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Abstract. The core region of a neutron star may feature quark matter in the color-flavor-

locked (CFL) phase. The CFL condensate breaks the baryon number symmetry, such that

the phenomenon of superfluidity arises. If the core of the star is rotating, vortices will

form in the superfluid, carrying the quanta of angular momentum. In a previous study

we have solved the question of stability of these vortices, where we found numerical

proof of a conjectured instability, according to which superfluid vortices will decay into

an arrangement of so-called semi-superfluid fluxtubes. Here we report first results of an

extension of our framework that allows us to study multi-vortex dynamics. This will in

turn enable us to investigate the structure of semi-superfluid string lattices, which could

be relevant to study pinning phenomena at the boundary of the core.

1 Introduction

In its densest form, matter appears in the color-flavor locked (CFL) phase [1]. The CFL condensate

breaks the baryon number symmetry, which renders this phase a superfluid. If this form of matter

is present in the core region of a rotating neutron star, vortices will carry the angular momentum of

the spinning core. In a recent study [2], we addressed the question of stability of these superfluid

vortices, using a Ginzburg-Landau effective theory. There, from a topological point of view, stable

vortex solutions are expected, since the first homotopy group of the vacuummanifold is non-trivial [3].

However, the global vortex solution does not possess the lowest energy, and it has been conjectured

that the vortex undergoes a decay into a configuration of a triplet of well-separated semi-superfluid

strings [4]. In our study [2], we not only observed and numerically confirmed this decay, but we

also mapped out the stability-/metastability boundary in the parameter space of the couplings. We

furthermore identified an analytically constructed mode that proved to be sufficient to trigger the

decay of a global vortex. Let us briefly review our findings here. Assuming mu = md = ms = 0, the

Ginzburg-Landau Lagrangian of the effective theory reads

L = Tr

[
−1
4

Fi jFi j + DiΦ
†DiΦ + m2Φ†Φ − λ2(Φ†Φ)2

]
− λ1(Tr[Φ†Φ])2 + 3m4

4λ
, (1)
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where Di = ∂i − igAi is the covariant derivative, Fi j = ∂iA j − ∂ jAi − ig
[
Ai, Aj

]
is the gauge field-

strength tensor, and the Ai represent the gauge fields (gluons). The coupling λ is a linear combination

of the original self-couplings of the condensate,

λ ≡ 3λ1 + λ2. (2)

The matter field Φ represents the CFL condensate, and has a 3c × 3 f complex matrix structure. A

general entry of the Φ matrix is thus characterized by a color index α and a flavor index a, φαa. In the

broken phase, the vacuum expectation value (vev) is given by

Ai = 0 , Φ = φ̄13×3 , φ̄ =

√
m2

2λ
. (3)

A (global) superfluid vortex can then be written as

Ai = 0 , Φsf = φ̄ β(r)eiθ 13×3 , (4)

where β(r) is the radial profile obtained from solving

β
′′
+
β
′

r
− β

r2
− m2β(β2 − 1) = 0 , (5)

with the boundary conditions β → 0 as r → 0 , and β → 1 as r → ∞ . A (red) semi-superfluid flux
tube, on the other hand, can be written as

Φssft(r, θ) = φ̄

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝
f (r)eiθ 0 0

0 g(r) 0

0 0 g(r)

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠ , (6)

Assft
θ (r) = − 1

gr
(1 − h(r))

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝
− 2

3
0 0

0 1
3

0

0 0 1
3

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠ , (7)

Assft
r = 0 . (8)

and the solutions for the green and blue flux tubes follow from swapping the diagonal elements of

the matrix. The profile functions f (r), g(r) and h(r) obey a set of coupled differential equations, see

equations (10)-(14) in [2]. As discussed in our paper, far from the core of the vortex, the energy

density of one semi-superfluid flux tube is one ninth of the energy density of a global vortex,

εsf = 3φ̄2/r2,

εssft =
1
3
φ̄2/r2,

(9)

which is the cause of the instability. In the case of vanishing gauge coupling, we identified an unstable

mode analytically,
δΦ(8) = ε n̂·∇ψ(r, θ)T8 . (10)

This mode establishes a distortion of the red and green components of the vortex by a small amount ε
in direction of the unit vector n̂, while shifting the blue component by an amount of 2ε in the opposite
direction. This perturbation of the global vortex can be plugged into the Hamiltonian density, and the

change in energy density evaluates to

δE8 = ε
2(λ2 − λ)πm4

λ2

∫ ∞

0

rdrβ
′2β2 . (11)
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Figure 1. The parameter space of the couplings g, λ and λ2. Points behind the surface form the region of

meta-stability, all other points constitute the region of instability.

For λ2 > λ, this clearly lowers the energy and is thus an unstable direction. Depending on the gauge

coupling g and the condensate self-couplings λ1 and λ2, there are regions in parameter space where

the global vortex solution is unstable and decays immediately, but we could also identify regions of

meta-stability, see Figures 1 and 2. In Figure 2, the solid line corresponds to the instability boundary

in parameter space as derived from the perturbation (10), which seems to hold approximately for small

gauge couplings.

The dashed line in Figure 2 corresponds to the region in parameter space where λ1 = λ2. This

has been identified as the physically relevant regime at ultra-high density, where the coupling is suffi-

ciently small to allow for mean-field calculations, [5, 6],

λ1 = λ2 =
λ

4
=

36

7

π4

ζ(3)

(
Tc

μ

)2
. (12)

If this result can be extrapolated to densities where the system is strongly coupled, our study indicates

that there are no regions of metastability for the physically relevant case. This is supported by the fact

that the region of metastability dies away quickly with increasing coupling g.

2 Initial condition and boundary treatment for multi-vortex dynamics

So far we have explored the behavior of a single global vortex, as well as arrangements of three well-

separated semi-superfluid flux tubes. Currently we are investigating two possible extensions to our

numerical framework. On the one hand, we introduced strange-quark mass asymmetry, where we

followed the work of [7]. Our findings will be presented in a future publication. On the other hand,

we study the dynamics of multiple vortices on the lattice, which introduces several complications. In

these proceedings, we discuss the first steps in the simulation of multiple vortices on the lattice. To

set up many vortices on the lattice, we first obtain a radial profile for a winding-one global vortex by

solving (5) using a relaxation method on a large grid with high precision. In the absence of a gauge

field at initial time (that is, the link variables are unity), we construct the Φ-field in the presence of N
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Figure 2. Slices through the parameter space of the couplings for different values of g. The shaded area is the

region of meta-stability, its complement constitutes regions of instability. The dashed line is the projection of

the plane of weak-coupling results, see text. The solid line represents λ = λ2, which, in the case of vanishing

gauge coupling, should yield the boundary of stability/meta-stability. Note that the metastability region can be

characterized by λ1 <∼ − 0.16g. For fixed values of g and λ1, a change in λ2 has almost no effect on the stability

boundary.

vortices according to

Φ =

⎛⎜⎜⎜⎜⎜⎝
N∏

i=1

β(ri)

⎞⎟⎟⎟⎟⎟⎠ exp
⎧⎪⎪⎨⎪⎪⎩i

N∑
i=1

niθi

⎫⎪⎪⎬⎪⎪⎭ φ̄13×3, (13)

which is just a superposition of the N vortices. At a given point (r, θ), the variable ri indicates the

distance to a vortex at position i, and θi is the angle with respect to the vortex at position i. Even
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though we plan to simulate systems of multiple vortices at non-zero gauge coupling in the unstable

regime, we start with the most simple case of zero gauge coupling and in the meta-stable region of

couplings. In this case, the Ansatz (13) is all we need. Since the superfluid vortices feature a repulsive

behavior, they separate quickly once we start our simulation, and, if we use the boundary conditions

of our previous study, approach the boundary and pin there. As far as semi-superfluid strings are

concerned, the fixed boundary case of our initial work should serve our purpose, since the boundary

is repulsive to the individual flux tubes. Together with the repulsion of the semi-superfluid vortices

among themselves, this will allow us to find the lattice structure of the multi-fluxtube arrangement.

However, at this point we have not yet observed the decay into semi-superfluid fluxtubes in the multi-

vortex system, and in this first step we intend to study the numerically much cheaper approach of

global vortices only. We thus have to use a modification of the first boundary condition. Using fixed

boundary conditions without any modifications also introduces the problem that, far away from the

center, many vortices constitute a large overall winding number, which in turn causes the energy

density to increase with decreasing distance to the boundary. In order to cancel some of the winding,

we introduced a grid of vortices which resides beyond the boundary, that is, outside of the simulation

region. The presence of those vortices, however, is taken into account when the initial condition is

computed, and, in particular, is frozen into the fixed boundary, see Figure 3.

Figure 3. Example of the energy density of an initial configuration of 90 vortices. The vortex positions have been

chosen randomly, with the additional constraint of a minimal vortex separation of 35 lattice units. In addition to

the 90 vortices, one can see the vortices sitting beyond the simulation region. They appear as ’shadows‘ along the

edges of the lattice. Those vortices have been frozen into the fixed boundary condition at initial time, and help in

providing a better initial setting for large vortex number arrangements, see text.

3 Time evolution of a multi-superfluid-vortex arrangement

In this section we show the time evolution of a random setting of 90 vortices on a 448 × 448 lattice at

vanishing gauge coupling in the meta-stable regime of the theory. In this case, the superfluid vortices

won’t undergo the decay to the semi-superfluid fluxtubes, but are expected to form a hexagonal lattice
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(a) (b)

(c) (d)

Figure 4. Energy density snapshots of the time evolution of an initial arrangement of 90 vortices at random

positions with minimal initial vortex-vortex separation of 15 lattice units, using the improved fixed boundary

condition discussed in Section 3. The panels 4(a),4(b),4(c) and 4(d) show the state of the system at initial time,

and at t = 1000, t = 2000 and t = 3000 respectively. In order to prevent a violent separation of the vortices, a

high damping factor has been used in this evaluation. The lighter color shading of the initial state in panel 4(a)

comes from the fact that the initial condition has a lot of excess energy, which is then dissipated throughout the

time-evolution.
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structure. Snapshots of the time evolution of a first simulation run are shown in Figure 4. In this run

we have used a very high damping factor, in order to relax the system towards its lowest energy state

as gentle as possible. This is necessary, since the initial state has a high vortex (winding) number, and

since our Ansatz is not the lowest energy state, it has a lot of excess energy. The downside of a high

damping factor is a very slow time evolution, which is evident from the comparably small changes

in the configurations shown in Figure 4(a), despite the large time separation of the configurations. In

this first simulation run we successfully managed to simulate the time evolution of a state with very

high vorticity in a controlled and stable way. The vortices separate, and seem to prefer to occupy the

boundary, which requires some improvement of the boundary condition. So far we did not observe

the expected hexagonal lattice structure, however, this should be easily achievable by an appropriate

choice of initial condition and simulation parameters.

4 Conclusions and outlook

In this progress report we have reviewed our findings from our previous study [1], where we have

found numerical proof of the instability of superfluid vortices in CFL quark matter. We identified re-

gions of stability and metastability in the parameter space of the couplings, and connected our result to

the physically relevant regime by extrapolating weak coupling results. This indicates that superfluid

vortices are unstable in CFL quark matter. An analysis of the coupling dependence of the stabil-

ity/metastability boundary revealed that it seems to be independent of the coupling λ2, which raises

the question of the role of the condensate self-couplings in the decay process. We also constructed a

mode that is sufficient to trigger the decay of a superfluid vortex into the triplet of semi-superfluid flux-

tubes. The phenomenological consequences of the instability, for example on neutron star glitches,

remain elusive for now, since that requires a thorough understanding of a pinning mechanism. As a

first step towards a better understanding of the dynamics of a system with high vorticity we extended

our framework and presented first results for the time evolution of a multi-superfluid-vortex system.

Wemodified the boundary conditions slightly, which allows for a better initial setting of a multi-vortex

state, and simulated a system of 90 superfluid vortices in a controlled and stable way. Because it is

numerically less expensive, we started with the zero-gauge coupling case, and focused on the stable

regime of condensate self-couplings. As a next step, we intend to study the non-zero gauge coupling

case. This is numerically more expensive, since, on the lattice, gauge fields are represented as link

variables corresponding to group elements, and their time evolution involves a matrix exponential. In

order to speed up the code, we thus plan to use Graphics Processing Units (GPUs), which allows for

much faster evolution on larger lattices.
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