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Abstract. The results of an interaction of a quantum state of quark with QCD vacuum,

where the latter plays a role of environment, could be treated as decoherence. This may

have direct implications for the confinement of quarks phenomenon.

The general description and discussion of this process is given. Characteristics from

quantum optics and information theory (purity, fidelity, von Neumann entropy) are pro-

posed as means for numerical analysis of the process of interaction of quark colour state

with stochastic vacuum.

Problems of stability of colour particles motion and order-chaos transitions are briefly

discussed. It is shown that there should be a connection between the properties of QCD

stochastic vacuum and Higgs boson mass and self interaction coupling constant.

The behaviour of squeezed and entangled quantum states, the interaction of colour super-

positions and multiparticle states with stochastic QCD vacuum is described. It is shown

that it leads to a fully mixed quantum state with equal probabilities for different colours.

Decoherence rate is found to be proportional to the product of the distance between colour

charges and the time during which this interaction has taken place. I.e. such an interaction

seems to lead naturally to confinement of quarks.

1 Introduction

Interactions of some quantum system with the environment can be effectively represented by addi-

tional stochastic terms in the Hamiltonian of the system. In this case the averaging with respect to

stochastic terms - degrees of freedom of environment - yields the density matrix of the system.

Physically the interactions with the environment result in decoherence and relaxation of quantum

superpositions. Information on the initial state of the quantum system is lost after suciently large time

[1–4].

Quantum decoherence is the loss of coherence or ordering of the phase angles between the com-

ponents of a system in a quantum superposition. Decoherence occurs when a system interacts with

its environment in a thermodynamically irreversible way. It can be viewed as the loss of information

from a system due to the environment (often modeled as a heat bath). Dissipation is a decohering

process by which the populations of quantum states are changed due to entanglement with a bath

Relaxation usually means the return of a perturbed system into equilibrium. Each relaxation process

can be characterized by a relaxation time τ.
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2 Stochastic QCD vacuum

The model of QCD stochastic vacuum is one of the popular phenomenological models which ex-

plains quark confinement (Wilson loop decrease), string tensions and field congurations around static

charges [5–7]. In stochastic vacuum only the second-order correlators are important and the others

are negligible (they might, however, be important in coherent vacuum) [6], which means Gauss dom-

ination. This has been confirmed by lattice calculations [7, 8], although the most important evidence

for this is probably Casimir scaling.

In such a situation one assumes that it is possible to calculate vacuum expectation values of gauge

invariant quantities as expectation values with respect to some well-behaved stochastic gauge field. It

is known that such vacuum provides confining properties, giving rise to QCD strings with constant

tension at large distances.

2.1 QCD vacuum as environment

We consider QCD stochastic vacuum as the environment for colour quantum particles and average

over external QCD stochastic vacuum implementations. Instead of considering nonperturbative dy-

namics of Yang-Mills fields one introduces external environment and average over its implementa-

tions.

As a consequence we obtain: decoherence, relaxation of quantum superpositions, information loss

and confinement of colour states phenomenon. It allows us to say that white objects can be obtained as

white mixtures of states described by the density matrix as a result of evolution in the QCD stochastic

vacuum as environment [9–11].

3 Colour decoherence

3.1 General description

Consider propagation of heavy spinless colour particle along some fixed path γ. The amplitude is

obtained by parallel transport [9–11]

∂μ|φ〉 = iÂμ|φ〉, (1)

|φ(γ)〉 = P exp

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝i
∫
γ

dxμÂμ

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠ |φin〉, (2)

whereP is the path ordering operator and Âμ is the gauge field vector. In order to consider mixed states

we introduce the colour density matrix, taking into account both colour particle and QCD stochastic

vacuum (environment):

ρ̂(loop, γγ̄) = |φ(γ)〉〈φ(γ)|, (3)

Here we average over all implementations of stochastic gauge field (environment degrees of free-

dom) - and decoherence arises due to interaction with environment.

In the model of QCD stochastic vacuum only expectation values of path ordered exponents over

closed paths are defined (in order to keep the gauge invariance). Closed path corresponds to a process

in which the particle-antiparticle pair is created, propagates and finally annihilates.

With the help of (1), (2), (3) we can obtain the expression for density matrix [9, 11]:

ρ̂(loop, γγ̄) = N−1
c + (|φin〉〈φin| − N−1

c )Wad j(γγ̄). (4)
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Here Nc is the number of colours.

Colour density matrix in colour neutral stochastic vacuum can be decomposed into the pieces that

transform under trivial and adjoint representations [9, 11–13]

ρ̂1 = N−1
c Î + ρa

1T̂a, (5)

and Wilson loop in fundamental representation is [6]

Wf und(loop, γγ̄) = 〈Tr P exp

(∫
loop,γγ̄

iÂμdxμ
)
〉. (6)

(Non-abelian Stokes theorem).

In confinement region Wilson loop decays exponentially with the area spanned by loop, so for the

rectangular loop spanning the time interval T and distance R we get:

ρ̂(loop, γγ̄) = N−1
c + (ρin − ÎN−1

c ) exp (−σad jRT ), (7)

ρ̂(L : RT → ∞) = N−1
c Î, (8)

where Î is the unit operator, σad j = σ f undGad jG
−1
f und

is the string tension in the adjoint representation,

Gad j,G f und are the eigenvalues of quadratic Casimir operators. Under Gaussian dominance string

tension is

σ f und =
g2

2
l2corrF2, (9)

g is coupling constant, lcorr correlation length in the QCD stochastic vacuum, F - average of the

second cumulant of curvature tensor [7, 8].

Here all colour states are mixed with equal probabilities and all information on initial color state

is lost. The stronger are the color states connected the stronger their states transform into the white

mixture.

3.2 Decoherence rate, purity, von Neumann entropy

The decoherence rate of transition from pure colour states to white mixture state can be estimated on

the base of purity [3]:

P = Tr ρ̂2. (10)

P = N−1
c + (1 − N−1

c ) exp
(
−2σ f undGad jG

−1
f undRT

)
. (11)

When RT tends to 0, P → 1, that corresponds to a pure state. When the composition RT tends to

infinity, the purity tends to N−1
c , which corresponds to the white mixture [11].

The rate of purity decrease is

T−1
dec = −2σ f undGad jG

−1
f undR. (12)

Left side of the equation is the inverse characteristic time of decoherence proportional to QCD string

tension and distance R. It can be inferred from (4) and (11) that the stronger particle-antiparticle pair

is coupled by QCD string or the larger is the distance between particle and antiparticle, the quicker the

initial state tends to white mixture as a result of interaction with the QCD stochastic vacuum. Thus

white states can be obtained as a result of decoherence process. The information of quark colour states

is lost in hadrons due to interactions between quarks and confining non-Abelian gauge fields.
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Von Neumann entropy can be used as a measure of the loss of information:

S = −Tr (ρ̂ ln ρ̂). (13)

Idempotency of the initial density matrix gives us S = 0 for the initial state and we will have S = ln Nc

for large RT . Thus during the interaction with QCD vacuum the entropy increases and the information

is being lost.

4 Colour confinement and instability of colour particle motion

The stability of quantum motion of the particles is described by quantum fidelity [14, 15]. The defi-

nition of fidelity is similar with Wilson loop definition in QCD [16]. Using the analogy between the

theory of gauge fields and the theory of holonomic quantum computation [2, 16, 17], we can define

the fidelity of quark (the scalar product of state vectors for perturbed and unperturbated motion) as an

integral over the closed loop, with particle traveling from point x to the point y:

f =<

(
〈φin|P exp

(∫
iÂμdxμ

)
|φin〉

)
> . (14)

The final expression for the fidelity of the particle moving in the stochastic vacuum is

f = exp

(
−1

2
g2l2corrF2S γ

)
. (15)

Thus fidelity for colour particle moving along the contour decays exponentially with the surface

spanned over the contour, the decay rate being equal to the string tension (9). The motion becomes

more and more unstable.

Sometimes fidelity is defined in another way [18–20]:

F(ω, τ) = Tr (

√√
ωτ

√
ω) (16)

This quantity represents the square root of the probability of transition between the states described

by density matrices ω and τ. If one of the states is pure, then fidelity is equal to the square root of

the overlap between the states [21]. Thus sometimes its definition is squared [22]. In our case, for the

final state ρ̂(loop) and the initial state ρ̂in we get

F(ρ̂in, ρ̂(loop)) = Tr (

√√
ρ̂inρ̂(loop)

√
ρ̂in) =

= Tr (ρ̂in

√
N−1

c + (1 − N−1
c )Wad j(γ)). (17)

The absence of the second term under the root (when Wad j(γ) → 0) returns the value of fidelity

F = N
−1/2
c . We obtained some non-unit value, which means that the state has changed. And it can be

seen how Wad j(γ) → 1 gives us the initial state: F = 1.

For two random paths in Minkowski space, which are close to each other, the expression for the

fidelity is similar, but now the averaging is performed with respect to all random paths which are close

enough. Then the final expression is

f = exp

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝−
1

2
g2lcorr

∫
γ1

dxvFχαF̃vβv
χ〈δχαδχβ〉

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠, (18)
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where δχ is the deviation of the path γ2 from the path γ1, v is the four-dimensional velocity and lcorr

is the correlation length of perturbation of the particle path expressed in units of world line length.

If unperturbed path is parallel to the time axis in Minkowski space, the particle moves randomly

around some point in three dimensional space. The fidelity in this case decays exponentially with

time.

Thus we have the connection between confinement and instability of colour particle motion that

could be related to possible mechanisms of colour particle confinement.

5 Order-chaos transition, critical energy of and mass of Higgs boson

The increasing of instability of motion in the confinement region is also connected with existence of

chaotic solutions of Yang-Mills field [9, 23], possible chaos onset [24]. Yang-Mills fields already on

classical level show inherent chaotic dynamics and have chaotic solutions [23, 24]. The same is true

for quarks.

It was shown that Higgs bosons and its vacuum quantum fluctuations regularize the system and

lead to the emergence of order-chaos transition at some critical energy [25, 26]:

Ec =
3μ4

64π2
exp

(
1 − λ
g4

)
. (19)

Here μ is mass of Higgs boson, λ is its self interaction coupling constant, g is coupling constant of

gauge and Higgs fields. The expression is valid both for large and small distances. Important here is

the value of mass of Higgs boson.

In the region of confinement there exists the point of order-chaos transition where the fidelity

decreases exponentially and which is equal to string tension. This connects the properties of stochastic

QCD vacuum and Higgs boson mass and self interaction coupling constant.

6 Squeezed and entangled colour states

The increasing of instability of motion in the confinement region is also connected with possible

quantum entanglement as a probe of confinement and quantum squeezing of colour states [27–30].

The emergence of entagled and squeezed states in QCD becomes possible due to the four-gluon self-

interaction. The three-gluon self-interaction does not lead to the effects [31–33].

The existence of quantum entanglement in Yang-Mills-Higgs theory was considered in [28] on the

base of original quasiclassical formalism developed in [27]. The concept of quantum entanglement

was found to be very useful as a model-independent characteristic of the structure of the ground

state of quantum field theories which exhibit strong long range correlations, most notably lattice spin

systems at and near the critical points and the corresponding conformal field theories [34].

Quantum entanglement was also considered as an alternative way to probe the confining properties

of large-N gauge theories [29]. Quantum entanglement between the states of static quarks in the

vacuum of pure Yang-Mills theory was analyzed in [30]. Hilbert space of physical states of the fields

and the charges is endowed with a direct product structure by attaching an infinite Dirac string to each

charge. Tracing out the gauge degrees of freedom gives the density matrix which depends on the ratio

of Polyakov and Wilson loops spanned on quark world lines [35].

7 Multiparticle states in QCD vacuum

Interaction of colour superposition with stochastic QCD vacuum was described in [20]. In its essential

parts the process is analogous to the one shown above in Section 3. Let us consider the cases of two

and three colour particles.
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7.1 Two-particle states

Consider a system of two quarks, denoted as A and B. Also consider that there is only two possible

colour states for each of them: |A〉, |B〉 and |Ā〉, |B̄〉. Thus Nc = 2.

Here is the list of possible types of states, in which the system may be found (excluding some

specific types e.g. as the squeezed states):

• By purity:

– Pure;

– Mixed.

• By separability:

– Separable;

– Non-separable (entangled).

Pure separable system state vector of two quarks can be presented as

|φ〉 = |a〉|b〉, (20)

where |a〉 and |b〉 are some states of subsystems A and B. Since the system state vector can be factor-

ized (20), we may consider the evolution of each quark independently, using the expressions given in

Section 3.

Mixed separable state gives us similar picture, with the only difference being the absence of a state

vector. The density matrix of the system will have the form

ρAB = ρAρB, (21)

where density matrices ρA and ρB correspond to states of A and B quarks. ρA and ρB therefore may

also be considered independently with the help of the described mechanism.

We will choose pure non-separable state in the form

|φ〉 = α|A〉|B̄〉 + β|Ā〉|B〉. (22)

Density matrix for such a state will have the form

ρAB = |α|2|AB̄〉〈B̄A| + αβ∗|AB̄〉〈BĀ| + α∗β|ĀB〉〈B̄A| + |β|2|ĀB〉〈BĀ|. (23)

During the evolution and the interaction with vacuum this state will take the form (8), with the excep-

tion that it should be raised to a power of Np = 2, where Np is the number of particles. It can be seen

that the entanglement present in (22) vanishes, since the resulting density matrix can be presented in

the form
∑
i

kiρi1ρi2, where ki is some weight factor, ρi1 and ρi2 - some density matrices.

Mixed entangled state is rather difficult to describe. It seems that the easiest way to formally

present it in the given case is to artificially suppress (but not entirely) the non-diagonal components

of the density matrix - for example by dividing them by 2. After the interaction with the stochastic

vacuum, however, we will again have the state of the form (8). Before the interaction the quantum

parameters of the system would be as follows:

The same parameters after the interaction with vacuum (with the state types corresponding to the

initial state), also considering fidelity (where the arguments are density matrices of the initial and final

states):
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Table 1. Purity and entropy of different states of a two-particle system before the interaction with vacuum

State: pure separable mixed separable pure entangled mixed entangled

P (purity) 1 1
4
≤P< 1 1 1

4
<P< 1

S (entropy) 0 0<S≤ 2 ln 2 0 0<S< 2 ln 2

Table 2. General form of purity, entropy and fidelity of different states of a two-particle system after the

interaction with vacuum

State: pure separable mixed separable pure entangled mixed entangled

P (purity) 1
4

1
4

1
4

1
4

S (entropy) 2 ln 2 2 ln 2 2 ln 2 2 ln 2

F (fidelity) 1
2

1
2
<F≤ 1 1

2
1
2
<F< 1

7.2 Three-particle states

Pure separable state vector can be represented as

|φ〉 = |a〉|b〉|c〉, (24)

where |a〉, |b〉, |c〉 are arbitrary states of subsystems (quarks) A, B and C. As in the two-particle case,

this situation is analogous to what have already been discussed: if the system’s state vector can be

factorized, we can discuss the evolution of quarks separately, using expressions derived in the former

sections and assuming Nc = 3, Np = 3. Of course, the number of dimensions of the density matrix

would increase.

In case of mixed separable state we will have similar situation, although without the state vector.

Instead of it we will use density matrix to describe the evolution of the system. The density matrix

will write as:

ρABC = ρAρBρC , (25)

where the density matrices ρA, ρB, ρC would correspond to the states of quarks A, B, C. Each one of

these states could be considered independently as well, and its interaction with the stochastic vacuum

will be described by the aforementioned mechanism, beginning from the moment of the introduction

of density matrix (e.g. (3)). Final state density matrix is determined by the multiplication of density

matrices of the final states of the subsystems.

To illustrate the case of pure separable state let us consider the system, analogous to the hadron:

here we have three quarks of different colours (and thus Nc = 3). We shall symbolically mark these

colours by the subscripts 1, 2, 3. The three quarks themselves would be marked as A, B,C. In this

case, for example, the writing B3 would mean that the quark B is in the state that is described by the

colour 3. And the writing A1B2 means that the system is composed of quarks A and B with colour

states 1 and 2, respectively. Hadronic structure corresponds to the wave function, such as

|φ〉 = a|A1B2C3〉 + b|A1B3C2〉 + c|A2B1C3〉 + d|A2B3C1〉 + e|A3B1C2〉 + f |A3B2C1〉, (26)

where the complex weight factors a, b, c, d, e, f are normalized as:

|a|2 + |b|2 + |c|2 + |d|2 + |e|2 + | f |2 = 1. (27)

This particular structure of wave function means that the quarks cannot occupy the same colour

state. Wave function of antiparticle (with respect to the given hadron) would have the same structure,
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although instead of colour states there would be anti-colour states. So we would consider only the

hadron wave function.

During the evolution and interaction with the stochastic vacuum this state will turn into a state that

is described by the expression (8), which in the limit Wad j → 0 (also taking into account Np = 3 and

Nc = 3) would give us the expression:

ρABC = diag
1

27
. (28)

As in the two-particle case, the mixed entangled state is impossible to represent in the generalized

(analytical) form, since it can have various forms. However, it is still possible to acquire this type of

state from the pure entangled state, artificially suppressing the non-diagonal terms. Here also after the

interaction with vacuum under the condition Wad j → 0 we get the state (28).

Before the interaction the parameters of the system would be as follows:

Table 3. Purity and entropy of different states of a three-particle system before the interaction with vacuum

State: pure separable mixed separable pure entangled mixed entangled

P (purity) 1 1
27
≤P< 1 1 1

27
<P< 1

S (entropy) 0 0<S≤ 3 ln 3 0 0<S≤ 3 ln 3

The same parameters after the interaction with vacuum (with the state types corresponding to the

initial state), also considering fidelity (where the arguments are density matrices of the initial and final

states):

Table 4. General form of purity, entropy and fidelity of different states of a three-particle system after the

interaction with vacuum

State: pure separable mixed separable pure entangled mixed entangled

P (purity) 1
27

1
27

1
27

1
27

S (entropy) 3 ln 3 3 ln 3 3 ln 3 3 ln 3

F (fidelity) 1√
27

1√
27
<F≤ 1 1√

27

1√
27
<F< 1

8 Conclusions

It is productive to consider QCD vacuum as an environment (in the sense of quantum optics) for

colour particles. Under certain conditions such an approach leads to confinement of quarks and might

serve as an explanation for it.

In the case of of stochastic (not coherent) QCD vacuum (only correlators of the second order are

important) in confinement region (Wilson loop decays exponentially) we have decoherence of pure

colour states into mixed white states and the onset of instability (chaoticity) of their motion. During

this process quantum fidelity and purity decay exponentially (decay rate = QCD string tension).

Dynamics of Yang-Mills fields can be regularized by Higgs fields and quantum fields fluctuations.

Critical point of order-chaos transition appears which corresponds to the point, where fidelity and

purity drop exponentially. Quantum squeezing and entanglement accompany nonperturbative (A4)

evolution of colour particles in QCD vacuum, confinement, decoherence and instability.

For colour superposition, two and three particle state types (pure separable, mixed separable and

nonsepaparable (entangled)) when RT → ∞ we obtain diagonalization of density matrix, elimination

of entanglement, decreasing of purity and fidelity, increasing of von Neumann entropy.
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