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Abstract. Solutions for the three-gluon and quark-gluon vertices from Dyson-Schwinger
equations and the three-particle irreducible formalism are discussed. Dynamical quarks
(“unquenching”) change the three-gluon vertex via the quark-triangle diagrams which
themselves include fully dressed quark-gluon vertex functions. On the other hand, the
quark-swordfish diagram is, at least with the model used for the two-quark-two-gluon
vertex employed here, of minor importance. For the leading tensor structure of the three-
gluon vertex the “unquenching” effect can be summarized for the nonperturbative part as
a shift of the related dressing function towards the infrared.

1 Introduction

All the information about a quantum field theory is contained in its n-point functions. E.g., once the
n-point functions of quantum chromodynamics (QCD) are computed, they can be used in a next step
to calculate hadron properties. On the level of three-point functions, especially the three-gluon and
quark-gluon vertices are of interest and they have thus been the objectives of many non-perturbative
studies in recent years. For instance, in the Landau gauge they have been studied using lattice [1–9]
and continuum methods [10–37]. For the Coulomb gauge recent results can be found in [38–41].

The three-gluon vertex captures the property of self-interactions between the gauge bosons in non-
Abelian theories and thus is supposed to be linked to confinement. In view of this, the by now com-
pelling evidence that at least in Landau gauge the coefficient function of the leading tensor structure
changes sign for small Euclidean momenta is puzzling: Approaching from the ultraviolet at the mo-
menta which are relevant for hadron physics the strength of the three-gluon interaction is decreasing
contrary to the expectation of a strong confining-type force. In the far infrared the three-gluon inter-
action changes from an anti-screening to a screening-type interaction. However, at these momenta,
firstly, the gluon propagator is dominated by the ghost contributions (i.e., by gauge-fixing), and sec-
ondly, hadronic properties have decoupled from the Yang-Mills degrees of freedom. Certainly, this
truly unexpected scenario deserves further studies.
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In such an approach, hadron properties cannot be understood without further knowledge about the
quark-gluon vertex which is the crucial quantity for the coupling of the Yang-Mills to the matter sector.
In recent years it has become evident that this vertex displays an astonishing complexity, especially
for momenta around a few hundred MeV. As these are the momenta directly relevant for the properties
of hadrons, the phenomenological success of an approach to hadron physics via QCD Green functions
requires a detailed understanding of the emerging structures in the quark-gluon vertex.

In the following we report on our studies undertaken with the objective to understand the interplay
between the three-gluon and the quark-gluon vertices. We present and discuss solutions for these
vertices from Dyson-Schwinger equations (DSEs) and the three-particle irreducible (3PI) formalism
with a special emphasis of the back-coupling of quarks (“unquenching”) on the three-gluon vertex.

2 The unquenched three-gluon vertex

2.1 Input

The full DSE for the three-gluon vertex is shown in Fig.1. The first two lines describe the Yang-Mills
part of the three-gluon vertex, while (direct) unquenching effects are solely due to the three diagrams
in the last line. Here, the first two diagrams in this line are called quark-triangle diagrams and the
third one quark-swordfish diagram.

This equation for the three-gluon vertex is coupled to higher n-point functions which makes for the
purpose of a numerical solution the introduction of a truncation inevitable. A widely-used truncation
scheme consists in neglecting two-loop diagrams (part of the second line) and diagrams with vertices
that do not have a tree-level counterpart (e.g., the first diagram in the second line), see, however, below.
This truncation proved to be quite successful for the three-point functions in the Yang-Mills sector, for
a detailed discussion, see, e.g., refs. [21, 23, 24, 34, 42]. Furry’s theorem applies to the quark-triangle
diagrams. Thus, the color symmetric parts cancel each other while the color anti-symmetric parts
add up so that only one quark-triangle diagram needs to be calculated by taking a factor of two into
account [43].

Figure 1. The full DSE of the (unquenched) three-gluon vertex. Here and in all other figures, internal propagators
are dressed, and thick blobs denote dressed vertices, wiggly lines gluons, dashed ones ghosts, and continuous ones
quarks. This figure and Figs. 2 - 5 were created with JaxoDraw [44].
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Figure 2. The truncated DSE of the (unquenched) three-gluon vertex.

In this work we deviate from the truncation scheme introduced above and include also the quark-
swordfish diagram which contains the two-quark-two-gluon vertex, a non-primitively divergent corre-
lation function. For the two-quark-two-gluon vertex a model will be employed which will be described
in detail in section 2.3. The truncated DSE for the three-gluon vertex used for numerical calculations
therefore has the form depicted in Fig. 2.

Next, an appropriate basis for the three-gluon vertex has to be found. This task is facilitated by the
fact that in Landau gauge the full dynamics of the theory is described by the transverse degrees of free-
dom only [45]. The three-gluon vertex can be decomposed into ten longitudinal and four transverse
basis tensors where consequently only the transverse tensors have to be considered. Furthermore, it
has been shown that the dominant contribution stems from the tree-level tensor structure and that the
other three transverse tensors are negligible [9, 24]. We will therefore focus on the dominant tree-level
tensor which leads to the following parametrization for the three-gluon vertex (suppressing the color
factor f abc):

ΓA3

µνρ(p, q, k = −p − q) = DA3
(p2, q2, cos(α)) ΓA3,(0)

µνρ (p, q, k = −p − q) . (1)

Here DA3
(p2, q2, cos(α)) denotes the dressing function, Γ

A3,(0)
µνρ (p, q, k = −p−q) is the tree-level tensor,

and α is the angle between the momenta p and q.
Furthermore, to calculate the three-gluon vertex the ghost and gluon propagators,

DG(p2) = −
G(p2)

p2 , Dµν(p2) =

(
δµν −

pµpν
p2

)
Z(p2)

p2 , (2)

Figure 3. The coupled DSEs of the ghost and gluon propagator
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are needed. To this end, the coupled and truncated system of both Yang-Mills propagators in Fig.
3 is solved. In doing so, as an intermediate step, a model for the three-gluon vertex in the gluon
propagator DSE is employed which is tuned in such a way that two-loop contributions are effectively
included [21].

For the ghost-gluon vertex that appears in the ghost-triangle diagram (the second diagram in Fig. 2)
the bare vertex is used. This is a good approximation since it has been found in earlier works that the
ghost-gluon vertex shows only in the midmomentum regime a minor deviation from the bare vertex
[21, 46]. The influence on the three-gluon vertex is only small [23]. On the other hand, the four-gluon
vertex (the fourth diagram in Fig. 2) is described by a model [23, 24] which captures the qualitative
aspects of so far performed calculations of the four-gluon vertex [47, 48].

2.2 The quark-gluon vertex

The connection between the Yang-Mills and the matter sector in the three-gluon vertex is provided by
the quark-triangle and the quark-swordfish diagrams. The former depends on the dressed quark-gluon
vertex. We will consider the quark-gluon vertex in the 3PI formalism which implies that all vertices
are dressed, see Fig. 4. As for the three-gluon vertex we have to find a parametrization of the quark-
gluon vertex in terms of basis tensors. The quark-gluon vertex can in general be decomposed into
eight transverse and four longitudinal basis tensors where again in Landau gauge only the transverse
part is required:

Γ
qgv
µ (p, q,∆ = p − q) =

8∑
i=1

gi(p2, q2, cos(α))b(i)
µ . (3)

We will use two different basis sets [26, 28]. Internally we will use the transversely projected
naive basis 

1

/p
/q
/p/q

 ⊗

γµ
pµ
qµ

⇒ Pµν(∆)


1

/Σ
/∆
/Σ/∆

 ⊗

γν
Σν
∆ν

 , (4)

Figure 4. The quark-gluon vertex in the 3PI formalism.

Figure 5. The quark propagator DSE.
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Figure 6. The dressing functions of the quark-gluon vertex at the symmetric point corresponding to the eight
transverse tensor structures. The left plot shows the results for the chirally symmetric and the right plot for the
chirally anti-symmetric structures.

where ∆ and Σ are ∆ = p − q and Σ =
(p+q)

2 with p and q the anti-quark and quark momenta,
respectively. However, it is easier to project out the dressing functions in an orthonormal basis set
which will therefore be used externally. The use of two different basis sets implies that one has to
transform from one basis to the other within each iteration step.

Coupled to the quark-gluon vertex is the quark propagator

S (p) =
1

−i/pA(p2) + B(p2)
= Z f (p2)

i/p + M(p2)
p2 + M2(p2)

, (5)

with the quark wave function renormalization Z f (p2) = 1/A(p2) and the quark mass function M(p2) =

B(p2)/A(p2). Its DSE is depicted in Fig. 5. The coupled system of quark propagator and quark-gluon
vertex is then solved [16, 26, 28] and used as input for the unquenched three-gluon vertex. The results
for the quark-gluon vertex dressing functions are shown in Fig. 6.1

2.3 A model for the two-quark-two-gluon vertex

The last diagram in Fig. 2 that needs consideration is the quark-swordfish diagram. As mentioned
earlier, this diagram depends on the two-quark-two-gluon vertex which is not primitively divergent.
We model the vertex based on an idea that was developed in [32]. Crucial for this is the fact that each
of the eight tensor structures of the quark-gluon vertex alone breaks gauge invariance. However, if
further terms, called Tgauge below, are “added” to the Lagrangian, gauge invariance can be restored.

A simple example mentioned in [32] to illustrate the general idea of this gauge completion is
given by the tree-level tensor structure. The tree-level tensor structure appears in the form q̄ /Aq in the
Lagrangian which breaks gauge invariance. However, there is a further term q̄/∂q so that both terms
together form a gauge invariant quantity namely the covariant derivative q̄ /Dq.

In a similar manner, the restoring terms can be found for the other basis tensors of the quark-gluon
vertex. These are, however, more complex than for the tree-level tensor in the sense that they do not
only give a contribution at the level of the quark-gluon vertex but also at the level of higher vertices
like the two-quark-two-gluon and the two-quark-three-gluon vertices, Tgauge ∝ O(q̄Aq) + O(q̄AAq) +

O(q̄AAAq) . If one assumes that to each dressing of the quark-gluon vertex (O(q̄Aq)) there is only

1The differences to the results shown in [43] are due to different parameters for the three-gluon vertex model used as input.
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Figure 7. The quark-swordfish diagram that appears in the three-gluon vertex DSE. On the left-hand side it is
plotted at a fixed angle cos(α) = −0.5 and on the right-hand side it is plotted at the symmetric point, i.e. q2 = p2

and cos(α) = −0.5.

one dressing function λgauge for the complete Tgauge, one can deduce the higher-order vertices from
the quark-gluon vertex as obtained from its DSE described in the last subsection. We find that the
expression of Tgauge at the level of O(q̄Aq) is proportional to the tensor b(4)

µ + b(7)
µ of the internal basis.

In the three-gluon vertex DSE only (O(q̄AAq)) appears. To be concrete, based on [32] our model for
the two-quark-two-gluon vertex is :

Γ
2q2gl,ab
µν (p, q, k, p − q − k) = −

i
4
g2 λq̄qAA( p̄)Tµνρ

(
(k + q)ρT aT b + (k − p)ρT bT a

)
, (6)

where Tµνρ = {[γµ, γν], γρ} and p̄ is the average over all momenta. Taking into account that g4 ≈ g7,
we obtain for the dressing

λq̄qAA(p̄) =
g(4)(p̄2, p̄2,−0.5)

(
√

3/4 p̄2)
. (7)

Here, we have approximated the dressing function of the two-quark-two-gluon vertex by using the
average momentum in the dressing function of the quark-gluon vertex in order to resolve the second
gluon momentum.

3 Results

With the model for the two-quark-two-gluon vertex described in the last subsection one can compute
the quark-swordfish diagram independently from the other diagrams in the three-gluon vertex DSE
since it is a static diagram and remains therefore unchanged by the iteration process. The result for
this diagram is presented in Fig. 7.

As the plot reveals, the contribution of the quark-swordfish diagram is very small and therefore it
has a minor impact on the three-gluon vertex. However, this is not yet a final conclusion, since the
employed model of the two-quark-two-gluon vertex lacks justification through an explicit calculation.

Likewise, the quark-triangle diagram can be computed independently from the iteration process.
In doing so, we focus on the tree-level tensor structure of the quark-gluon vertex as it turned out that,
despite the not so small magnitude of non-tree-level dressing functions, this yields by far the main
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Figure 8. Left: The contribution from the quark-triangle diagram for symmetric momentum configuration q2 =

p2, p · q = −p2/2 calculated with the tree-level component of the quark-gluon vertex. Right: The fully iterated
three-gluon vertex. The green line represents a pure Yang-Mills calculation. For the blue line the quark-triangle
was added and for the red line the quark-triangle and the quark-swordfish diagrams were added.

contribution. The resulting contribution from the quark-triangle diagram for this setup is depicted in
Fig. 8.2

Finally, a full iteration of the three-gluon vertex for N f = 1 has been performed using DoFun
and CrasyDSE [49, 50]. Hereby we proceeded in three steps. At first, only the Yang-Mills part of
the three-gluon vertex was iterated (the green curve in Fig. 8). This calculation was then extended
by adding solely the quark-triangle (the blue line) and both the quark-triangle and quark-swordfish
diagrams (the red line) to the iteration procedure. The contribution of the quark-swordfish diagram
is as expected negligible. In Fig. 8 we can moreover see that the zero-crossing is pushed towards
the infrared regime. A further striking effect is that the unquenched three-gluon vertex lies above
the quenched vertex which is the opposite of what one finds for the gluon propagator. These results
are in agreement with the findings in [33], where the system of quark propagator and all three three-
point functions was solved with fixed Yang-Mills propagator input. As is evident from Fig. 8, the
unquenching effect on the leading component of the three-gluon vertex can be summarized as a global
shift of the nonperturbative part towards the infrared.

It should be noted that within this truncation the mechanism of changing the sign of the dressing
function is extremely robust, since the relevant negative contribution stems from the ghost triangle
which is logarithmically divergent [18, 21–24]. All contributions from quarks and gluons become
constant at low momenta, so finally this dressing function will always become negative. The only
possibility to change that rests in the ghost-swordfish diagram, which has not been investigated up to
now. Lattice calculations show a clear suppression of the tree-level dressing function at low momenta
and are compatible with a zero crossing [7–9], but the few points with negative values have still
somewhat large statistical errors.

4 Conclusions

The unquenching effects in the three-gluon vertex arise due to the quark-triangle and the quark-
swordfish diagrams in the three-gluon vertex DSE. We presented a fully iterated result for the three-
gluon vertex with both diagrams included. The quark-gluon vertex in the quark-triangle diagram has

2The sign is different to the one shown in [43]. This was due to an overall sign error in the kernel. The sign agrees with the
results in [33].
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been taken from a separate calculation of the coupled quark propagator and quark-gluon vertex DSEs.
However, we restricted ourselves to the dominant tree-level tensor structure in the quark-gluon vertex.

We went beyond standard truncation schemes by including also the quark-swordfish diagram.
For its calculation we employed a model for the two-quark-two-gluon vertex based on an effective
restoration of gauge invariance and the calculated quark-gluon vertex. We found the contribution of
the quark-swordfish diagram to be negligible within our setup. A comparison between the quenched
and the unquenched three-gluon vertex shows that unquenching effects lead to a shift of the leading
component of the three-gluon vertex towards the infrared and thus to an increased strength at momenta
relevant for hadron physics.
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