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Abstract. In systems of ultracold atoms, pairwise interactions can be resonantly enhanced by a new mechanism which does not rely upon a magnetic Feshbach resonance.
In this mechanism, interactions are controlled by tuning the frequency of an oscillating
parallel component of the magnetic ﬁeld close to the Bohr frequency for the transition to
a two-atom bound state. The real part of the s-wave scattering length a has a resonance
as a function of the oscillation frequency near the Bohr frequency. The resonance parameters can be controlled by varying the amplitude of the oscillating ﬁeld. The amplitude
also controls the imaginary part of a which arises predominantly because the oscillating
ﬁeld converts atom pairs into molecules. For the case of a shallow bound state in the
scattering channel, the dimensionless resonance parameters are universal functions of the
dimensionless oscillation amplitude.

1 Introduction
A unique feature of ultracold atomic physics is the ability to precisely control the interactions among
particles all the way from zero interactions to inﬁnitely attractive or repulsive interactions. This tunability has led to many breakthroughs in few- and many-body physics. In most current experiments,
interactions are controlled by exploiting a magnetic Feshbach resonance (MFR), where an external
magnetic ﬁeld is tuned near the value B0 where a pair of unbound atoms becomes degenerate with
a two-atom bound state [1]. For ultracold atoms, the strength of interactions is determined by the
s-wave scattering length a. Near B0 , a is a simple function of the magnetic ﬁeld B:
1
B − B0
1
=
+ iγ,
a(B) abg B − B0 − Δ

(1)

where abg is the background scattering length, Δ is the width of the resonance, and γ is non-zero only
if the colliding atoms have a spin-relaxation scattering channel.
In this letter, we examine a new mechanism, modulated-magnetic Feshbach resonance (MMFR),
for resonantly enhancing the scattering length in ultracold gases. This mechanism is related to
modulated-magnetic spectroscopy or wiggle spectroscopy which has been used to measure molecular binding energies and other properties for several alkali-metal atoms [2–6]. A MMFR is induced
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 cos(ωt), that is parallel to the spin-quantization axis of
by an oscillating magnetic ﬁeld, B(t) = B̄ + B
the atoms and near the Bohr frequency for the transition between an atom pair and a bound state. Near
a MFR, the Bohr frequency can be decreased by adjusting B̄ to bring the resonance molecule closer
to the threshold. Previous theoretical treatments involving oscillating magnetic ﬁelds have focused
on molecule formation [8–10]. In constrast, the present work focuses on the eﬀect of the oscillating
magnetic ﬁeld on the elastic scattering properties of the atoms.
For ω near the Bohr frequency ωB , the scattering length is a simple function of ω:
1
1 ω − ω0
=
+ iγ,
a(ω) ā ω − ω0 − δ

(2)

where ā is the scattering length in the absence of the modulated ﬁeld, ω0 is close to ωB , and δ is the
width of the resonance. The inverse scattering length has been given a frequency-independent positive
imaginary part γ that is only important very close to the resonance. The parametrization in Eq. (2)
ensures that Im (a) ≤ 0 for all ω, as required by unitarity. The maximum value of |Re (a) | is 1/2γ. The
imaginary part of a arises from collisions in which a pair of low-energy atoms emits or absorbs one
or more quanta of frequency ω and forms a molecule or an excited scattering state. Near resonance,
the imaginary part is dominated by molecule formation.
We calculate a(ω) for a short-range potential with an oscillating depth. We show the existence
of a resonance near ω = ωB , and we extract the dependencies of the resonance parameters δ, Δω0 =
ω0 − ωB , and γ on the amplitude of the oscillating part of the potential. For small amplitudes, the
resonance parameters each scale as the square of the amplitude. We examine the special case where
the resonance molecule is a shallow dimer in the scattering channel. In this case, the dimensionless
resonance parameters δ/ωB , Δω0 /ωB , and γā are universal functions of a dimensionless oscillatory

magnetic ﬁeld variable that is proportional to B.

2 Single-channel scattering model
We consider a single-channel model for the eﬀects of the oscillating magnetic ﬁeld. For atomic
separations r greater than r0 , the atoms are non-interacting. For r < r0 , the atoms interact through a
square-well potential with an oscillating depth. The s-wave scattering properties for atoms with mass
m are extracted from the solution to the time-dependent Schrödinger equation for u(r, t) = rR(r, t),
where R(r, t) is the radial wave-function for the relative position of the atom pair with an interaction
 cos(ωt))θ(r0 − r). The time-averaged depth of the potential, V̄, and the range, r0 ,
potential (V̄ + V
are chosen such that the time-averaged potential supports a bound state with Bohr frequency ωB . The
 represents the time-dependent shift in the binding energy of the resonance
term proportional to V
molecule relative to the scattering threshold. For a shallow bound state in the scattering channel, this
energy shift is the change in the binding energy of the molecule when the magnetic ﬁeld is shifted by
 For a bound state in another hyperﬁne channel, the energy shift is −δμ B
 cos(ωt), where δμ is the
B.
diﬀerence between the magnetic moment of the bound state and the magnetic moment of two atoms.
The Schrödinger equation can be solved by using Floquet’s theorem as in Ref. [7]. This theorem
asserts that for time-periodic potentials the wavefunction can be rewritten u(r, t) = e−iEF t φ(r, t), where
the Floquet eigenvalue EF is determined by the boundary conditions, and φ(r, t) has the same periodicity as the time-dependent part of the potential. The wavefunction for r > r0 contains an incoming
mode with energy k2 /m, where k is the small relative momentum of the atom pair. The requirement
that u(r, t) be continuous at r = r0 implies that EF = k2 /m + jπω where j is any integer (taken to be
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Figure 1. The real and imaginary parts of a as
functions of ω for a MMFR where the resonance
molecule is a shallow dimer in the scattering channel. The value of b̃ is 0.05. The inset shows the
absolute values of the same quantities on a logarithmic scale.
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Figure 2. Numerical results for the coeﬃcients
of b̃2 for the dimensionless resonance parameters
Δω0 /ωB , δ/ωB , and γā (top to bottom) as functions of ā along with power-law ﬁts to guide the
eye. In the large ā limit, the coeﬃcients approach
the universal numbers given in Eqs. (4).

zero below for simplicity). The Schrödinger equation can be solved analytically giving
⎧

∞ ⎪
2

 sin(ωt)/ω r < r0 ,
⎪
+ iV
⎨2ian sin(qn r) exp −i(kn /m)t

u(r, t) =
⎪
⎪
ikn r
in −ikn r
2
⎩(Aout
+ An e
) exp −i(kn /m)t
r ≥ r0 ,
n e
n=−∞

(3)

where kn = [k2 + mnω]1/2 and qn = [k2 + m(V̄ + nω)]1/2 . The solution for r > r0 is a superposition
in
of freely propagating modes. The coeﬃcients Aout
n and An represent the amplitudes of outgoing and
incoming modes, respectively. The n = 0 mode corresponds to the low-energy scattering state with
energy k2 /m. The additional so-called Floquet modes with energies that diﬀer by integer multiples
of ω are necessary to satisfy the boundary conditions at r = r0 . Physically speaking, incident particles scattering with energy k2 /m can absorb (emit) quanta from (to) the oscillating ﬁeld. They will,
therefore, emerge as a superposition of modes with energies that diﬀer from k2 /m by integer multiples
of ω. The negative energy modes are exponentially damped for r > r0 , and they do not propagate.
Both u(r, t) and ∂u(r, t)/∂r must be continuous at r = r0 . These boundary conditions can be used to
eliminate the an coeﬃcients and ﬁnd the S -matrix which relates the amplitudes of the incoming and
outgoing modes. The scattering length is then extracted from the S -matrix element corresponding to
low-energy elastic scattering (For a more detailed derivation, see Ref. [11])
Figure 1 plots the real and imaginary parts of a as functions of frequency, demonstrating the
familiar Feshbach resonance shape. Molecule formation limits the maximum value of the real part of
 the resonance parameters δ, Δω0 , and γ are proportional to V
2 with coeﬃcients that
a. For small V
depend upon the parameters of the potential.

3 Shallow dimer in the scattering channel
The single-channel model is well-suited for describing an MMFR for which the resonance molecule is
a shallow dimer in the scattering channel. The dimer’s binding energy is ωB = 1/mā2 where ā = a( B̄)
is given by Eq. (1) with γ = 0. We choose V̄ such that the binding energy of the shallowest molecule
 such that the change in E(V̄) from a small modiﬁcation V
 to the depth of
E(V̄) is ωB . We choose V

the potential equals the change in ωB from a small modiﬁcation B to the amplitude of the magnetic
 = −2ωB b̃, where we have introduced the dimensionless
ﬁeld. Equating these energy shifts, E  (V̄) V

 Inserting the value of V
 determined by equating the
oscillatory magnetic ﬁeld variable b̃ = [a ( B̄)/ā] B.
energy shifts into Eq. (3), we ﬁnd the change in the scattering length resulting from a small oscillation
of the magnetic ﬁeld.
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We now extract the dependencies of the resonance parameters on b̃ by ﬁtting the numerical results
for a extracted from Eq. (3) with the analytic parametrization in Eq. (2) for diﬀerent values of b̃. The
resonance parameter ā is set equal to a( B̄). The parameters δ and ω0 are determined by ﬁtting the real
part of the inverse scattering length to the real part of Eq. (2). The parameter γ is then determined by
calculating a at ω = ω0 . For small b̃, the dimensionless resonance parameters δ/ωB , Δω0 /ωB , and γā
are proportional to b̃2 . In the limit ā  r0 the proportionality coeﬃcients are universal numbers that
are independent of the short-range potential:
δ/ωB = 0.50 b̃2 ,
Δω0 /ωB = 0.69 b̃2 ,
γā = 0.13 b̃2 .

(4)

Figure 2 plots the proportionality coeﬃcients as functions of ā. From Im (a), we can predict the
on-resonance dimer formation rate. This rate agrees with the result from Fermi’s Golden Rule [9].

4 Conclusion
We have examined a new mechanism for resonantly enhancing the s-wave scattering length a by tuning the frequency of an oscillating magnetic ﬁeld that is parallel to the spin-quantization axis. Along
with enhancing the real part of a, the oscillating ﬁeld also generates an imaginary part associated
with molecule formation. The real and imaginary parts of a can be controlled by the frequency and
amplitude of the oscillating magnetic ﬁeld. A simple model was used to determine how the resonance
parameters scale with the amplitude of the oscillating ﬁeld. For the special case where the resonance
molecule is a shallow dimer in the scattering channel, the dimensionless resonance parameters are
universal functions of b̃.
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