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Abstract. Fundamental aspects of nonperturbative QCD dynamics which are not obvious
from its classical Lagrangian, such as the emergence of a mass scale and confinement, the
existence of a zero mass bound state, the appearance of universal Regge trajectories and
the breaking of chiral symmetry are incorporated from the onset in an effective theory
based on superconformal quantum mechanics and its embedding in a higher dimensional
gravitational theory. In addition, superconformal quantum mechanics gives remarkable
connections between the light meson and nucleon spectra. This new approach to hadron
physics is also suitable to describe nonperturbative QCD observables based on structure
functions, such as GPDs, which are not amenable to a first-principle computation. The
formalism is also successful in the description of form factors, the nonperturbative be-
havior of the strong coupling and diffractive processes. We also discuss in this article
how the framework can be extended rather successfully to the heavy-light hadron sector.

1 Introduction

The fundamental interactions of quarks and gluons are remarkably well described by QCD in the
short-distance perturbative domain where it has been subject to high precision experimental test. How-
ever, the increase of the QCD coupling at low energies implies that an infinite number of quark and
gluons are strongly coupled and the description of the dynamics becomes a vastly complex problem.
Indeed understanding the mechanism of confinement is so far an unsolved problem [1], notwithstand-
ing that the QCD Lagrangian is well established. Euclidean lattice gauge theory is a first-principle
numerical simulation of nonperturbative QCD. Still, lattice computation of the resonance spectrum
of the light hadrons, and particularly baryons, represents a formidable task due to the computational
complexity beyond the leading ground state configuration [2]. In addition, important QCD observ-
ables such as Generalized Parton Distributions (GPDs), which are most relevant for the analysis of
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actual experiments –such as experiments at the LHC and JLab, are presently not amenable to a first-
principle computation.

In a recent series of articles [3–6] we have shown how to use superconformal quantum mechan-
ics [7] to construct relativistic light-front semiclassical bound-state equations, which can be embedded
in a higher dimensional classical gravitational theory. This new approach to hadron physics incorpo-
rates basic aspects of nonperturbative dynamics which are not obvious from the QCD Lagrangian:
The emergence of a mass scale and confinement out of a classically scale invariant theory as well as
the appearence of a zero mass particle, the pion, in the limit of zero quark masses, universal Regge
trajectories and the breaking of chirality in the hadron excitation spectrum. Furthermore, this new
approach to hadronic physics gives remarkable connections between the light meson and nucleon
spectra [4] as well as predictions for the heavy-light hadron spectra, where heavy quark masses break
the conformal invariance, but the underlying dynamical supersymmetry still holds [5].

In addition to providing a relativistic frame-independent first-approximation to the light-front (LF)
effective Hamiltonian which reproduces basic QCD features, the embedding of the superconformal
algebraic construction in a modified anti-de Sitter (AdS) five-dimensional space provides us with crit-
ical nonperturbative elements required for the description of processes in QCD in particular domains:
For example, the incorporation of the nonperturbative pole structure in the computation of hadronic
electromagnetic form factors [8]. Furthermore, the holographic embedding also incorporates the high-
energy power-counting scaling behavior [9–11], including asymptotic predictions, thus also providing
a description of the transition from nonperturbative to perturbative domains. This interface of soft and
hard regimes has also been described for the QCD coupling [12] and for holographic models of struc-
ture functions, such as GPDs [13–18]. In the latter case, the structure functions are modeled in the
hadronic domain from the LF holographic mapping up to a transition scale, where perturbative QCD
controls further evolution to high energy scales. The light-front holographic framework has also been
used to describe other processes such as double parton [19] and diffractive scattering [20], as well as
B form factor decays [21].

2 The Superconformal Light-Front Hamiltonian

The superconformal light-front Hamiltonian H can be expressed in the formalism of supersymmetric
quantum mechanics [22] in terms of two fermionic generators, the supercharges, Q and Q† with the
anticommutation relations

{Q,Q} = {Q†,Q†} = 0, (1)

and the Hamiltonian H
H = {Q,Q†}, (2)

which commutes with the fermionic generators [Q,H] = [Q†,H] = 0, closing the graded Lie algebra.
Since the Hamiltonian H commutes with Q†, it follows that the states |φ〉 and Q†|φ〉 have identical non-
vanishing eigenvalues. Furthermore, if |φ0〉 is an eigenstate of Q with zero eigenvalue, it is annihilated
by the operator Q†: Q†|φ0〉 = 0. Consequently, the lowest state, here identified as the pion, is not
paired [4, 22]. Thus the special role of the pion in the supersymmetric approach to hadronic physics
as a unique state of zero energy in the limit of massless quarks.

In matrix notation

Q =

 0 q

0 0

 , Q† =

 0 0

q† 0

 , H =

 q q† 0

0 q†q

 (3)
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with
q = −

d
dζ

+
f
ζ

+ V(ζ), q† =
d
dζ

+
f
ζ

+ V(ζ), (4)

where ζ is the invariant transverse separation between constituents1 in the light-front quantization
scheme, which is identified with the holographic variable z in the AdS classical gravity theory [23],
and f is a dimensionless constant.

If the superpotential V is vanishing, the Hamiltonian is also invariant under conformal transforma-
tions and one can extend the supersymmetric algebra to a superconformal algebra [7, 24]. Following
the procedure introduced in Refs. [25, 26] the Hamiltonian is constructed as a superposition of the
superconformal generators which carry different dimensions, leading to the natural emergence of a
scale, while the action remains conformally invariant. For supersymmetric quantum mechanics this
procedure determines uniquely the superconformal potential in (4): It is given by V =

√
λ ζ [3, 4, 7].

The LF Hamiltonian equation H|φ〉 = M2|φ〉 acts on the spinor |φ〉 =

 φM

φB

 leading to the equa-

tions [4] − d2

dζ2 +
4L2

M − 1
4ζ2 + UM(ζ)

 φM = M2φM , (5)− d2

dζ2 +
4L2

B − 1
4ζ2 + UB(ζ)

 φB = M2φB, (6)

where LB + 1
2 = LM −

1
2 = f and the LF potential UM and UB are, respectively, the meson and baryon

LF confinement potentials:

UM(ζ)=V2(ζ) − V ′(ζ) +
2LM − 1

ζ
V(ζ) → λ2

Mζ
2 + 2 λM(LM − 1), (7)

UB(ζ)=V2(ζ) + V ′(ζ) +
2LB + 1

ζ
V(ζ) → λ2

Bζ
2 + 2 λB(LB + 1), (8)

where the right hand side in Eqs. (7, 8) is the conformal limit for V =
√
λ ζ with λM = λB = λ.

The superconformal framework also leads to relativistic bound-state equations for nucleons from
the mapping to light-front physics and uniquely determines the confinement potential [3]. In this case

the LF Hamiltonian acts on the spinor |ψ〉 =

 ψ+

ψ−

 leading to the equations [3]

(
−

d2

dζ2 +
4L2 − 1

4ζ2 + λ2ζ2 + 2λ(L + 1)
)
ψ+=M2ψ+, (9)(

−
d2

dζ2 +
4(L + 1)2 − 1

4ζ2 + λ2ζ2 + 2λL
)
ψ−=M2ψ−, (10)

where the upper component ψ+ is the leading twist positive chirality solution with orbital angular mo-
mentum L, whereas ψ− is the non-leading twist minus chirality component with angular momentum

1The invariant light-front variable of an N−quark bound state is ζ =
√

x
1−x

∣∣∣ ∑N−1
j=1 x jb⊥

∣∣∣, where x is the longitudinal mo-
mentum fraction of the active quark, x j with j = 1, 2, · · · ,N − 1, the momentum fractions associated with the N − 1 quarks
in the cluster, and b⊥ j are the transverse positions of the spectator quarks in the cluster relative to the active one [23]. For a
two-constituent bound-state ζ =

√
x(1 − x)|b⊥ |.
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[29].

L+1. Comparing (9) with (6) and (8) it becomes clear that the lower component φB in (6) corresponds
to the upper component ψ+ in (9) [3, 8] with angular momentum L = LB = LM −1. On the other hand,
in LF holographic QCD the confinement potential for mesons UM is introduced by a dilaton term eϕ(z)

in the AdS5 action [27]. It is given by [28]

UM(ζ) =
1
4

(ϕ′(ζ))2 +
1
2
ϕ′′(ζ) +

2J − 3
2ζ

ϕ′(ζ), (11)

and leads, for J = LM , to the LF potential (7) if we choose the dilaton profile ϕ = λz2. We thus identify
the upper component φM in (5) with a meson with angular momentum LM , with identical mass M2

as its partner nucleon with orbital angular momentum LB = LM − 1. The superconformal framework
described here also incorporates a doublet consisting of the non-leading twist minus chirality compo-
nent ψ−, Eq. (10), of a baryon with angular momentum LB + 1 and its partner tetraquark with angular
momentum LT = LB [6]. The tetraquark sector is discussed in more detail in Ref. [6].

So far we have not considered the spin-spin interaction. For a spin-J meson the spin interaction is
computed straightforwardly from (11). It leads to the additional interaction term 2λ s, where s is the
internal quark spin of the meson, which is also the quark spin of the diquark cluster in the baryon if
we retain the meson-baryon supersymmetry. Thus the modified Hamiltonian [6]

H = {Q,Q†} + 2λs. (12)

The effect of the spin interaction term is an overall shift of the energy levels, thus all our previous
considerations remain the same, in particular the fact that the lowest meson for each trajectory has
not a baryon partner, a property which is observed all across the hadron spectrum. As an illustration
we compare in Fig. 1 the measured values of the unflavored vector mesons and ∆ baryons with the
predictions from the superconformal model described here.

To include light quark masses in the computation of the hadron mass spectrum we leave the LF
potential unchanged as a first approximation and add the additional term of the invariant mass ∆m2 =∑n

i=1
m2

i
xi

to the LF kinetic energy. The resulting LF wave function is then modified by the factor

e−
1

2λ∆m2
, thus providing a relativistically invariant form for the hadronic wave functions. The effect of

the nonzero quark masses for the squared hadron masses is then given by the expectation value of ∆m2

evaluated using the modified wave functions [8]. Using this procedure we can perform a consistent
analysis of the excitation spectra of the π, ρ,K,K∗ and φmeson families as well as the N,∆,Λ,Σ,Σ∗,Ξ
and Ξ∗ families in the baryon sector to test the universality of the light hadron mass scale

√
λ. This is

shown in Fig. 2.
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Figure 2. Best fit for the hadronic scale
√
λ including all radial and orbital excitations of the light mesons and

baryons. The dotted line is the average value
√
λ = 0.523 GeV; it has the standard deviation σ = 0.024 GeV.

2.1 Extension to the Heavy-Light Hadron Sector

In the limit of zero quark masses the dynamical degrees of freedom, expressed through the LF variable
ζ, decouple from the the longitudinal momentum variables [30]. In this domain the superconformal
algebraic structure determines uniquely the superpotential V(z) =

√
λ ζ. Additionally, the non-trivial

geometry of AdS space encodes all the kinematical aspects, whereas the modification of the AdS
gravity action -described in terms of the dilaton profile ϕ(z), includes the dynamics and determines
the effective LF potential U(ζ) for mesons in the LF bound-state equations [31]. For heavy quark
masses conformal symmetry is strongly broken and the form of the superpotential and the dilaton are
unknown. However, if we can embed the supersymmetric theory in the modified AdS action, and the
separation of the dynamical and kinematical variables also persist in the heavy-light domain, we can
then derive uniquely the confinement potential for mesons and baryons in this domain. It turns out
that this procedure reproduces the observed data to a reasonable accuracy and also allows us to make
predictions for yet unobserved states [32].

The actual embedding is carried out by equating the LF potential for mesons for an arbitrary
superpotential UM (7) with the expression for the potential given in terms of a dilaton profile (11) for
J = LM . The result is [32]

ϕ(ζ) =

∫
dζ

(
λζ σ(ζ) −

λ2ζ2 σ′(ζ)
λ2ζ2 σ(ζ) + 2(LM − 1)λ

)
, (13)

V(ζ) =
1
2

(
λζ σ(ζ) +

λ2ζ2 σ′(ζ)
λ2ζ2 σ(ζ) + 2(LM − 1)λ

)
, (14)
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Figure 3. Hybrid D meson family and SUSY partner
baryons with one charm quark. The data is from Ref.
[29].
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where σ(z) is an unknown function. However, since the dilaton profile must be independent of kine-
matical quantities, and hence of the angular momentum LM , we must set the derivative σ′(ζ) = 0 in
(13) and (14). Thus we have σ(ζ) = A with A an arbitrary constant. From (13) and (14):

ϕ(ζ) =
1
2
λ A ζ2 + B, V(ζ) =

1
2
λ A ζ. (15)

Consequently, even for strongly broken conformal invariance the dilaton has the same quadratic form
obtained in the conformal limit. The constant A, however, is arbitrary, and the strength of the potential
is not determined. We can set B = 0 in (15) without modifying the equations of motion.

As an illustration we compare in Fig. 3 the data for the heavy-light D meson family and its SUSY
partner baryon family containing one charm quark [32]. The results presented in Fig. 3 constitute a
test of the linearity of the trajectory predicted by the SUSY holographic embedding, and allows us
to determine the dependence of the slope λQ ≡

1
2λ A on the heavy quark mass scale. The trajectory

intercept is fixed by the lowest state. In Fig. 4 the fitted values for
√
λQ are presented for all the

heavy-light trajectories [32, 33]. The results indicate a significantly greater dispersion of values of√
λQ for the case where the model is not constrained by conformal symmetry.

Figure 4. Fitted values of
√
λQ for

different meson-baryon trajectories,
as indicated by the lowest meson state
on a given trajectory.

3 Nucleon Electromagnetic Form Factors in Light-Front Holographic QCD

We have recently performed a comprehensive analysis of the space-like nucleon electromagnetic form
factors and their flavor decomposition in the framework of holographic QCD [34], where the specific
modification of AdS space is given by the mapping to superconformal quantum mechanics in the light
front. The covariant spin structure for the Dirac and Pauli electromagnetic nucleon form factors in
the AdS5 semiclassical gravity model incorporates the correct power-law scaling for a given twist
from hard scattering and also leads to vector dominance at low energy. For twist τ, the number of
constituents N in a bound state, the form factor (FF) is given by the analytic form [35]

Fτ(Q2) =
1(

1 +
Q2

M2
ρn=0

) (
1 +

Q2

M2
ρn=1

)
· · ·

(
1 +

Q2

M2
ρn=τ−2

) , (16)

expressed as a product of τ − 1 poles along the vector meson Regge radial trajectory in terms of the ρ
vector meson mass Mρ and its radial excitations. Furthermore, the expression for the FF (16) contains
a cluster decomposition: the hadronic FF factorizes into the i = N − 1 product of twist-two monopole
FFs evaluated at different scales [36]

Fi(Q2) = Fi=2

(
Q2

)
Fi=2

(
1
3 Q2

)
· · · Fi=2

(
1

2i−1 Q2
)
. (17)
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In the case of a nucleon, for example, the Dirac FF of the twist-3 valence quark-diquark state F1(Q2) =

Fi=2

(
Q2

)
Fi=2

(
1
3 Q2

)
corresponds to the factorization of the proton FF as a product of a point-like

quark and a diquark-cluster FF. The identical twist-3 expression from Eq. (16) is described by the
product of two poles consistent with leading-twist scaling, Q4F1(Q2) ∼ const, at high momentum
transfer. The Pauli form factor F2 is given instead by the i = N + 1 product of dipoles, and thus the
leading-twist scaling Q6F2(Q2) ∼ const.
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Figure 5. Comparison of the holographic results with selected world data for the Dirac and Pauli form factors
and ratios of the electric to magnetic form factors for the proton and neutron. The orange lines correspond to the
SU(6) symmetry limit for the neutron form factor. The dotted lines are the asymptotic predictions. Reference to
experimental data is given in [34]. The band represents an estimated theoretical uncertainty of the model.

We have carried out our computations for any momentum transfer range, including asymptotic
predictions. Our results agree with the available experimental data with high accuracy as shown in Fig.
5. Our results show that the inclusion of the higher Fock components |qqqqq̄〉 has a significant effect
on the spin-flip elastic Pauli form factor (about 30% in the proton and about 40% in the neutron) and
almost zero effect on the spin-conserving Dirac form factor. The free parameters needed to describe
the experimental nucleon form factors are very few: two parameters for the probabilities of higher
Fock states for the spin-flip form factors and a phenomenological parameter r, to account for possible
SU(6) spin-flavor symmetry breaking effects in the Dirac neutron FF, whereas the Pauli form factors
are normalized to the experimental values of the anomalous magnetic moments [34].

4 Perturbative-Nonpertubative Interface in QCD and Determination of Λs

The scale dependence of the coupling in the infrared (IR) domain is derived from the long-range
confining forces. In holographic QCD it follows from the specific embedding of light-front dynamics
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in AdS space [37]. It is uniquely determined in terms of the dilaton profile which breaks conformal
invariance, consistent with superconformal quantum mechanics [7]. Likewise, the QCD coupling
at short distances becomes scale dependent because of short-distance QCD quantum effects which
are included in its definition: it is determined by perturbative QCD and its renormalization group
equation. The matching of the high and low energy regimes of the strong coupling αs determines the
scale which sets the interface between perturbative and nonperturbative hadron dynamics [12].

Q2 (GeV2)

!
s(Q

2 )
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0.5

1

1.5

2

2.5

3

3.5

4

10 -2 10 -1 1 10

Figure 6. Comparison between the experimental data and the
strong coupling from holographic QCD. The continuous lines
are the perturbative calculations. The dashed curves are the LF
holographic QCD predictions matched to the non-perturbative
domain. The transition scale Q2

0 is shown by the blue arrow.
The matching gives the value αIR

s (0) = 3.51 ± 0.62 in good
agreement with the value αIR

s (0) = π from the specific
definition of the effective charge αg1 [38].

The strong coupling in the IR has the analytic form [37]

αIR
s (Q2) = αIR

s (0) e−Q2/4λ, (18)

which gives an accurate description of the effective charge αg1(Q2) determined from the Bjorken
sum rule [38, 39]. We shall use the perturbative coupling αs(Q2) calculated up to order β4 in the
perturbative series of the β function

Q2 ∂αs

∂Q2 = β (αs) = −

(
αs

4π

)2 ∑
n=0

(
αs

4π

)n
βn, (19)

which yields a five-loop expression for αs. The matching of the high and low Q2 regimes –equating
αS and its β function, determines the scale Q0 which sets the transition scale between the perturbative
and nonperturbative regimes. This is illustrated in the g1 scheme in Fig. 6. One can also compute
the perturbative QCD scale Λs in any scheme from the universal hadronic scale

√
λ. Using the value√

λ = 0.523±0.024 GeV determined from the light hadron spectrum [6] (See Fig. 2) one finds ΛMS =

0.339 ± 0.019 GeV for n f = 3, in excellent agreement with the world average, ΛMS = 0.332 ± 0.019
GeV [29].

5 Concluding Remarks

Superconformal quantum mechanics and its light-front holographic embedding in a higher dimen-
sional gravity theory provides a viable new framework which incorporates key nonperturbative as-
pects of hadronic physics that are not obvious from the QCD Lagrangian, including the emergence of
a universal mass scale and color confinement out of a nominally conformal theory. The pion is mass-
less in the limit of zero quark masses, and it has no supersymmetric baryon partner. The bound-state
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equations depend explicitly on the orbital angular momentum, and thus chiral symmetry is broken
from the outset in the Regge excitation spectrum. Furthermore, this new approach gives unexpected
connections between mesons and baryons and allows the description of physical observables, such
as meson and nucleon structure functions, transverse momentum distributions, and distribution am-
plitudes, which are not amenable to a first-principle computation. In this article we have briefly de-
scribed new developments, such as the extension of the framework to actually compute the heavy-light
spectrum. This implies linear trajectories not only for light hadrons, but also for hybrid ones. Indeed,
existing data are not in contradiction to the linearity predicted by the supersymmetric embedding [32].
Other recent applications include the description of nucleon form factors, with predictions over an ex-
tensive energy range in view of the upcoming experiments at JLab [34]. We have also discussed the
behavior of the QCD coupling in the infrared region, and its matching with the short-distance regime,
which allows the prediction of the perturbative QCD scale Λs and the transition scale Q0 from the
perturbative to the nonpertubative domains [12]. The underlying superconformal symmetry provides
strong constraints on the embedding geometry and the resulting confinement dynamics. It also pro-
vides convenient nonperturbative boundary expressions at the hadronic scale which are then driven by
QCD evolution equations to higher energy scales.
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