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Abstract. We review the results and achievements of the project B.3. Topics addressed include pion photopro-

duction off the proton and off deuterium, three-flavor chiral perturbation theory studies, chiral symmetry tests

in Goldstone boson decays, the development of unitarized chiral perturbation theory to next-to-leading order,

the two-pole structure of the Λ(1405), the dynamical generation of the lowest S 11 resonances, the theory of

hadronic atoms and its application to various systems, precision studies in light-meson decays based on dis-

persion theory, the Roy–Steiner analysis of pion–nucleon scattering, a high-precision extraction of the elusive

pion–nucleon σ-term, and aspects of chiral dynamics in few-nucleon systems.

1 Introduction

The project B.3 has been funded over the whole period

of the SFB/TR 16. In the first funding period, it actually

focused on “Meson production off nucleons and light nu-

clei” (title in the first funding period), spanning chiral per-

turbation theory (ChPT) calculations in the single-nucleon

sector, extensions of three-flavor ChPT to higher energies

by unitarization methods, and developments of chiral nu-

clear effective field theory (EFT) for light nuclei, with an

emphasis on meson production reactions. The PIs in this

funding period were Ulf Meißner and Akaki Rusetsky. As

this project was extremely successful but also very broad,

it was decided to move the nuclear aspects into the new

project B.6 “Neutron properties from light nuclei” in fund-

ing periods 2 and 3, with the PIs Evgeny Epelbaum and

Hans-Werner Hammer (and Ulf Meißner after 2013 when

Hans-Werner Hammer moved to Darmstadt). In the sec-

ond and third funding period, the project focused on pre-

cision calculations in meson decays, largely in the frame-

work of dispersion relations, on the further development

of unitarized ChPT for meson–baryon interactions, and on

Roy–Steiner equations for pion–nucleon scattering. The

advances made in these fields will be reported in chrono-

logical order, grouped into the three four-year funding pe-

riods.

Our contribution is organized as follows: Section 2

summarize the achievements from the first funding period.

In the second funding period, Sec. 3 the research was more

focused on Goldstone boson decays, Sec. 3.1, and on chi-

ral coupled-channel analysis of meson–baryon scattering

and meson production, Sec. 3.2. In the third funding pe-

riod, Sec. 4, we worked on precision studies in light-meson

�e-mail: kubis@hiskp.uni-bonn.de
��e-mail: meissner@hiskp.uni-bonn.de

decays, Sec. 4.1, revisited (anti)kaon–nucleon scattering,

see Sec. 4.2, analyzed the Λ(1405) in kaon photoproduc-

tion, see Sec. 4.3, and, last but not least, performed a

detailed Roy–Steiner analysis of pion–nucleon scattering,

see Sec. 4.4. In fact, the foundation of the Roy–Steiner

studies were already laid out in the second funding period,

but we prefer to report these topics in one section. Finally,

an important disclaimer: This is the review of the project

B.3, but not a general review of the various fields to which

this research contributed. Therefore, only the papers that

resulted from this research are cited, with the exception

of only a few external papers and of course, in case data

were involved, with proper reference to the experimental

papers. The links to the other projects are mentioned in

passing, but no effort is made to discuss these in any de-

tail.

2 First funding period 2004–2008

2.1 Pion photoproduction

Neutral pion photoproduction off nucleons is one of the

best reactions to test two-flavor baryon chiral dynamics.

In Ref. [1] we have analyzed the Fubini–Furlan–Rosetti

sum rule (which was derived in 1965 using soft-pion

techniques) in the framework of covariant baryon chiral

perturbation theory to leading one-loop accuracy and in-

cluding next-to-leading order (NLO) polynomial contri-

butions. We have shown how the appearing subtraction

constants in the invariant amplitudes can be mapped onto

certain low-energy constants (LECs) employed in earlier

ChPT studies of threshold neutral pion photoproduction

off nucleons. In particular, we consider the corrections

to the sum rule due to the finite pion mass and show

that below the threshold, they agree well with determina-

tions based on fixed-t dispersion relations performed by
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Figure 1. The real part of the electric dipole amplitude E0+ in

the threshold region. The solid line is the theoretical prediction

as discussed in the text and the data are from Ref. [2]. The cusp

at the opening of the π+n threshold (Eγ = 151.8 MeV) is clearly

visible. Figure taken from Ref. [1].

the Mainz group. We also have shown that this representa-

tion allows for a precise determination of certain LECs and

we have given the most accurate ChPT prediction for the

energy dependence of the electric dipole amplitude E0+ in

the threshold region, see Fig. 1.

2.2 Three-flavor ChPT studies

To make further progress in SU(3) chiral dynamics, we

have also studied the application of ChPT in a variety

of kaon decays of current interest because high-precision

data emerge in particular from NA 48/2 at CERN. Aspects

of radiative kaon decays were studied in Refs. [3–5], with

particular emphasis on the possibility to extract structure-

dependent terms and the role of the axial anomaly. In

Ref. [6], an effective field theory framework was formu-

lated that allows one to extract the pion-pion S-wave scat-

tering lengths from the structure of the cusp in the reaction

K → 3π, originating from the π0π0 rescattering in the fi-

nal state (that was earlier pointed out by Meißner, Müller

and Steininger [7] a decade ago). We have also investi-

gated the scalar sector of QCD as tested in J/ψ decays

to vector mesons and two pseudoscalars [8] and extracted

the large-Nc-suppressed low-energy constant L4 and L6

of the fourth-order ChPT Lagrangian. This analysis was

extended in Ref. [9] to include isospin-breaking terms in

order to investigate the phenomenon of a0(980)– f0(980)

mixing. In Ref. [10], we have updated the analysis of ω-φ

mixing in the framework of chiral perturbation theory with

vector mesons. This result was used later in project C.2 in

the investigation of isospin violation in the nucleon form

factors [11]. As a basic ingredient for calculations in the

meson–baryon sector, we have constructed the complete

and minimal effective Lagrangian at one loop, the third-

order terms are published in Ref. [12]. At third order, we

find 78 independent operators, from which many, however,

only contribute in processes with many pions and external

fields. This minimal set of operators was later confirmed

by the Murcia group [13]. We have also investigated the

matching between the two- and three-flavor EFTs for the

scalar sector [14]. Furthermore, we have calculated the hy-

peron vector form factors to one loop based on a covariant

formulation of ChPT to study the possibility of extracting

Vus [15]. We have also written a general review on “Chiral

Perturbation Theory” for Annual Review in Nuclear and

Particle Science [16].

2.3 Kaon–nucleon scattering and hadronic atoms

An important building block in the analysis of kaon photo-

and electroproduction is (anti)kaon–nucleon scattering. To

further constrain the pertinent scattering amplitudes based

on coupled-channel unitary extensions of ChPT, we have

given the complete expression for the isospin-breaking

corrections to the energy levels and the decay widths

of kaonic hydrogen up-to-and-including O(α,md − mu)

in QCD+QED [17], with α the fine structure constant

and mq the current mass of a quark of flavor q. It was

demonstrated that although the leading-order corrections

emerging due to the unitarity cusp are huge, they can be

expressed solely in terms of the K̄N S-wave scattering

lengths. We have also found additional large electromag-

netic corrections and shown that the most recent DEAR

data from kaonic hydrogen [18] are not consistent with

most older scattering data (as it was also stressed by the

Munich group). This extension of the leading-order Deser

formula has become a standard tool in this field. These ob-

servations have further been sharpened in Ref. [19], where

the strong K−p scattering length is extracted within chi-

ral SU(3) unitary approaches from a very large variety of

fits to low-energy K−p scattering data. For the first time,

we have given theoretical uncertainties in such type of ap-

proach, based on a large number of Monte Carlo simula-

tions in the multi-dimensional parameter-space (utilizing

a method developed in project C.2). Within this scheme, a

very good overall agreement with available scattering data

is obtained (see Fig. 2) and the resulting scattering length

is compared and found to be incompatible with the kaonic

hydrogen data from DEAR at the 3σ level. In Ref. [20],

we have discussed the extraction of the S-wave kaon–

nucleon scattering lengths a0 and a1 from a combined

analysis of existing kaonic hydrogen and synthetic deu-

terium data within the framework of a low-energy effec-

tive field theory. It turns out that with the present DEAR

central values for the kaonic hydrogen ground-state en-

ergy and width, a solution for a0 and a1 exists only in a

restricted domain of input values for the kaon–deuteron

scattering length. It is thus very important to measure the

kaon–deuteron scattering length, as proposed by the SID-

DHARTA collaboration. Finally, we have shown how the

nature of the Λ(1520) as a dynamically generated reso-

nance can be investigated in proton–proton collisions [21].

2.4 Gauge-invariant formulation of

coupled-channel dynamics

Chiral unitary approaches have already been utilized suc-

cessfully by various groups to describe kaon and η photo-
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Figure 2. Total cross sections for K−p scattering into various

channels. The best fit is represented by the solid line and the

shaded area indicates the 1σ confidence region. Figure taken

from Ref. [19].

and electroproduction data off the nucleon. In most earlier

calculations, the photon only scatters with the incoming

baryon to form a meson–baryon pair that then undergoes

strong final-state interactions. Such an approach is, how-

ever, not gauge invariant. In Ref. [22] we have shown

how gauge invariance is obtained for the coupling of a

photon to a two-body state described by the solution of

the Bethe–Salpeter equation, i.e. the reaction γφB → φB

(with φ a Goldstone boson and B a member of the ground

state baryon octet). The key observation is that the photon

has to couple to all possible initial, intermediate, and final

states. The method has been illustrated both for a com-

plex scalar field theory and for interaction kernels derived

from chiral effective Lagrangians. This paves the way for

a gauge-invariant formulation of meson photoproduction

based on chiral coupled-channel dynamics. Subsequently,

we have analyzed the so-called “turtle model” of electro-

magnetic meson production, which as the basic building

block contains the full meson–baryon scattering T-matrix

and the gauge-invariant subset of meson production ver-

tices with an outgoing kaon. This model is gauge invariant

(but not crossing symmetric). It is particularly useful to

analyze the existing and upcoming (near threshold) kaon

photo- and electroproduction data. As a first step, we have

used it to test the various approximations (like the on-shell

scheme for the loop integrals or the coupling of the photon

to the initial baryon only) made in the literature so far [23].

2.5 Phenomenological models of meson

photoproduction and OZI analysis

We have also performed some phenomenological studies

of kaon and vector meson production based on results

from SAPHIR (ELSA) and JLab. In Ref. [24] we studied

the contribution of the Drell mechanism driven by K+ and

K− exchange to the reaction γN→KK̄N. Adding a con-

tribution from K∗-meson exchange with subsequent ex-

citation of the Λ(1520) resonance, we can describe the

data of the older LAMP2 experiment. When applying the

same model to the more recent SAPHIR data we find an

excellent description of the K+p spectrum and evidence

Figure 3. The difference between the SAPHIR data for the K−p

invariant mass spectra of γp→K+K−p and our model prediction.

The solid line indicates the fit with a relativistic Breit–Wigner

function. Figure taken from Ref. [24].

for a hyperon resonance with MR = (1617 ± 2) MeV and

ΓR = (117 ± 4) MeV in the K−p mass distribution, see

Fig. 3. We have also studied the violation of the OZI

rule in photoproduction [25] and in proton–proton colli-

sions [26]. Furthermore, we have given an explanation

of the puzzling A-dependence in electromagnetic φ-meson

production off nuclei observed at Spring-8 based on a two-

step mechanism [27].

2.6 Coupled-channel dynamics in η and η′ decays

Many of the technical aspects related to the work on

(anti)kaon–nucleon scattering and photoproduction off nu-

cleons can also be addressed in the decays of η and η′

mesons that exhibit strong final-state interactions. Be-

sides, such reactions allow for fine tests of the symme-

tries of QCD. In Ref. [28] the hadronic decays η, η′ → 3π

and η′ → ηππ were investigated within the framework of

a U(3) chiral effective field theory in combination with

a relativistic coupled-channel approach. Final-state in-

teractions were included in the S- and P-wave interac-

tions. In Ref. [29] the claim that the light quark mass ratio

(md − mu)/ms can be extracted from the decay width ratio

Γ(η′ → π0π+π−)/Γ(η′ → ηπ+π−) was critically investi-

gated. In particular, the assumption that the amplitude for

η′ → ηππ is constant over phase space is not correct, as

shown by the Dalitz plot in the right panel of Fig. 4. Also,

the assumption that the amplitude A(η′ → π0π+π−) is en-

tirely given from the amplitude A(η′ → ηπ+π−) through

π0 − η mixing could be shown to be erroneous. For further

work on η and η′ decays in this framework, see Ref. [30].
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Figure 4. Dalitz plot distribution |A(η′ → π0π+π−)|2 of the best

overall fit including the VES data for η′ → ηπ+π−. The distri-

bution is normalized to unity at x = y = 0. The P-wave contri-

butions to π0π+ (π0π−) rescattering vanish on the rising (falling)

dashed line and the invariant energies associated with the ρ±(770)

are indicated by the dotted lines.

2.7 Developments in chiral nuclear EFT and light

nuclei

To study also meson production off neutrons, it is manda-

tory to further develop the chiral EFT for few-nucleons

systems. Furthermore, few-nucleon systems allow for

fine tests of fundamental symmetries and their violation.

In Ref. [31] the contributions from the isospin-violating

one- and two-pion-exchange potentials to the nucleon–

nucleon potential were derived, in particular novel expres-

sions for the subleading charge-symmetry-breaking two-

pion exchange potential were given. In Ref. [32] we have

classified A-nucleon forces according to their isospin de-

pendence and discussed the most general isospin structure

of the three-nucleon force. We have derived the leading

and subleading isospin-breaking corrections to the three-

nucleon force. Furthermore in Ref. [33] we have studied

the two-nucleon force at next-to-next-to-leading order in

a chiral EFT with explicit Δ degrees of freedom. Fixing

the appearing LECs from a next-to-leading order calcula-

tion of pion–nucleon threshold parameters, we find an im-

proved convergence of most peripheral nucleon–nucleon

phases compared to the theory with pions and nucleons

only. We have also studied the consistency of Wein-

berg’s power counting [34] and further elaborated on the

conjectured infrared renormalization group limit cycle in

QCD [35, 36]. To extend this program to nuclei beyond

A ≥ 5, we have started a long-term project in nuclear lat-

tice simulations, which amounts to a lattice formulation

of the A-nucleon Schrödinger equation and its solution via

Monte Carlo methods, utilizing the potentials derived in

chiral EFT. First results obtained for the A = 2, 3, 4 sys-

tems already looked promising [37, 38]. Finally, univer-

sal properties of few-body systems have been studied in

Refs. [39, 40]. In particular, in the investigation of the tri-

ton charge form factor [39], the nucleon form factors de-

veloped in project C.2 were used. In a similar fashion, the
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Figure 5. Total cross section of the reaction γd → π+nn at LO

(dashed line), NLO (dash–dotted line) and NNLO (solid line)

together with experimental data from MIT-Bates. Figure taken

from Ref. [42].

isospin mixing effects in the nucleon form factors worked

out in project C.2 were used to analyze isospin mixing

in 4He and its influence on the extraction of the nucleon

strange electric form factors [41].

2.8 Pion photoproduction off deuterium

In Ref. [42] we have analyzed the reaction γd → π+nn

up to order χ5/2 in ChPT, where χ denotes the ratio of the

pion to the nucleon mass. Special emphasis was put on

the role of nucleon-recoil corrections that are the source

of contributions with fractional power in χ. Using the

threshold production amplitude for γp → π+n calculated

in ChPT a long time ago by Bernard, Kaiser, and Meißner

as the only input, the total cross section for γd → π+nn

is described very well, see Fig. 5. A conservative estimate

suggests that the theoretical uncertainty for the transition

operator amounts to 3% for the computed amplitude near

threshold. In Ref. [43] we have discussed the extraction of

the neutron–neutron scattering length from experimental

spectra on this reaction. We show that for properly chosen

kinematics, the theoretical uncertainty of the method can

be as low as 0.1 fm.

3 Second funding period 2008–2012

3.1 Chiral symmetry tests in Goldstone boson

decays

One of the highlights of the previous funding period were

new developments for precision determinations of the

pion–pion scattering lengths. One method exploits the

unitarity cusp at the π+π− threshold in the π0π0 spectrum

in the decay K+ → π0π0π+, which has been measured

with unprecedented precision by the NA48/2 collabora-

tion at CERN; see Fig. 6. To interpret this cusp effect

in a model-independent manner and extract the scattering

length combination a0
0
− a2

0
with highest possible preci-

sion, we have developed a manifestly covariant version of
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non-relativistic effective field theory (NREFT) [6, 46], ex-

tending and partly relying on the expertise on NREFTs in

the context of hadronic atoms [47]. An essential ingre-

dient of the most recent experimental analysis [48] was

the inclusion of radiative corrections [49], which have an

important impact on the analytic structure of the decay

amplitude near the cusp. The group’s expertise on radia-

tive corrections was subsequently also used for a different

class of kaon decays, the flavor-changing neutral current

processes K → π+− [50]. The theoretical foundations

of this theory were recently clarified [51], including thor-

ough investigations of the analytic properties of the decay

amplitude at two-loop order. Furthermore, a similar cusp

effect has also been predicted and analyzed for the decay

η′ → ηπ0π0 [52].

A complementary determination of ππ scattering

lengths is based on Ke4 decays. It has been pointed out

that also here, isospin-breaking corrections play an impor-

tant role [53], given the tremendous precision of the data

collected at NA48/2 [54]. The combination of both kaon-

decay-based scattering length extractions has led to the

most precise experimental determinations of these funda-

mental quantities in low-energy strong-interaction physics

to date, in excellent agreement with theoretical predic-

tions [55].

Chiral perturbation theory, as a perturbative expansion

of observables in the light quark masses, in particular al-

lows to study the pattern of explicit chiral symmetry break-

ing caused thereby, giving unique access to the masses of

the up, down, and strange quarks, which are not otherwise

accessible due to their confinement inside hadrons. A par-

ticularly important process to constrain the ratios of the

light quark masses is the isospin-breaking decay η → 3π.
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Figure 7. Comparison of values for the slope parameter α in

η→ 3π0. Top: theoretical predictions. Bottom: experimental de-

terminations. The gray shaded area is the average from Ref. [63].

Figure taken from [62].

One of its particular advantages is the suppression of elec-

tromagnetic (as opposed to mu − md) effects; these have

been reassessed to higher precision than before [56], but

still finding only very small corrections. In order to ex-

tract the quark mass ratio from the normalization of the

measured η → 3π Dalitz plot distribution, the energy de-

pendence of the decay amplitude has to be under control

with very high precision—a notoriously difficult task for

chiral perturbation theory in particular due to the large

pion–pion rescattering effects. One particular issue in the

past few years was a discrepancy between the η → 3π0

Dalitz plot parameter α as measured with very high preci-

sion by various experiments (analyzed in the context of the

TR16 project C.5 [57] and elsewhere [58–60]), and as pre-

dicted by chiral perturbation theory [61]. We have made

use of the NREFT developed for K → 3π decays to study

these corrections [62], giving a theoretical prediction for

α compatible with experimental findings, and explaining

the failure of chiral perturbation theory for this observ-

able at the same time; see Fig. 7 for an illustration. Also,

we have derived a model-independent relation between the

Dalitz plot parameters for the charged- and neutral-pion fi-

nal state that seems to be violated by the most recent (and

accurate) η→ π+π−π0 data [64].

Also in connection with the ongoing η/η′ program in

project C.5 and at various other laboratories, we have pre-

dicted the branching ratios of the yet unmeasured anoma-

lous decays of η′ and η into four pions [65]. For the P-

wave-dominated final states including charged pions, we

predicted branching fractions only slightly below the up-

per limits at the time; first experimental measurements of

these by the BESIII Collaboration found agreement with

our predictions within uncertainties [66]. On the other

hand, the decays into neutral pions only have to be D-wave

driven as long as CP symmetry is conserved, and are there-

fore more strongly suppressed. CP-violating contributions

to these decays based on the QCD θ-term have also been
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considered (the bounds on which were recently re-studied

in the context of the neutron electric dipole moment [67]).

When going to higher energies, the purely perturbative

treatment of final-state interactions in meson decays, be

it in chiral perturbation theory or the NREFT framework,

are doomed to fail, and one has to resort to methods from

dispersion theory that resum such rescattering effects to

all orders. We have performed such a dispersive analysis

for the three-pion decays of the lightest isoscalar vector

mesons ω and φ [68], allowing for a consistent description

of final-state interactions between all three pions. We cal-

culated the Dalitz plot distributions for both decays, com-

paring to the high-precision experimental determinations

of φ→ 3π by KLOE [69] and CMD-2 [70], and predicting

the ω→ 3π Dalitz plot about to be analyzed at WASA-at-

COSY, KLOE, CLAS, or elsewhere. As a further appli-

cation of this study, we have used the resulting three-pion

decay amplitudes, together with the vector form factor of

the pion, as input to predict the vector-meson conversion

decays ω→ π0+− and φ→ π0+− [71].

Dispersive methods have also been employed to

demonstrate a new, model-independent way to analyze the

decays η, η′ → π+π−γ [72], which are also driven by the

chiral anomaly. This has been applied to experimental

data by the WASA-at-COSY [73] and subsequently by the

KLOE [74] collaborations.

3.2 Chiral coupled-channel analysis of

meson–baryon scattering and meson

production

Working in a still perturbative setting, we have analyzed

meson–baryon scattering lengths in the framework of co-

variant SU(3) baryon chiral perturbation theory at lead-

ing one-loop order [75]. We have computed the complete

set of matching relations between the dimension-two low-

energy constants in the two- and three-flavor formulations

of the theory, and derived new two-flavor low-energy the-

orems for pion–hyperon and pion–cascade scattering that

have already been tested in lattice simulations [76].

As the convergence behavior of three-flavor chiral per-

turbation theory in the baryon sector is doubtful at best

already at threshold, unitarization methods can be used to

extend chiral amplitudes to higher energies and investigate

properties of resonances [77–79]. This nicely connects

to the experimental and partial-wave-analysis resonance

studies performed in the projects A.1, A.2, and B.1. We

remark, however, that a systematic investigation of such

resonance generation has to start by considering the low-

lying resonances. In the last funding period, we have made

considerable progress within this demanding field:

S 11 resonances [77]: We have analyzed S-wave pion–

nucleon scattering in a unitarized chiral effective La-

grangian including all dimension-two contact terms. We

find that both the S 11(1535) and the S 11(1650) are dynam-

ically generated, see Fig. 8, but the S 31(1620) is not. This

is a novel result. We have also analyzed the structure of

these dynamically generated resonances in terms of their

meson–baryon components.

πp ηp ΛK ΣK

-0,4

-0,2

0

0,2

0,4

0,6

0,8

1

1200 1400 1600 1800 2000
Wcms[MeV]

m11

e11

Figure 8. Real and imaginary part of the S 11 partial wave ampli-

tude compared with the SAID-data (WI08-analysis). Full curves

correspond to the best fit, the dashed ones to fits with slightly

worse χ2
dof

. The bold vertical line limits the region of the fit,

where in the non-fit region single energy values are taken from

the SAID-data. Figure taken from Ref. [77].

η photoproduction [78]: We have analyzed photopro-

duction of ηmesons off the proton in a gauge-invariant chi-

ral unitary framework. The interaction kernel for meson–

baryon scattering was derived from the leading order chi-

ral effective Lagrangian and iterated in a Bethe–Salpeter

equation. The recent precise threshold data from Crys-

tal Ball at MAMI [80] can be described rather well, and

the complex pole corresponding to the S 11(1535) was ex-

tracted. An extension of the kernel to include magnetic

couplings was also discussed.

Structure of the Λ(1405) [79]: We have performed a

combined analysis of antikaon–nucleon scattering cross

sections and the recent SIDDHARTA kaonic hydrogen

data [81] in the framework of a coupled-channel Bethe–

Salpeter approach at next-to-leading order in the chiral

expansion of the effective potential. We find a precise

description of the antikaon–proton scattering amplitudes

and were able to extract accurate values of the scattering

lengths, a0 = −1.81+0.30
−0.28

+ i0.92+0.29
−0.23

fm, a1 = +0.48+0.12
−0.11

+

i0.87+0.26
−0.20

fm. We have also shed new light on the two-pole

structure of the Λ(1405).

Polarization observables in γp → π0ηp [82]: We eval-

uate the polarization observables IS and IC for the reaction

γp → π0ηp, using a chiral unitary framework. These ob-

servables have been recently measured for the first time

by the CBELSA/TAPS collaboration (see project A.1).

The theoretical predictions of IS and IC , given for alto-

gether 18 angle dependent functions, are in good agree-

ment with the measurements; see Fig. 9. Also, the asym-

metry dΣ/d cos(θ) agrees with the data. We show the

importance of the Δ(1700)D33 resonance and its S-wave

decay into ηΔ(1232). The result can be considered as a

further confirmation of the dynamical nature of this res-

onance. At the highest energies, deviations of the pre-

dictions from the data start to become noticeable, which

leaves room for additional processes and resonances such

as a Δ(1940)D33.
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Figure 9. Polarization observable IS (φ∗) for the three cases of

p, π0, and η spectators and for three different energies W ≡ √
s.

The data IS (φ∗) are from Ref. [83] (full circles). The empty cir-

cles show −IS (2π − φ∗). (Red) solid lines: Present results, pre-

dicted from the model of Refs. [84, 85]. (Black) dotted lines:

Without the Δ(1700)ηΔ and Δ(1700)KΣ(1385) couplings pre-

dicted from the chiral unitary model. (Green) dashed lines: With-

out the contributions from the π0S 11(ηp) final state. (Black)

dash-dotted lines: Only contribution from the Δ(1700)ηΔ and

Δ(1700)KΣ(1385) tree graphs. Figure taken from Ref. [82].

4 Third funding period 2012–2016

4.1 Precision studies in light meson decays

In the realm of light-meson physics, most of the work per-

formed in the final funding period has been motivated by

hadronic contributions to the anomalous magnetic moment

of the muon. In particular, the hadronic virtual corrections

denoted by “hadronic light-by-light scattering” (HLbL)

have so far only been investigated in model calculations.

In view of the upcoming (g − 2)μ experiments at Fermilab

and JPARC, which are expected to improve on the accu-

racy achieved by the BNL E821 experiment by roughly a

factor of four, an improved determination of HLbL contri-

butions with a reliable assessment of the uncertainty is ur-

gently called for. We have therefore suggested to conduct

an analysis of at least the lightest, dominant intermediate

states using dispersion theory [86–88], thereby reducing

the problem to a data-driven driven analysis, much in the

same spirit as the relation of hadronic vacuum polariza-

tion to e+e− → hadrons cross section measurements. We

have therefore investigated several photo–pion and η, η′

processes that are important in this respect.

For the reaction γγ → ππ, Roy–Steiner equations

(see the more detailed discussion in the context of pion–

nucleon scattering in Sec. 4.4) have been worked out and

solved numerically [89]. The subtraction constants intro-

duced to reduce the influence of high-energy input can

be identified with the pion dipole and quadrupole polar-

izabilities. A sum rule for the isospin I = 2 S-wave,

together with chiral constraints, produces an improved

prediction for the charged-pion quadrupole polarizability

(α2 − β2)π
±
= (15.3± 3.7) · 10−4fm5. The two-photon cou-

pling of theσ resonance was investigated and a correlation
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b
]

Figure 10. e+e− → π0γ cross section predicted from e+e− → 3π,

compared to data [92–94]. The inserts zoom in on the ω and φ

resonance peaks. Figure taken from Ref. [91].

with the isospin I = 0 pion polarizabilities derived, which,

using the chiral-perturbation-theory results for the polariz-

abilities, led to Γσγγ = (1.7 ± 0.4) keV.

The process γπ → ππ is driven by the chiral anomaly,

and hence a consequence of one of the most profound pre-

dictions of QCD at low energies. In contrast to the decay

π0 → γγ, similarly anomalous, that has been well tested

experimentally, the prediction for γπ→ ππ has never been

verified better than to a level of about 10%. We have there-

fore suggested a dispersive representation that will allow a

much more accurate experimental extraction of the chiral

anomaly from Primakoff data as taken by the COMPASS

collaboration, as it allows to use not only the (scarce) near-

threshold data, but at least the full range in which pion–

pion scattering is still elastic to excellent approximation,

hence ranging up to energies of about 1 GeV, and there-

fore including the resonant enhancement by the ρ [90].

Subsequently, we have performed the first dispersive

analysis of the π0 transition form factor [91], with so

far evaluating the singly-virtual one for both timelike and

spacelike momenta. For isovector intermediate states, the

previously discussed amplitude for γπ → ππ serves as a

vital input. For the isoscalar part, we have generalized

the study of ω/φ → 3π [68] to arbitrary virtualities in

e+e− → 3π, fitting the available cross section data. The re-

sulting prediction for e+e− → π0γ yields excellent agree-

ment with direct measurements, see Fig. 10. The predic-

tion at (moderate) spacelike momenta will soon be tested

by new data from the BESIII collaboration. We can also

predict the slope of the singly-virtual transition form factor

at vanishing virtuality with unprecedented accuracy, using

a sum rule, with the result aπ = (30.7 ± 0.6) × 10−3.

Vector meson conversion decays, such as ω→ π0+−

or φ → η+−, pose one of the few opportunities to test

the doubly-virtual transition form factors (of π0 and η,

respectively, in the examples given) experimentally with

good precision. In particular data on ω → π0μ+μ− for

large dimuon invariant masses seems to be in sharp con-

trast with all theory predictions, as already noted in our

own dispersive analysis [71]. As the latter relies on elas-

tic unitarity, we have also investigated general “unitarity
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bounds” on this form factor, confirming the existence of

a disagreement with experimental data near the upper end

of the decay region [95]. This disagreement can be further

sharpened when using cross section data on e+e− → ωπ0

explicitly [96].

The previous dispersive analysis of the η (and

η′) singly-virtual transition form factor by the Jülich

group [97] builds on the model-independent representation

of the decay amplitude η → ππγ [72]. We have improved

the latter representation by the inclusion of the leading

left-hand-cut contribution, the a2(1320) tensor resonance

(that decays into πη) [98], and shown that some highly in-

teresting aspects of this representation could be tested in

a very useful manner by a measurement of the crossed-

channel reaction γπ → πη—an experiment that is feasi-

ble, in a Primakoff reaction, at the COMPASS experiment

at CERN. Finally, first steps towards a test of the doubly-

virtual η transition form factor have been taken, testing the

factorization hypothesis in data on e+e− → ηππ [99]. A

central result is that the left-hand-cut contributions calcu-

lated in Ref. [98] are a vital input to allow for (approxi-

mate) factorization, which would have to be broken badly

without it.

4.2 Antikaon–nucleon scattering revisited

We have re-analyzed meson–baryon scattering amplitude

in the strangeness S = −1 sector in Ref. [100] because

of the new SIDDHARTA data and similar NLO work by

other groups [101, 102]. The free parameters of our ap-

proach, the low-energy constants as well as the regular-

ization scales μ are adjusted to reproduce all known ex-

perimental data in the meson–baryon sector. The main

bulk of this data consists of the cross sections for the

processes K−p → K−p, K−p → K̄0n, K−p → π0Λ,

K−p → π+Σ−, K−p → π0Σ0, and K−p → π−Σ+ for

laboratory momentum Plab < 300 MeV. Electromagnetic

effects are not included in the analysis and assumed to

be negligible at the measured values of Plab. Addition-

ally, at the antikaon–nucleon threshold, the decay ratios

Γ(K−p → π+Σ−)/Γ(K−p → π−Σ+) = 2.38 ± 0.04,

Γ(K−p → π0Λ)/Γ(K−p → neutral) = 0.189 ± 0.015, and

Γ(K−p → π±Σ∓)/Γ(K−p → inelastic) = 0.664 ± 0.011, as

well as the energy shift and width of kaonic hydrogen in

the 1s state, i.e. ΔE − iΓ/2 = (283 ± 42) − i(271 ± 55) eV

from the SIDDHARTA experiment at DAΦNE, were con-

sidered. The fit procedure was performed in two steps:

First, for randomly chosen starting values of the free pa-

rameters (in a natural range) the fit was performed to all

threshold values and the cross section data at a few mo-

menta Plab < 300 MeV. Repeating this procedure several

thousand times, we ended with several dozen of parame-

ter sets that describe the data equally well. For each of

these sets the amplitudes were analytically continued to

the positive and negative complex plane. Thereafter, every

unphysical solution, e.g. poles on the first Riemann sheet

for Im(W) < 200 MeV, was sorted out. The remaining sets

were used in the second step as starting point of the fit

procedure, including all threshold and cross section data

Figure 11. Fit results compared to the experimental data of K−-

proton scattering. Different colors correspond to the eight best

solutions, while the bands represent the 1σ uncertainty due to

errors of the fit parameters. Figure taken from Ref. [100].

points. Eight best solutions were obtained by this proce-

dure, see Table 1, whereas the next best χ2
d.o.f.

are at least

one order of magnitude larger. Although the fit results look

very promising, see Fig. 11, we would like to point out that

there are quite a few free parameters in the model. The

latter are assumed to be of natural size, but not restricted

otherwise. When continued analytically to the complex W

plane, all eight solutions confirm the double pole structure

of the Λ(1405). Due to the SIDDHARTA data restricting

the amplitude close to the the K̄N threshold quite strongly,

we observe stability of the position of the narrow pole. The

position of the second pole is, on the other hand, less re-

stricted. Therefore, further data are needed to resolve this

ambiguity.

We have further presented a comparative analysis of

the various chiral unitary SU(3) approaches to (anti)kaon–

nucleon scattering [103]. It was demonstrated that the ap-

proaches lead to very different predictions for the K−p am-

plitude extrapolated to subthreshold energies as well as for

the K−n amplitude. The origin of the poles generated by

the models is traced to the so-called zero-coupling limit, in

which the inter-channel couplings are switched off. This

provides new insights into the pole contents of the various

approaches.

4.3 The Λ(1405) in kaon photoproduction

Recently, very sophisticated measurements of the reaction

γp → K+Σπ were performed by the CLAS collaboration

at JLAB [104]. There, the invariant mass distribution of

all three πΣ channels was determined in a broad energy

range and with high resolution. Finally, from these data

the spin–parity analysis of the Λ(1405) was performed in

Ref. [105]. There, for the first time, the quantum numbers

JP = 1/2− were deduced from an experimental measure-

ment directly. As a coupled-channel gauge invariant chiral

unitary model is very complicated, we have assumed the

simplest ansatz for the photoproduction amplitude to ana-

lyze the CLAS data [100]

M j(W̃, Minv) =

10∑

i=1

Ci(W̃) Gi(Minv) f
i, j

0+
(Minv) ,
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Fit # 1 2 3 4 5 6 7 8

χ2
d.o.f.

(hadronic data) 1.35 1.14 0.99 0.96 1.06 1.02 1.15 0.90

χ2
p.p. (CLAS data) 3.18 1.94 2.56 1.77 1.90 6.11 2.93 3.14

where W̃ and Minv denote the total energy of the sys-

tem and the invariant mass of the πΣ subsystem, re-

spectively. For a specific meson–baryon channel i, the

energy-dependent (and in general complex valued) con-

stants Ci(W̃) describe the reaction mechanism of γp →
K+MiBi, whereas the final-state interaction is captured

by the standard Höhler partial waves f0+. For a specific

meson–baryon channel i, the Green’s function is denoted

by Gi(Minv). The only new parameters of the photopro-

duction amplitude are the constants Ci(W̃) which, how-

ever, are quite numerous (10 for each W̃). These pa-

rameters are adjusted to reproduce the invariant mass dis-

tribution dσ/dMinv(Minv) for the final π+Σ−, π0Σ0, and

π−Σ+ states and for all 9 measured total energy values

W̃ = 2.0, . . . , 2.8 GeV. The achieved quality of the photo-

production fits is listed in the third row of Table 1, where

the χ2
d.o.f.

of the hadronic part are stated in the second row.

Note that for the comparison of the photoproduction fits

the quantity χ2
d.o.f.

is not meaningful due to the large num-

ber of generic parameters Ci(W̃). Therefore, we compare

the total χ2 divided by the total number of data points for

all three πΣ final states, denoted by χ2
p.p.. It turns out that

even within such a simple and flexible photoproduction

amplitude, only the solutions #2, #4, and #5 of the eight

hadronic solutions allow for a decent description of the

CLAS data. The best solution is indeed #4, which we dis-

play in Fig. 12. Incidentally, it also has the lowest χ2
d.o.f.

for the hadronic part. This solution also gives an excellent

description of the Σππ mass distribution from Ref. [106].

With respect to these data, solution #2 is also satisfactory

but #5 is not. Therefore, the photoproduction data com-

bined with the scattering and the SIDDHARTA data lead

to a sizable reduction in the ambiguity of the second pole

of the Λ(1405). To be precise, the location of the two

poles in these surviving solutions is given by (all energies

in MeV)

sol. #2, pole 1 :1434+2
−2 − i 10+2

−1, pole 2 :1330+4
−5 − i 56+17

−11,

sol. #4, pole 1 :1429+8
−7 − i 12+2

−3, pole 2 :1325+15
−15 − i 90+12

−18.

We conclude that the inclusion of the CLAS data as ex-

perimental input can serve as a new important constraint

on the antikaon-nucleon scattering amplitude. However,

for future studies a theoretically more robust model for

the two-meson photoproduction amplitude is required. Fi-

nally, note that the two-pole structure of the Λ(1405) is

now also discussed in the Particle Data Group [107].

Figure 12. Result of the fits to the CLAS data in all three chan-

nels π+Σ− (green), π−Σ+ (red) and π0Σ0 (blue). Correspondingly,

green (dashed), red (full) and blue (dotted) lines represent the

outcome of the model for the solution #4 in the π+Σ−, π−Σ+ π0Σ0

channels, respectively. Figure taken from Ref. [100].

4.4 Pion–nucleon scattering: from scattering

lengths to Roy–Steiner equations

In a series of publications [108–111], we have made sub-

stantial progress in understanding and determining the

(near-)threshold properties of pion–nucleon scattering. In

a first step, the complete isospin-breaking corrections,

both induced by the light quark-mass difference and elec-

tromagnetic effects, were calculated for the pion–nucleon

scattering lengths in all physical channels, using covari-

ant baryon chiral perturbation theory [108]. These results

were then extended slightly above threshold, so that the

energy dependence of the so-called triangle relation (be-

tween the three physical channels accessible in charged-

pion–proton scattering) could be investigated [109]. Sub-

sequently, we have calculated π− deuteron scattering at

threshold to percent-level accuracy, including isospin-

violating corrections both in the two- and three-body sec-

tor [110, 111]. This was used to extract the isoscalar and

isovector pion–nucleon scattering lengths from data on pi-

onic hydrogen [112] and pionic deuterium [113] atoms,

leading to the results a+ = (7.6 ± 3.1) × 10−3M−1
π and

a− = (86.1 ± 0.9) × 10−3M−1
π , thus indicating a non-

vanishing (and positive) a+ at 2σ significance; see Fig. 13.

Finally, we have discussed the validity of the Goldberger–

Miyazawa–Oehme sum rule in the presence of isospin vio-
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Table 1. Quality of the various fits in the description of the hadronic and the photoproduction data from CLAS. For the precise

definition of χ2
p.p., see Ref. [100].
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width and level shift of πH, as well as the πD level shift. The

figure is an updated version of the ones from Refs. [110, 111],

taken from Ref. [114], to account for the new value of the πH

level shift [115].

lation, and used it to determine the charged-pion–nucleon

coupling constant, with the result g2
c/4π = 13.69 ± 0.20.

Perhaps the most ambitious single project within B.3

is the derivation and evaluation of Roy–Steiner equations

for pion–nucleon scattering. These are partial-wave dis-

persion relations, based on hyperbolic dispersion rela-

tions and making maximal use of analyticity, unitarity, and

crossing symmetry. We have derived a closed system of

Roy–Steiner equations [116], where all kernel functions

and unitarity relations required for the lowest partial waves

have been worked out analytically. In order to suppress

the dependence on the high-energy regime, also once- and

twice-subtracted versions of these equations were consid-

ered, where the subtraction constants were identified with

subthreshold parameters. Assuming Mandelstam analyt-

icity we have determined the maximal range of validity of

these equations. As a first step towards the solution of the

full system, we have cast the equations for the ππ → N̄N

partial waves into the form of a Muskhelishvili–Omnès

problem with finite matching point, which were solved nu-

merically in the single-channel approximation. Some con-

sequences for the spectral functions of the nucleon electro-

magnetic form factors were also discussed. As an applica-

tion, we have solved a system of coupled integral equa-

tions for the ππ → N̄N and K̄K → N̄N (t-channel) S-

waves in order to update the dispersive analysis of the cor-

rection Δσ = σ(2M2
π)−σπN in the nucleon scalar form fac-

tor, which is needed for the extraction of the pion–nucleon

σ-term from πN scattering [117].

The full, self-consistent solution of the Roy–Steiner

system of s- and t-channel partial waves was documented

in detail in Ref. [114]. The result of this analysis is a

determination of s- and t-channel S- and P-wave ampli-

tudes at low energies, as well as a consistent set of the

subthreshold parameters that act as the subtraction con-

stants of the dispersion relations. S- and P-waves above

the matching point of
√

s = 1.38 GeV are taken as in-

put from existing partial-wave analyses, mainly by the

GWU/SAID group [118, 119], but also from Karlsruhe–

Helsinki [120, 121]; both also provide necessary input

for the inelasticities, as well as for all higher partial

waves. Finally, the S-wave scattering lengths extracted

from hadronic atoms [110, 111] serve as a constraint to

the solution.

We regard our work as an update of the rigor-

ous, dispersion-theory-based Karlsruhe–Helsinki analysis,

based on modern data input. We have checked throughout

that reverting to the input used in that analysis, we repro-

duce Karlsruhe–Helsinki results, e.g. for theσ-term, or for

the pion–nucleon coupling constant. This is a crucial con-

sistency check of our numerical solution.

One of the most important tasks is a reliable assess-

ment of the errors propagating through the Roy–Steiner

solution. We find that for the s-channel partial waves at

very low energies, the uncertainty is dominated by those in

the S-wave scattering lengths (see Fig. 13), while the un-

certainties at the matching point dominate there, at “large”

energies (for the range of validity of the equations). In

the intermediate regime, flat fit minima of the altogether

ten subtraction constants that show significant correlations

dominate the final error. Resulting s-channel S- and P-

wave phase shifts including the final error bands are shown

in Fig. 14. Similar results for the final t-channel solution

are given in Ref. [114].

One of the central results is a determination of the

pion–nucleon σ-term [122]. It is given in terms of two

subthreshold parameters obtained as solution of the Roy–

Steiner equations, through the Cheng–Dashen low-energy

theorem, for which we have improved on the isospin-

breaking corrections. The result is

σπN = (59.1 ± 1.9 ± 3.0) MeV = (59.1 ± 3.5) MeV , (1)

where the first error refers to uncertainties from the Roy–

Steiner solution, and the second from those in the low-

energy theorem (mainly due to isospin breaking). The

fact that the value in Eq. (1) is significantly larger than

the “canonical” value of 45 MeV obtained by Gasser,

Leutwyler, and Sainio [123], based on the Karlsruhe–

Helsinki solution, has caused some controversy; not the

least because recent lattice simulations, performed at

physical pion masses, seem to confirm the lower value. We

have shown that the large σ-term is a direct consequence

of the scattering length input, such that there is actually a

conflict between lattice results and hadronic atoms spec-

troscopy [124]. We have suggested that a lattice determi-

nation of the πN scattering lengths may be a step towards

an understanding of this puzzle.

Finally, we have matched the Roy–Steiner results for

the subthreshold parameters of pion–nucleon scattering

to chiral perturbation theory up to next-to-next-to-next-

to-leading order, to extract the pertinent low-energy con-

stants [125]. The convergence of the chiral series is ex-

pected to be best at the subthreshold point, far away from

all cuts and threshold singularities, such that the resulting

LECs should be more reliable than those extracted from

fits in the physical region. Also here, we included a com-
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Figure 14. Final errors bands for the πN phase shifts. The dashed lines indicate the central curves. Figure taken from Ref. [114].

prehensive analysis of systematic uncertainties and corre-

lations. The convergence of the chiral series, studied by

investigating the chiral expansion of threshold parameters

up to the same order, turns out to be more problematic

than expected, an effect which probably can only partly

be explained by the role of the Δ resonance. Results for

the low-energy constants are also presented in the count-

ing scheme usually applied in chiral nuclear effective field

theory, where they serve as crucial input to determine the

long-range part of the nucleon–nucleon potential as well

as three-nucleon forces.
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