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Abstract. Experimental measurements of muonic hydrogen bound states have recently
started to take place and provide a powerful setting in which to study the properties of
QCD. We profit from the power of effective field theories (EFTs) to provide a theoret-
ical framework in which to study muonic hydrogen in a model independent fashion.
In particular, we compute expressions for the Lamb shift and the hyperfine splitting.
These expressions include the leading logarithmic O(mµα

6) terms, as well as the leading

O(mµα
5 m2

µ

Λ2
QCD

) hadronic effects. Most remarkably, our analyses include the determination

of the spin-dependent and spin-independent structure functions of the forward virtual-
photon Compton tensor of the proton to O(p3) in HBET and including the Delta particle.
Using these results we obtain the leading hadronic contributions to the Wilson coefficients
of the lepton-proton four fermion operators in NRQED. The spin-independent coefficient
yields a pure prediction for the two-photon exchange contribution to the muonic hydro-
gen Lamb shift, which is the main source of uncertainty in our computation. The spin-
dependent coefficient yields the prediction of the hyperfine splitting. The use of EFTs
crucially helps us organizing the computation, in such a way that we can clearly address
the parametric accuracy of our result. Furthermore, we review in the context of NRQED
all the contributions to the energy shift of O(mµα

5), as well as those that scale like mrα
6×

logarithms.

1 Introduction

In these proceedings we study those systems composed by a lepton and a proton which are weakly
bounded by the electromagnetic force, and in particular muonic hydrogen. Hadronic information is
encoded in the interaction of the baryon and the lepton it is bounded to, when one takes into account
the effects of the hadron’s finite size. Therefore, they are a good place to learn about the physics inside
hadrons upon comparison with experimental measurements. To do so, we develop the appropriate
effective field theory (EFT), specifically dedicated to describing the interval of the energy range in
which the relevant dynamics of the strong sector dominates.

The development of quantum field theories for baryons at low energies is closely related to the
approximate chiral symmetry of the QCD Lagrangian. The EFT description of baryons in this picture
is problematic, since their mass is comparable to the hadronization scale ΛQCD, thus reaching the limit
of validity of the chiral expansion [1]. The inclusion of the heavy mass methods overcomes this issue
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by going to the nonrelativistic (NR) limit and provides well defined power counting rules [2, 3]. this
is known as heavy baryon chiral perturbation theory (HBChPT). In this setting, we include the Delta
particle ∆(1232), which is only ∼300 MeV away from the nucleon mass and couples strongly to the
pion-nucleon sector. On top of this, an outcome of applying large-Nc rationale to baryons is that the
proton and the Delta particle become degenerate in mass.

In fact, bound states are naturally nonrelativistic systems, since the relative velocity between their
components v is small and their typical scales relate as mr � |p| � E. The EFT approach to describe
the dynamics of NR systems allows us to obtain model independent predictions which can be orga-
nized in an efficient and systematic way (due to the well defined power counting rules), thus yielding
a unified framework to determine the nonperturbative effects. When the system is bounded by QED,
the only expansion parameter of the theory is the electromagnetic coupling constant, which is of the
order of the velocity α ∼ v. Therefore the typical energy scales in the system scale as follows:

Scales in bound state Coulomb interaction

Hard scale: mr −→ mr

Soft scale: |p| −→ mrα
Ultrasoft scale: E −→ mrα

2

It is then clear that the scales are well separated, and thus, since we are interested in the low energy
regime, we can first integrate out the hard scale to obtain NRQED [4]. Furthermore, for the physics
of our interest we can also integrate out the soft scales thus obtaining a theory for ultrasoft photons,
namely pNRQED [5]. This theory has the proper degrees of freedom to describe systems such as
positronium, muonium, hydrogen, muonic hydrogen, etc.

2 Muonic Hydrogen

Given the recent and the foreseen experimental measurements of muonic hydrogen states [6–8], a
thorough theoretical study of this system is needed. We perform it in an EFT framework, and the
results can be found in full detail in [9–12].

When dealing with muonic hydrogen, the EFT organization is specially useful, as its dynamics is
characterized by several scales:

mρ ∼ mp, mµ ∼ mπ ∼ mr, mrα ∼ me (1)

From the ratios of these scales, we can obtain small expansion parameters:

mπ

mp
∼

mµ

mp
≈

1
9
,

me

mr
∼

mrα

mr
∼ α ≈

1
137

(2)

Thus, we can organize the energy levels of muonic hydrogen as an expansion in the coupling
α, with coefficients that contain at the same time an expansion in the aforementioned parameters.
Schematically this is:

Eµp =
−mrα

2

2n2 (1 + c1α + c2α
2 + . . . ) (3)
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where c1 ∼ c1

[
µ

me

]
is a pure QED-like coefficient, and for n > 1,

cn ∼

∞∑
j=0

c( j)
n

(
mπ

mp

) j

, with c( j)
n ∼ c( j)

n

[
mr

mµ
,

mµ

mπ
, ...

]
(4)

already comprise information of the hadronic scales.
In order to obtain the theory where E ∼ mrα

2 (pNRQED), every degree of freedom with larger
energy is integrated out. This implies treating the proton and muon in a NR fashion and integrating
out pions and Delta particles. This is the step of going from HBChPT to NRQED. By integrating out
the scale mrα, pNRQED is obtained and the potentials appear. Schematically the path followed is
(∆ ≡ m∆ − mp):

HBChPT
(mπ/µ,∆)
=⇒ NRQED

(mµα)
=⇒ pNRQED .

Through this procedure the specific pNRQED Lagrangian up to O(mrα
5) is obtained [13]:

LpNRQED =

∫
d3xd3XS †(x,X, t)

{
i∂0 −

p2

2mr
+

p4

8m3
µ

+
p4

8m3
p
−

P2

2M
(5)

− V(x,p, σ1, σ2) + e
(

Zµmp + Zpmµ

mp + mµ

)
x · E(X, t)

}
S (x,X, t) −

∫
d3X

1
4

FµνFµν.

Of special relevance for our computations is the potential term of the Lagrangian. In order to properly
organize our computation, we split it in terms of its main powers of α and the constituent masses:

V(x,p, σ1, σ2) = V (0)(r) + V (1)(r) + V (2)(r) + · · · , (6)

where we define

V (n) ∝
1

mn
µ

and V (n,r) ∝
1

mn
µ

αr + expansions in small parameters. (7)

We will obtain the relevant contributions to the energy levels from these potentials in order to
compute the Lamb shift (2P−→2S transition), and the 2S hyperfine splitting in muonic hydrogen. Both
of these energy shifts have been measured experimentally [6, 14] allowing us to test the predictive
strength of our theory.

2.1 The Lamb shift and the proton radius

In order to be competitive with the experimental errors we obtain a theoretical prediction for the Lamb

shift with precision of O(mµα
5) in the counting of the pure QED contributions and O(mµα

5 m2
µ

m2
ρ
) in the

hadronic ones. The final result of our analysis yields

∆ELS = 206.0243(30) − 5.2270(7)
r2

p

fm2 + 0.0455(125) + O(mµα
5

m3
µ

m3
ρ

,mµα
6) meV, (8)

where the first number is the prediction arising from pure QED considerations and the last two en-
code the hadronic effects. Note that Eq. (8) allows us to obtain a value for the proton charge radius
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upon comparison with experiment. This is of special relevance as to this today there exists a ∼ 7σ
discrepancy between the measurement of this quantity in muonic hydrogen and its previous CODATA
determination coming from hydrogen spectroscopy and ep-scattering [15].

In our EFT setting, the hadronic effects are encoded in the δ(3)(r)-potential of pNRQED. Moreover,
the proton radius is encoded in the Wilson coefficient

c(p)
D,MS

(ν) ≡ Zp +
4
3

Z3
pα

π
ln

m2
p

ν2

 +
4
3

r2
pm2

p + O(α2) (9)

and therefore it is a well-defined quantity.
We devote most of our effort to the hadronic effects that arise from the two photon exchange

(TPE) in the last term in Eq. (8). They start at O(mµα
4) and they are the main source of the theoretical

uncertainty. This is different from the analysis in electronic hydrogen, where these effects start at
O(meα

6) and therefore contribute in a much weaker manner to the theoretical prediction of the Lamb
shift.

2.1.1 QED corrections

We will start with a brief review of the QED corrections that sum up to the first term in Eq. (8) and
which are collected in Table 1, together with their power counting order and the potential term where
they come from. For a detailed account of this computation see Ref. [11]. The first item in Table
1 is the largest contribution to this number. It comes from the electron vacuum polarization (VP) at
O(mrα

3), which is computed through the expectation value of the vacuum polarization potential V (0)
VP.

Note that in the analysis of hydrogen there is no such contribution.

kUS

V V

Figure 1. pNRQED diagrams depicting corrections to the bound state coming from the emission of an ultrasoft
photon, in the first one and from two potential insertions in the second.

Items ii)-v) of Table 1 come from higher order contributions of the static potential, higher order
corrections to the electron VP and also the light-by-light scattering contribution. We have collected
them and computed them except for the last two items which can be found in Ref. [16, 17] and
[18] respectively. Items vi) and viii) arise from relativistic corrections of the potential as well as the
ultrasoft energy contribution pictured in the first diagram of Fig. 1. It is in these contributions that
the dependence on the NRQED Wilson coefficients arises, therefore also giving place to the hadronic
effects which are encoded within these coefficients. However, we split their contribution into pure
QED and hadronic pieces. The relevant tree level diagrams with their explicit dependence on the
Wilson coefficients are pictured in Fig. 2.

It is worth noting that in the computation of items iii), viii) and x) in Table 1 one needs to use
second order perturbation theory. This is pictured in the second diagram of Fig. 1. In order to
compute this correction with two potential insertions we use the usual notation of quantum mechanics

δEV×V
nl j = 〈ψnl j|V

1
(En − h)′

V |ψnl j〉 =

∫
dr2dr1ψ

∗
nl j(r2)V(r2)G′nl(r1, r2)V(r1)ψnl j(r1)
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Table 1. Summary of the contributions to the muonic hydrogen n = 2 Lamb shift coming from QED corrections.

i) O(mrα
3) V (0)

VP 205.00737
ii) O(mrα

4) V (0)
VP 1.50795

iii) O(mrα
4) V (0)

VP 0.15090
iv) O(mrα

5) V (0)
VP 0.00752

v) O(mrα
5) V (0)

LbL −0.00089(2)

vi) O(mrα
4 ×

m2
µ

m2
p
) V (2,1) + V (3,0) 0.05747

vii) O(mrα
5) V (2,2)

no−VP + ultrasoft −0.71896
viii) O(mrα

5) V (2,2)
VP + V (2,1) × V (0,2)

VP 0.01876
ix) O(mrα

6 × ln( mµ

me
)) V (2,3); c(µ)

D −0.00127
x) O(mrα

6 × lnα) V (2,3)
VP ; c(µ)

D −0.00454

d2

cD cS

cF

Figure 2. NRQED diagrams contributing to the relativistic corrections of the Lamb shift. Dashed lines and
zigzag lines account for a longitudinal and a transversal photon respectively. The vertices proportional to the
NRQED Wilson coefficients are explicitly named in the figure.

where the G′nl is the reduced Green function (a suitable definition can be found in [11]).

Finally, the last two items in Table 1 are the large logarithmic contributions of the O(mrα
6) cor-

rection. Their computation allows us to estimate the uncertainty of this computation by assuming it
to be a 50% of their sum.
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2.1.2 Hadronic effects

The hadronic effects of the last two terms of Eq. (8) come from the NRQED Lagrangian

δL =
d2

m2
p

FµνD2Fµν − e
c(p)

D

m2
p

N†p∇ · ENp +
c3

m2
p

N†pNpµ
†µ (10)

from which the subsequent contribution to the δ(3)(r)-potential and the energy levels is

δVhad =
Dhad

d

m2
p
δ(3)(r), δEhad

nl =
Dhad

d

m2
p

(mrα)3

πn3 δl,0, (11)

that depends on the following combination of the NRQED matching coefficients:

Dhad
d ≡ −chad

3 − 16παdhad
2 +

πα

2
chad

D (12)

where chad
3 accounts for two photon exchange contribution, dhad

2 for the hadronic vacuum polarization
and, as noted in Eq. (9), chad

D encodes the definition of the proton radius.
All the hadronic contributions are collected in Table 2 together with their power counting order

and the piece of the potential where they come from. The first two entries account for the contribution
to the proton radius up to O(mrα

5) and with the third one, which is the large logarithm of the O(mrα
6),

we can estimate the error (assuming, as for the QED part, a 50%). Entry iv) is the hadronic VP, which
can be extracted from experimental data via dispersion relations with a very small error. This was
done by Jegerlehner [19], and this is the number we quote.

Table 2. Summary of the hadronic contributions to the Lamb shift in muonic hydrogen.

i) O(mrα
4 × m2

r r2
p) V (2,1); c(p)

D ; r2
p −5.19745

r2
p

fm2

ii) O(mrα
5 × m2

r r2
p) V (2,2)

VP ; c(p)
D ; r2

p −0.02815
r2

p

fm2

iii) O(mrα
6 lnα × m2

r r2
p) V (2,3); c(p)

D ; r2
p −0.00136

r2
p

fm2

vi) O(mrα
5 ×

m2
r

m2
ρ
) V (2)

VPhad
; dhad

2 0.0111(2)

v) O(mrα
5 ×

m2
r

m2
ρ

mµ

mπ
) V (2); chad

3 0.0344(125)

Now let us focus on the two photon exchange contribution, which determines item v) of Table 2.
Even if in our EFT setting it comes form a single Wilson coefficient of NRQED, it is customarily
split into Born and polarizability terms. By introducing the contribution of the Delta particle, we can
schematically write it in terms of its expansion parameters as

chad
3 = cBorn

3 + cpol
3 ∼ α

2 mµ

mπ

(
1 + #

mπ

∆
+ ...

)
+ O(

α2mµ

ΛQCD
) (13)

In order to obtain this number we have computed the forward virtual Compton tensor in HBChPT
up to O(p3). The diagrams that contribute to this computation are depicted in Fig. 3, both for the
purely chiral contribution and for the contribution coming from the Delta resonance.
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(6) (7) (8)

µ

p

(6) (7) (8)

µ

p

Figure 3. Diagrams contributing to the TPE in HBChPT. The eight leftmost diagrams are the pure chiral correc-
tion while the nine rightmost diagrams account for the contribution of the Delta particle. The dashed lines are
pions, the wiggly lines are photons and the double lines depict the Delta excitation of the proton.

The forward virtual Compton tensor can be described in terms of four tensor functions as

T µν =

(
−gµν +

qµqν

q2

)
S 1(ρ, q2) +

1
m2

p

(
pµ −

mpρ

q2 qµ
) (

pν −
mpρ

q2 qν
)

S 2(ρ, q2)

−
i

mp
εµνρσqρsσA1(ρ, q2) −

i
m3

p
εµνρσqρ

(
(mpρ)sσ − (q · s)pσ

)
A2(ρ, q2), (14)

where the first line is the symmetric, spin-independent part that gives a contribution to the Lamb
shift and the second line is the antisymmetric, spin-dependent piece, that contributes to the hyperfine
splitting.

We find for the total TPE energy shift

δE TPE
L =

(mrα)3chad
r

8πm2
p

= δEBorn
L + δEpol

L = 28.59(π) + 5.86(π&∆) = 34.4(12.5)µeV (15)

In order to estimate the error of the quantities that arise from this computation we count mπ ∼√
ΛQCD/,mq and ∆ ∼

ΛQCD

Nc
, and so mπ

∆
∼ 1/2.. Therefore, we associate a 50% uncertainty to the

pure chiral computation. For all our computations we observe good convergence, the contribution
due to the Delta being much smaller than the pure chiral result and well inside the 50% uncertainty.
Leaving aside the Delta, the splitting with the next resonances suggest a mass gap of order ΛQCD ∼

500-770 MeV depending on whether one considers the Roper resonance or the ρ. Therefore, we
assign mπ

ΛQCD
∼ 1

3 and ∆
ΛQCD

∼ 1
2 , as the uncertainties of the pure chiral and the Delta related contribu-

tions respectively. We add these errors linearly for the final error. This gives the expected size of the
uncomputed corrections but numerical factors may change the real size of the correction.

In order to compare to previous estimations of the TPE contribution we split our computation into
Born and polarizability corrections as in the first equality of Eq. (13).
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The first term in Eq. (13) is generated by the spin-independent Born contribution to T µν in Eq. (14).
At leading order in the NR expansion it reads

c3,Born = 4(4πα)2m2
pmµ

∫
dD−1q

(2π)D−1

1
q6 G(0)

E G(2)
E (−q2) =

π

3
α2mpmπ〈r3〉(2),

where the HBChPT electromagnetic form factors had already been computed in [3, 20, 21]. In the
last equality it can be seen that this contribution can be related to (one of) the Zemach moments, so
we profit our computation to study the EFT prediction for the different Zemach momenta, which we
summarize in Table 3.

Table 3. Values of hr n i in fermi units. The first two rows give the prediction from the effective theory: the first
with only pions and the second with pions and Deltas. The third row corresponds to the standard dipole fit with
〈r2〉= 0.6581 fm3. The fourth and fifth rows correspond to different parameterizations of experimental data

(fm) 〈r3〉 〈r4〉 〈r5〉 〈r6〉 〈r7〉 〈r3〉(2)

π 0.4980 0.6877 1.619 5.203 20.92 0.9960
π&∆ 0.4071 0.6228 1.522 4.978 20.22 0.8142
Dipole [22] 0.7706 1.083 1.775 3.325 7.006 2.023
Kelly [23] 0.9838 1.621 3.209 7.440 19.69 2.526
Distler et al[24] 1.16(4) 2.59(19)(04) 8.0(1.2)(1.0) 29.8(7.6)(12.6) — 2.85(8)

The chiral prediction is expected to give the dominant contribution of 〈rn〉 for n ≥ 3. For n = 2
it could also give the leading chiral logarithm. For smaller n the chiral corrections are subleading.
Nevertheless, we observe large differences, bigger than the errors, not only in the EFT prediction but
also in the predictions from different fits. In this respect, we believe that the chiral result may help
to shape the appropriate fit function and, thus, to discriminate between different options, as well as to
assess uncertainties.

Finally, for the Born energy shift we compare our result to other determinations from dispersion
relations in Table 4. Note that the correction associated to the Delta is much smaller and so the EFT
result shows a good convergence. On the other hand our result strongly differs with respect to standard
values obtained from dispersion relations.

Table 4. Predictions for the Born contribution to the n = 2 Lamb shift. The first two entries correspond to
dispersion relations. The last two entries are the predictions of HBET, for only pions and including the Delta.

(µeV) DR: Pachucki [25] Carlson [26] HBET (π) (π&∆)
δEBorn

L 23.2(1.0) 24.7(1.6) 10.1(5.1) 8.3(4.3)

We now look at the contribution from the second term in Eq. (13), which can be obtained from the
polarizability piece of the symmetric spin-independent piece of T µν in Eq. (14) in the following way

cpol
3 = −e4mpmli

∫
d4kE

(2π)4

1
k4

E

1
k4

E + 4m2
µk2

0,E

(16)

×
{
(3k2

0,E + k2)S pol
1 (ik0,E ,−k2

E) − k2S pol
2 (ik0,E ,−k2

E)
}

+ O(α3). (17)

In Table 5 we compare our determination with previous results. Most of them are obtained by
a combination of dispersion relations plus some modeling of the subtraction term that we discuss
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below. The analysis of Ref.[27] has a different status. In this reference the polarizability correction
was computed using BχPT with only pions. Such computation treats the baryon relativistically. The
result incorporates some subleading effects, which are sometimes used to give an estimate of higher
order effects in HBChPT. Nevertheless, the computation also assumes that a theory with only baryons
and pions is appropriate at the proton mass scale. This should be taken with due caution. Still, it
would be desirable to have a deeper theoretical understanding of this difference, which may signal
that relativistic corrections are important for the polarizability correction. In any case, the BχPT
computation differs from our chiral result by around 50%, which we consider reasonable.

Table 5. Predictions for the polarizability contribution to the n = 2 Lamb shift. The first four entries use
dispersion relations for the inelastic term and different modeling functions for the subtraction term. The 5th

entry is obtained using BχPT. The last two are our HBET predictions for only pions including the Deltas

DR+Model BχPT(π) HBET(π) (π&∆)
Pachucki Martynenko Carlson et al Gorchtein et al Alarcon et al Nevado et al

[28] [29] [26] [30] [27] [31]
δEpol

L (µeV) 12(2) 11.5 7.4 (2.4) 15.3(5.6) 8.2 (+1.2
−2.5) 18.5(9.3) 26.2(10.0)

We would like to emphasize at this point that this result is a pure prediction of the EFT. It is also

the most precise expression that can be obtained in a model independent way, since O(mrα
5 m3

µ

Λ3
QCD

)

effects are not controlled by the chiral theory and would require new counterterms. Note also that the
TPE contribution agrees better with DR results than Born and polarizability do separately.

2.2 The hyperfine splitting

From the results for the forward virtual Compton tensor [32], we can compute the EFT contribution
of the TPE to the hyperfine (HF) splitting in muonic hydrogen allowing for comparison with both
previous estimates and experimental data. A detailed account of this analysis can be found in [12].

The TPE in HF splitting is related to the NRQED lagrangian

δL = −
cpli

4

m2
p

N†pσNpl†σl, (18)

where
cpli

4 ≡ α
2cpli

4,TPE + α3δcpli
4 . (19)

From the Lagrangian in Eq. (18) we obtain the subsequent contribution to the δ(3)(r)-potential and the
energy levels read

δV =
2cpli

4

m2
p

(S1 + S2)2δ(3)(r), ∆EHF =
4(αmr)3cpli

4

n3πm2
p

. (20)

We can obtain the TPE Wilson coefficient from the antisymmetric spin-dependent piece of the T µν

tensor in Eq. (14), such that

cpli
4,TPE =

1
3π2

∫
d4k

1
k2

E

1
k4

E + 4m2
li
k2

0,E

{
A1(ik0,E ,−k2

E)(k2
0,E + 2k2

E) + i3k2
E

k0,E

mp
A2(ik0,E ,−k2

E)
}
. (21)
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2.2.1 The HF splitting in hydrogen

The hyperfine splitting of the ground state of hydrogen is one of the most accurate measurements made
by mankind [33, 34]. Upon comparison of this result to the QED contributions which are (partially)
known up to O(meα

8) and the inclusion of the leading recoil corrections, we can obtain a prediction
of the TPE hyperfine energy shift

Eexp
hyd, HF(1S ) − EQED

hyd, HF(1S ) − EQED,recoil
hyd, HF (1S ) = −46.94 kHz, (22)

from which we extract for the TPE piece of the Wilson coefficient

cpe
4,TPE = −48.7(5), (23)

where the error is the estimate of the corrections associated to the order α, which is taken to be 1%.

2.2.2 The HF splitting in muonic hydrogen

In the case of muonic hydrogen, there are two ways in which we can obtain a prediction for the TPE
correction to the HF splitting. We can do so by comparison to experimental data or by using the result
for hydrogen plus the computation of the HBChPT forward virtual Compton tensor.

The experimental measurement the (2S) HF splitting has already been obtained [7], and an exper-
imental measurement for the (1S) HF splitting is foreseen for the next year. Analogously to what we
have presented for the Lamb shift, in Tables I and II of Ref. [12], the QED contributions to the (1S)
and (2S) hyperfine splitting are presented. These corrections comprise the effect of electron VP, sec-
ond order perturbation theory and the contribution coming from relativistic corrections. They include
a partial set of the O(mrα

6) contribution.
Upon comparison of the experimental measurement of the (2S) HF splitting to our theoretical

prediction we obtain (preliminary):

cpµ
4,TPE = −α245.5(0.1)th(1.6)exp ETPE

µp,HF = 0.1456(51)exp(2)th. (24)

The errors are dominated by experiment, on the other hand, the foreseen determination of the hyperfine
of the ground state would eliminate most of this error.

We can also obtain the TPE Wilson coefficient by taking the difference of the muonic hydrogen
and electronic hydrogen coefficients such that

cpµ
4,TPE = cpe

4,TPE + [cpµ
4,TPE − cpe

4,TPE] + O(α). (25)

Each coefficient can be split into terms coming from different pieces of T µν in Eq. (14):

cpl
4,TPE = cpl

4,R + cpl
4,point−like + cpl

4,Born + cpl
4,pol . (26)

Since cpli
4,R ' cp

4,R up to terms of O(α2mli/ΛQCD), we can obtain the following relation

cpµ
4,TPE − cpe

4,TPE =
[
cpµ

4,Born − cpe
4,Born

]
+

[
cpµ

4,point−like − cpe
4,point−like

]
+

[
cpµ

4,pol − cpe
4,pol

]
. (27)

By considering differences in Eq. (27) the ultraviolet behavior gets regulated and the logarithmic
divergences vanish. This makes these contributions to be very small an negligible compared with the
uncertainties. For the point-like contribution we obtain

cpµ
4,point−like − cpe

4,point−like =

1 − κ2
p

4

 ln
m2
µ

m2
e

+
m2
µ

m2
p

(1 +
κp

2
(1 −

κp

6
)) ln

 m2
µ

ν2
chiral

 ' 2.09 − 0.09 = 2.00(9) ,

(28)
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where we use the
mµ

m2
p

logarithmic term for the estimate of subleading terms setting the factorization
scale to the proton mass.

For the polarizability we obtain (note that this term vanishes in the large Nc limit, except for the
tree-level-like contribution)

cpµ
4,pol − cpe

4,pol =

0.17(9) (π),
0.25(10) (π&∆) ,

(29)

For the Born term we get zero at leading order in the ml expansion. The first nontrivial term is
quadratic in the lepton mass. We obtain

cpµ
4,Born − cpe

4,Born = −

∫ ∞

0
dp

1
3p

G(1)
M (−p2) (30)

×


 p2κp

m2
µ

+
32m4

µ − 8m2
µp2(κp + 2) − 2p4κp

m2
µp

(√
4m2

µ + p2 + p
) + 3κp + 8

 − (
mµ → me

) (31)

This integral is finite. The high energy behavior is cut by the cancellation between the integrands
of the muon and electron in such a way that the ultraviolet behavior of the integrand scales as 1/p2

(while G(1)
M (−p2) ∼ p for large p). The integrand in the limit p→ 0 is also finite since G(1)

M (−p2) ∼ p2

for small p. After the numerical evaluation we find

cpµ
4,Born − cpe

4,Born =

0 + 1.11(55) (π),
0 + 1.42(53) (π&∆) ,

(32)

Both for the polarizability and Bron differences in Eqs. (29) and (32) we use the same error analysis
explained in Section 2.1.2 for the Lamb shift.

Overall we obtain the difference

cpµ
4,TPE − cpe

4,TPE = 3.67(72), (33)

leading to a prediction for the Wilson coefficient and the TPE energy shift

cpµ
4,T PE = −45.02(1.3) δEpµ

TPE = −
1
n3 1.15(3)meV. (34)

This result is in good agreement with the one obtained by comparison to experiment in Eq. (24).

3 Conclusions

We develop the N3LO NRQED potential for different masses. We apply this computation to muonic
hydrogen, and in particular to its Lamb shift and hyperfine splitting, for which we obtain a theoretical
prediction in a model independent way in an EFT framework. The main source of uncertainty in both
predictions is the TPE, which we predict by computing the forward virtual Compton tensor in HBET
up to O(p3).

From our prediction of the TPE contribution to the Lamb shift we observe that the EFT Born
and polarizability contributions are separately different from the results obtained by means of disper-
sion relations and modeling. Nevertheless, out total prediction for the TPE energy shift is in good
agreement with these computations. This is an outcome of the EFT analysis that should be further
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understood. Upon comparison of our theoretical prediction of the Lamb shift to experiment, we can
extract a value for the proton charge radius of rp = 0.8775(51) fm which is 6.8σ away from the
combined CODATA value. Our prediction gives model independent significance to this discrepancy.

We use the same computation of the forward virtual Compton tensor to obtain a prediction of the
TPE contribution HF splitting in muonic hydrogen, by calculating its difference to the same splitting
in electronic hydrogen. Our result is in good agreement with the one extracted from the experimen-
tal data for the (2S) splitting. Future experimental data of the (1S) HF splitting will decrease the
experimental error of the latter, allowing for a more demanding comparison with out EFT result.

To conclude, let us note physics of muonic atoms is one of the most interesting topics nowadays,
with experiments such as PSI, MAMI, JLAB, MUSE, etc. prepared to or in the process of performing
measurements of different states, both to disentangle the proton radius puzzle and to obtain new data
of muonic systems, where hadronic physics plays a major role.
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