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Abstract. The dual observables as order parameters for deconfinement tran-

sition are investigated at finite isospin chemical potential μI in an entangled

Polyakov-Nambu-Jona-Lasinio model of QCD. Compared to PNJL, the four

quark vertice with entanglement between the Polyakov loop and the chiral and

pion condensates are considered in this model. We mainly concentrate on the

role of this entanglement on the thermal behavior of the dressed polyakov loop

and the dual pion condensate for μI > mπ/2. We find that the T -dependences

of these dual condensates are qualitatively consistent with the PNJL results.

Due to the entanglement, the critical temperatures determined by the quark

and pion condensates and their corresponding dual partners get close to that

extracted from the Polyakov loop.

1 Introduction

The main phenomena in QCD at finite temperature and density are the chiral restoration
and deconfining phase transitions. In the chiral limit, the standard order parameter for
chiral transition is the quark condensate. However, it is conceptually difficult to define an
order parameter for deconfinement in QCD. Usually, the expectation value of the Polyakov
loop (PL) is used to indicate the quark deconfining transition. This quantity is a true order
parameter for center symmetry in pure Yang-Mills theory. Nevertheless, this symmetry is
badly broken by the light dynamical quarks in QCD. These two (effective) order parameters
had been extensively studied in lattice QCD at finite T and zero density and it suggests that
two pseudo critical temperatures are very close to each other [1, 2].

Recently, some dual observables are introduced as the new order parameters for cen-
ter symmetry by using the twisted boundary conditions for quarks [3–6]. Especially, it is
demonstrated in the formalism of lattice QCD [3, 4] that the dressed Polyakov loop (DPL)
interpolates between the chiral condensate and the thin PL. The studies from the functional
methods [7–10] and effective models [11–13] also suggest the DPL shows the order parameter-
like behavior like the thin PL. In principle, one can construct many dual observables which
transform in the same way as the thin PL under the center transformation [5, 6]. They are
true order parameters for deconfinement in the heavy quark limit m→∞.
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However, the center symmetry is seriously broken in QCD since the light quark masses
are very small. Then, a question naturally arises: to what extent do these quantities still
contain the confinement information? Recently, it is demonstrated in the NJL model that
the rapid rise of DPL near Tc is totally driven by the chiral transition [14]. The following
study based on several variants of NJL with (possible) confining elements suggests that the
rapid rise of DPL with T still happens in the chiral transition region and no effect related
to the change of the confining properties of the propagator is observed [15]. The authors
thus conclude that the DPL obtained in these models is not an appropriate order parameter
for deconfinement. In addition, the test of dual observables as order parameters has been
extended to finite isospin chemical potential by considering the pion condensation [16]. It is
found in PNJL that not only the dressed Polyakov loop, but also the dual pion condensate
(DPC) are quite sensitive to the chiral dynamics and pion condensation rather than the thin
PL [16]. Thus it may be difficult to distinguish the deconfinement transition from the dual
observables , at least in the NJL-type models.

We stress that the PNJL results in [16] may not really true in QCD. In other words,
the possible subtle relationship between the center symmetry breaking and chiral transition
existing in QCD may not be totally captured by PNJL, even the center symmetry is considered
in this model. Note that it derived in Ref.[17] that a particular non-local version of PNJL
can re regarded as a low energy limit of QCD. Inspired by this work, the entangled PNJL
(EPNJL) model has been proposed [18]. Compared to PNJL, the four-quark interaction is
dependent on the Polyakov-loop in EPNJL. So the coupling or entanglement between the PL
and quark condensate in EPNJL is somewhat stronger than that in PNJL. The motivation
of this paper is to investigate the role of such an enhanced entanglement on the thermal
properties of the dual condensates at finite isospin chemical potential for μI > mπ/2.

2 EPNJL model at finite isospin chemical potential with twisted
boundary conditions

2.1 Two flavor EPNJL model and the model parameters

We adopt the following lagrangian of two-flavor EPNJL model

L = ψ̄ (iγμD
μ + γ0μ̂− m̂0 − iλγ5τ1)ψ

+gs(Φ)
[(
ψ̄ψ

)2
+

(
ψ̄iγ5�τψ

)2]
− gsv

(
ψ̄γμψ

)2
−gvv

(
ψ̄�τγμψ

)2
− U

(
Φ, Φ̄, T

)
, (1)

which is an improved version of PNJL used in [16]. The last term in (1) is the pure gauge
sector described by the Polyakov loop Φ, which is invariant under the Z(3) transformation.
As mentioned, the scalar coupling gs is explicitly Φ dependent in this model. According to
the suggestion in [18], the form of gs below is employed in this paper:

gs(Φ) = gs[1− α1ΦΦ̄− α2(Φ
3 + Φ̄3)], (2)

which respects the chiral, P, C and the extended Z(3) symmetries. Following [18], both α1

and α2 are fixed as 0.2 which can reproduce the available lattice data. The model parameters
other than gs(Φ) in (1) are all adopted from [16] in this paper. Note that gs in (2) is also the

same as that in [16]. The possible Φ-dependence of g
v(s)
v is ignored in our calculation.
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2.2 EPNJL with twisted boundary conditions for μI > mπ/2

It is well known that the charged pion condensation appears for zero and low temperatures
for μI > mπ/2 [19], where μI is the isospin chemical potential. The study based on PNJL
in [20] suggests that relation between the PL and pion condensate at finite temperature
for μI > mπ/2 is quite similar to that between the PL and quark condensate at zero isospin
density. In addition, the test of the dual condensates as order parameters for center symmetry
has also been extended to finite isospin chemical potential in [16], where the PNJL model is
adopted. Besides the extensively studied DPL, another simple dual observable, namely the
dual pion condensate is proposed and studied in [16]. These two dual condensates are defined
as

Σ(1)
σ = −

∫ 2π

0

dφ

2π
e−iφσ(φ), (3)

and

Σ(1)
π = −

∫ 2π

0

dφ

2π
e−iφπ(φ), (4)

respectively. Note that σ(φ) (π(φ)) is the generalized quark (pion) condensate for the twisted
angle φ.

When considering the Φ-dependence of gs, the two energy gaps in [16] are modified as

M = m− 2gs(Φ)σ(φ), N = λ− 2gs(Φ)π(φ). (5)

We still use μ′ and μ′I to indicate the shifted quark and isospin chemical potentials when
considering the vector interaction

μ′ = μ− 2gsv(ρu + ρd), μ′I = μI − 2gvv(ρu − ρd), (6)

where ρu(d) is the u(d) quark density. The thermal potential of EPNJL at the mean field
level still takes the form of Eq.(14) in [16].

Under the generalized boundary condition, the modified quark chemical potential μ′ in
the thermal potential should be replaced by iT (φ − π) [3, 6, 11], which is nothing but an
effective imaginary chemical potential. Strictly speaking, the μ′ for φ �= π should also contain
the density-related contribution 2gsv(ρu + ρd) even the real μ is zero. This is because the
imaginary chemical potential also leads to a nonzero baryon number density. It has been

shown in [11] that the coupling gsv only has significant effect on Σ
(1)
σ for T > 1.5Tc in PNJL.

Since we are only interested in the thermal behavior of dual observables near and below Tc,
the correction 2gsv(ρu + ρd) is ignored in our calculation. Note that the μ′I is still real and
keeps the form as (6). As in [16], we only conduct the calculation for the case with μI > mπ/2
and zero μ.

3 Results and discussion

3.1 φ-dependence of quark and pion condensates

The generalized quark condensate as function of φ for μI = 100MeV at different temperatures
is shown in Fig. 1. We see that the shapes of |σ(φ)| for temperatures below and above Tχ

c

are quite different: for T = 190MeV and 230MeV (or T > Tχ
c ), the quark condensates are

concave lines with |σ(π)| < |σ(0)|; but for T = 150MeV and 170MeV (or T < Tχ
c ), they are
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Figure 1. The twisted angle dependence of the quark condensate σ(φ) at μI = 100 MeV for different

temperatures

Figure 2. The twisted angle dependence of the pion condensate π(φ) at μI = 100 MeV for different

temperatures

convex ones with |σ(π)| > |σ(0)|. All this is very similar to Fig.1.a in [16] but quite different
from what obtained in [3, 8, 11], where only concave curves emerge for vanishing μ and μI .

The generalized pion condensate as function of φ for μI = 100MeV at different temper-
atures is shown in Fig. 2. In contrast, Fig. 2 shows that all lines of |π(φ)| at different fixed
T are concave curves. We see that in the fermionic-like region (namely the area for φ ∼ π),
|π(φ)| decreases with T but it increases with T in the bosonic-like region (namely the area
for φ near zero or 2π). In addition, the curve of |π(φ)| becomes more flat with decreasing T .
All those is very similar to the φ-dependence of the quark condensate obtained for zero μ and
μI [3, 8, 11], which is qualitatively consistent with the PNJL result, namely Fig.1.b in [16].
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3.2 Thermal behaviors of dual condensates for μI > mπ/2

Figure 3. The temperature dependence of the normalized conventional ployakov loop, quark and

pion condensates and their corresponding dual parters at μI = 100 MeV.

Figure 4. The temperature dependence of the T-derivatives of the conventional ployakov loop,

quark and pion condensates and their corresponding dual parters at μI = 100 MeV.

Two dual condensates and other three (pseudo-) order parameters as functions of T for
μI = 100MeV are shown in Figs. 3. The quark and pion condensates are obtained with
physical boundary condition φ = π, which are normalized by σ0 = σ(T = 0, μ = 0, μI = 0);
the dual condensates and PL are normalized by their corresponding values at T = 240MeV.
We mainly focus on the thermal behaviors of these quantities near the phase transitions.
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Figure. 3 shows that |π(φ = π)| (Φ) decreases (increases) monotonically with T 1, but
|σ(φ = π)| first increases (slowly) up to T ∼ 175MeV and then decreases. These results are
also qualitatively agreement with that obtained in [16] within the PNJL model.

Consistent with Fig. 2, Fig. 3 indicates that the normalized DPC really behaves like an
order parameter for center symmetry: analogous to the DPL obtained in [3, 8, 11], it keeps
rather small value in low temperature region and gradually becomes larger with T . Like the
thin PL, the DPC increases monotonically with T . However, the normalized DPL in Fig. 3
shows abnormal thermal behavior, which first reduces with T (up to T ∼ 175MeV) and then
raises. Similar to the PNJL result, we see that the DPL is quite sensitive to the T -dependence
of the quark condensate rather than the PL near the phase transition region. In addition, the
DPL and DPC rise rapidly near the chiral transition and the melting of the pion condensate,
respectively. This is also consistent with the PNJL results.

Several susceptibilities defined as the T derivatives of the quantities displayed in Fig. 3
are shown in Fig. 4. As in [14, 16], the peak of a susceptibility is used to locate the critical
temperature. Fig. 4 indicates that the PL susceptibility has one peak, which indicates TP

c =
175MeV. Different from Fig. 5 in [16], the other susceptibilities also only have one peak,
which is very close to TP

c . We see that the highest peak of ∂Σσ
1/∂T coincides with that

of ∂|σ|/∂T , and the corresponding critical temperatures T dσ
c and T σ

c are slightly lager than
TP
c . The coincidence of T dσ

c and Tσ
c is consistent with [14, 16]. In addition, Fig. 4 also

shows that the critical temperatures T dπ
c and Tπ

c (extracting from ∂Σπ
1/∂T and ∂|π|/∂T ,

respectively) also coincide, which almost take the same value as TP
c . So the double peaks

of the susceptibilities other than that of the thin PL one observed in PNJL [16] disappear
totally due to the enhanced entanglement between the PL and quark and pion condensates
in EPNJL model. However, we still notice that there exists a slight difference between TP

c

and T dσ
c (or T dπ

c ).

4 Conclusion

The investigation of the thermal behavior of dual condensates at finite isospin chemical po-
tential for μI > mπ has been performed in an entangled PNJL model. Compared to the
PNJL model, the entanglement of the center symmetry breaking and the chiral transition or
the evaporation of the pion condensate with T is enhanced in EPNJL. We mainly focus on
the role of this strengthened entanglement on the thermal properties of the dual observables
by considering the pion condensation.

We find that the twisted angle dependences of the quark and pion condensate obtained
in EPNJL are still qualitatively consistent with the PNJL results in [16] and the dual pion
condensate also exhibits the order parameter like thermal behavior as the thin PL. Due to the
competition between the quark and pion condensates, the abnormal thermal behavior of the
dressed PL found in [16] is still observed in EPNJL, which suggests that this dual condensate
is also quite sensitive to the chiral transition rather than the deconfinement described by
the PL. On the other hand, the critical temperatures extracted from the quark and pion
condensates and their dual partners are very close to the one determined by the thin PL.
This is quite different from the PNJL results.

Anyway, whether the dual observables carry the deconfinement information is an inter-
esting question. Which result of these two models is more close to QCD can be determined

1This is also observed in [20] and other chiral model studies [21]. The reason for such an anomaly is that
the quantity

√
σ2 + π2 always decreases with T but |π| drops more quickly near the phase transition since λ

is zero but m is finite.
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by the lattice simulation with physical quark masses, which is free from the sign problem at
finite isospin chemical potential.
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