Its structure
and renormalization properties were recently investigated in Refs. [26, 27]. Finally, the electromag-
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netic structure and breakup of two-neutron halo nuclei has also been calculated in halo EFT [28–30].
See Ref. [31] for a discussion of the Coulomb dissociation of 11 Li at this conference.
Proton halo systems are less common due to the delicate interplay between attraction from the
strong interaction and the repulsion from the Coulomb interaction. The presence of the Coulomb barrier introduces the Coulomb momentum as a new scale into the problem, which is given by the inverse
of the Bohr radius of the system. The additional Coulomb scale complicates the power counting since
it is independent of the hadronic scales. Higa et al. [32], e.g., treated the Coulomb momentum as a
high-momentum scale in their study of α − α scattering. However, this treatment is not always appropriate. The correct scaling of the Coulomb momentum depends on the system considered. This is one
of the issues investigated in recent studies of proton halo nuclei and their electromagnetic structure
and reactions [33–38]. For a discussion of radiative proton capture on 7 Be at this conference, see
Ref. [39]. Finally, halo nuclei containing strange baryons are also amenable to halo EFT [40–43], but
the scarcity of data in this sector presents a particular challenge.
In the remainder of this proceedings contribution, we review some of the calculations discussed
above in more detail. A special emphasis is placed on the possibility of ﬁnding Eﬁmov states in halo
nuclei.

3 Excited Eﬁmov states in halo nuclei
As discussed above, the Eﬁmov eﬀect provides a natural binding mechanism for two-neutron halo
nuclei. Thus the universal EFT, which is based on an expansion around the Eﬁmov limit, becomes a
powerful tool to describe their properties. Since the strength of the interaction between the neutrons
and the core is ﬁxed, however, the identiﬁcation of Eﬁmov physics is more delicate than for ultracold
atoms. In particular, the log-periodic dependence of observables on the scattering length can not be
used to identify Eﬁmov physics. Instead one looks for excited states which (approximately) satisfy
the universal scaling relation for bound states encapsulated in Eq. (2).
Halo nuclei have been discussed as possible candidates for Eﬁmov states since more than 30 years
[44]. It is particularly instructive to plot the candidate nuclei in a two-dimensional plane characterized
by the neutron-core energy Enn and neutron-neutron energy Enn in units of the three-body ground state
energy Egs introduced by Amorim et al. [45]. If a given nucleus lies within a certain boundary curve
that weakly depends on the mass number A of the core, it should display an excited Eﬁmov state if
the ground state is bound by the Eﬁmov eﬀect. The status for 11 Li, 12 Be, 14 Be, 18 C, and 20 C according
to a recent EFT analysis [23] assuming that these nuclei can be treated as S-wave two-neutron halo
nuclei at leading order is summarized in Fig. 3. Note that the point for 20 C has shifted as indicated by
the arrow from using the neutron separation energies of the recent AME2012 atomic mass evaluation
[46] instead of the older values used in Ref. [23]. As a consequence, none of the depicted nuclei are
expected to exhibit an excited Eﬁmov state.
The most promising system known so far is the 22 C halo nucleus which was found to display an
extremely large matter radius [47] and has a signiﬁcant S-wave component in the n-20 C system [48].
Acharya et al. [24] used halo EFT to explore the correlation between the n-20 C energy and the twoneutron separation energy of 22 C. They showed that an excited Eﬁmov state in 22 C is excluded by
combining this correlation with the matter radius measurement of Tanaka et al. [47]. See Ref. [31] for
a more detailed discussion of the work at this conference.
Whether heavier two-neutron halos exist is still an open question, although there is some experimental evidence that the ground states of 31 Ne and 37 Mg have a low one-neutron separation energy
and are deformed P-wave halos [49, 50]. This makes it worthwhile to investigate the possibility for
Eﬁmov states in heavier nuclei.
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Figure 3. Boundary curves for the existence of an excited Eﬁmov state as function of the neutron-core energy
Enn and neutron-neutron energy Enn in units of the three-body ground state energy Egs . The boundary curves
depend weakly on the core mass A. The shift of 20 C from using the values of the newer AME2012 atomic mass
evaluation [46] is indicated by the arrow.

There has been much interest recently, both experimentally and theoretically, in determining precise values for masses, understanding shell evolution and the location of the dripline in the neutron
rich calcium isotopes [51–56]. Coupled-cluster calculations of neutron rich calcium isotopes that included coupling to the scattering continuum and schematic three-nucleon forces, suggested that there
is an inversion of the gds shell-model orbitals in 53,55,61 Ca. In particular it was suggested that a large
S-wave scattering length might occur in 61 Ca with interesting implications for 62 Ca.
Hagen and collaborators [25] used the coupled-cluster method combined with modern chiral eﬀective theory interactions and follow the method outlined in Ref. [57] to compute the elastic scattering of
neutrons on 60 Ca. They analyzed the resulting phase shift data to obtain quantitative estimates for the
scattering length and the eﬀective range and showed that a large scattering length can be expected in
this system. The results obtained from the ab initio calculations were then used as input for halo EFT.
They analyzed the implications of the coupled cluster results for the 60 Ca-n-n system. Speciﬁcally,
they focused on the signals of Eﬁmov physics that are a consequence of the large scattering length in
the 60 Ca-n and n-n systems.
This is illustrated in Fig. 4, where the universal correlation between the 61 Ca-n scattering length
and the two-neutron separation energy of 62 Ca is shown. For 62 Ca, the discrete scaling factor governing the energy spectrum is approximately 162 = 256 [1], which is slightly more favorable than
in the case of three identical bosons. The asymptotic scaling ratio applies for deep states and in the
unitary limit of inﬁnite scattering length. For levels near threshold, however, the ratio of energies can
be signiﬁcantly smaller (see Fig. 1 and the corresponding discussion in Ref. [1]). In the case of 62 Ca,
the whole energy region between S n ≈ 5 − 8 keV and the breakdown scale S deep ≈ 500 keV is available for Eﬁmov states. In the shaded region of Fig. 4 halo EFT breaks down. Around a two-neutron
separation energy of about 230 keV indicated by the dashed vertical line, the 60 Ca-n scattering length
jumps from plus to minus inﬁnity and an excited Eﬁmov state appears. It is thus conceivable that 62 Ca
would display an excited Eﬁmov state and unlikely that it would not display any Eﬁmov states at all.

01004-p.5

EPJ Web of Conferences

200

a( Ca-n) [fm]

100

61

0

-100

-200

1

10

2

10
62
S2n( Ca) [keV]

3

10

Figure 4. The correlation between the 61 Ca-n scattering length and the two-neutron separation energy S 2n of
62
Ca. The emergence of an excited Eﬁmov state around S 2n = 230 keV is indicated by the vertical dashed line.
In the shaded region, halo EFT breaks down.

4 Conclusion
In this proceedings contribution, we have reviewed the manifestations of few-body universality in
halo nuclei with a special focus on the possibility of observing Eﬁmov states. While the ground state
of many S-wave halo nuclei is close to the Eﬁmov limit, there is currently no observed halo nucleus
that displays an excited Eﬁmov state or is likely to display such a state. There is some theoretical
evidence that the situation might be diﬀerent for 62 Ca. The results of Hagen et al. [25] imply that 62 Ca
is possibly the largest and heaviest halo nucleus in the chart of nuclei. They showed that as a result a
large number of observables would display characteristic features of Eﬁmov physics. Measurements
of these observables clearly pose a signiﬁcant challenge for experiment. For example, 58 Ca is the
heaviest Calcium isotope that has been observed experimentally [58]. However, future radioactive
beam facilities might provide access to calcium isotopes as heavy as 68 Ca and thereby facilitate a test
of this hypothesis.
Another important aspect from few-body universality in halo nuclei beyond Eﬁmov physics is
the possibility to formulate an eﬀective ﬁeld theory exploiting the universal aspects of the resonant
interactions involved. This eﬀective ﬁeld theory is called halo EFT. It is complementary to ab initio
approaches to halo nuclei by providing universal relations between diﬀerent few-body observables.
These relations can be combined with input from ab initio theory or experiment to predict halo properties. Moreover, they allow to test the consistency of diﬀerent approaches and/or experiments. A
particular strength of this approach lies in the possibility to describe the electroweak structure and
reactions of halo nuclei in a model independent way with controlled error estimates. A brief overview
of the activities in this exciting area with a large future potential was given in Section 2 and will not
be repeated here.
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