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Abstract. A new approach to study the mass spectrum of double heavy baryons (QQ
′

q)
containing strange and charmed quarks is proposed. It is based on the separation of
variables in the Schrodinger equation in the prolate spheroidal coordinates. Two non-
relativistic potential models are considered. In the first model, the interaction potential of
the quarks is the sum of the Coulomb and non-spherically symmetrical linear confinement
potential. In the second model it is assumed that the quark confinement provided by a
spherically symmetric harmonic oscillator potential. In both models the mass spectrum
is calculated, and a comparison with previous results from other models is performed.

1 Motivation

The study the properties of baryons containing two heavy quarks is of considerable interest for the
solution the confinement problem in QCD. It is related to the fact that the masses of heavy quarks mQ

define a new energy scale exceeding the the strong interaction scale ΛQCD:

mQ � mq , R ΛQCD � 1 , ΛQCD � mQ .

Here R is the distance between two heavy quarks, mq is the mass of light quark. Thus, in theory, there
is a small parameter mq/mQ, which can be used for the application of the perturbative approach.

The baryons containing two heavy quarks are becoming the subject of extensive theoretical study
in recent years. In 2002 the Selex Collaboration observed the baryon Ξ+

cc(ccd) in the decay [1]

Ξ+
cc → Λ+

c K−π+ ,

and later [2]
Ξ+

cc → pD+K− .

The mass of the state was measured to be:

MΞ+
cc = 3518.9 ± 0.9MeV . (1)
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2 Formalism

Double heavy baryons can be studied by potential models in two different ways. The first one consists
in studying the three body problem, in which the potential term is the sum of the interactions between
each pair of quarks [3–5]. The second one consists in studying the two body problem, in which one
quark interacts with a bound state of the other two quarks [6]. The double heave baryon mass is equal to

M = mQ + mQ′ + mq + EQQ′q , (2)

where EQQ′q the binding energy.
The double heavy baryons may be considered as an analog of the hydrogen molecular ion H+

2 ,
which has been treated successfully in the Born-Oppenheimer approximation. In this approximation
the wave function is split into heavy- and light-quark degree of freedom:

Ψ(R, r) =
∑

n

anφn(R)ψn(R, r) ,

where R is the distance between two heavy quark and r is the distance between the light quark and
center of mass of diquark. The light-quark wave function ψn(R, r) and the its energy term Eq(R) can
be found from Schrödinger equation

∆ψ + 2mq

(
Eq(R) − V

)
ψ = 0 . (3)

Note that in the system of units we use ~ = 1.
Prolate spheroidal coordinates are determined by the following relations [7]:

ξ =
r1 + r2

R
, η =

r1 − r2

R
, ϕ = arctan

(
y

x

)
, (4)

+1 6 ξ 6 ∞ , −1 6 η 6 +1 , 0 6 ϕ 6 2π , (5)

where r1 and r2 – distances between heavy quarks and light.

3 First model

The first model of double heavy baryons assumes that the potential V in (3) consist of Coulomb and
confinement terms and is equal to

V1 = VCoul + Vcon f = −
(Z1 + Z2)ξ + (Z2 − Z1)η

R(ξ2 − η2)
+
βRξ(ξ2 − 1)

(ξ2 − η2)
−

4
3

V0 , (6)

Obviously, the potential (6) for large ξ behaves as:

V1 −−−−→
ξ→∞

βRξ ∼ r , (7)

satisfying thus the correct linear asymptotic behavior. This potential (6) is shown in the Figure 1.
Let us represent the wave function ψ j, corresponding to the term E j(R), in the form of

ψ j = ψkqm(ξ, η, ϕ; R) = Nkqm(R)
Xmk(ξ; R)√
ξ2 − 1

Ymq(η; R)√
1 − η2

eimϕ , (8)
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Figure 1. Potential of the interaction between light and heavy quarks. Here ρ and z are cylindrical coordinates.

where the multiindex j = {kqm} denotes the quantum number set in which k and q coincide with the
numbers of zeros of the corresponding functions in the variables ξ and η, and the number m takes on
the values 0,±1,±2, . . . . The normalization constant Nkqm(R) is determined by the condition∫

V

ψ∗kqm(ξ, η, ϕ; R)ψk′q′m′ (ξ, η, ϕ; R)dV = δkk′δqq′δmm′ ,

where dV =
R3

8
(ξ2 − η2)dξdηdϕ – is a volume element in the prolate spheroidal coordinates.

After substituting (6) and (8) into (3) we obtain the ordinary differential system

d2Xmk(ξ; R)
dξ2 +

mq

−p2 − βR3ξ +
aξ − λ(ξ)

mk

ξ2 − 1

 +
m2 − 1

(ξ2 − 1)2

 Xmk(ξ; R) = 0 , (9)

d2Ymq(η; R)
dη2 +

mq

−p2 +
bη + λ

(η)
mq

1 − η2

 − m2 − 1
(1 − η2)2

 Ymq(η; R) = 0 . (10)

Here

p2
j = −

R2

2

(
E j +

4
3

V0

)
, a = (Z1 + Z2)R , b = (Z2 − Z1)R , (11)

p has the meaning of the energy parameter; a, b are the charge parameters; λ(ξ)
mk = λ

(ξ)
mk(p, a),

λ
(η)
mq = λ

(η)
mq(p, b) are the separation constants.

The equations (9) and (10) are supplemented by the boundary conditions:

Xmk(+1; R) = 0 , |Xmk(ξ; R)| −−−−→
ξ→∞

0 , |Ymq(±1; R)| < ∞ . (12)
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Thus the equations (9) – (12) form the boundary value problems that must be solved simultane-
ously, and the energy spectrum can be obtained from the condition

λ
(ξ)
mk(p, a) = λ

(η)
mq(p, b) . (13)

Let’s find the binding energy of the double heavy baryon EQQ′q. After separation of the angular vari-
ables and substitution

φnl(R) =
Fnl(R)

R
for the eigenfunctions, we obtain

d2Fnl(R)
dR2 +

[
2Mred

(
EQQ′q − Eq(R) +

2αs

3R
− βR

)
−

l(l + 1)
R2

]
Fnl(R) = 0 . (14)

Equation (14), supplemented by the boundary conditions

Fnl(0) = 0 , |Fnl(R)| −−−−→
R→∞

0

forms a boundary value problem, by solving which we find EQQ′q. The equations (9), (10), (14) are
solved numerically.

4 Second model

In the second model, inspired by [3], the potential is taken as:

V2 = −
Z1

r1
−

Z2

r2
+ ω2(r2

1 + r2
2) −

4
3

V0. (15)

In prolate spheroidal coordinates it is given by:

V2 = VCoul + Vcon = −
a(ξ) + b(η)
R2(ξ2 − η2)

−
ω2R2

2
−

4
3

V0 , (16)

where

a(ξ) = (Z1 + Z2)Rξ −
ω2R4

4
ξ2(ξ2 − 1) ,

b(η) = (Z1 − Z2)Rξ −
ω2R4

4
η2(η2 − 1) ,

Obviously, the potential (16) for large ξ

V2 −−−−−→
ξ→±∞

ω2R4ξ2 ∼ r2 ,

which differs from linear asymptotic behavior (7).
The Schrödinger equation with potential (16) admits a separation of variables. This allows us to

obtain the ordinary differential system similar to (9)–(10):

d2Xmk(ξ; R)
dξ2 +

mq

−p2 +
a(ξ) − λ(ξ)

mk

ξ2 − 1

 +
m2 − 1

(ξ2 − 1)2

 Xmk(ξ; R) = 0 , (17)

d2Ymq(η; R)
dη2 +

mq

−p2 +
b(η) + λ

(η)
mq

1 − η2

 − m2 − 1
(1 − η2)2

 Ymq(η; R) = 0 . (18)

The obtained boundary problems are solved in a similar way as for Model 1.
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5 Parameters fixation

In the proposed models we consider only the case where both heavy quarks have the same flavor, i.e.

Z1 = Z2 =
2
3
αs, where αs = 0.39.

In the Model 1, the tension parameter is taken as β = 0.116 GeV2 to provide better agreement
with the previous calculations. The other parameters are taken as in [3]: ω2 = 0.174 GeV3, the quark
masses mc = 1.486 GeV, mb = 4.88 GeV and mq = 0.385 GeV; the constant term in the potential
V0 = 0.05 GeV.

6 Calculation of the observables

The computed masses of the double heavy baryons with different combinations of the diquark and
light quark bound states are listed in table. Also, it was assumed that the diquark is in the ground
state.

Table 1. Masses of the double heavy baryons computed in the models and compared to known results

State Model 1 Model 2 Ref. [4] Ref. [5]

Ξcc, GeV

(1S 1s) 1
2

+ 3.581 3.661 3.520 3.685

(2S 1s) 1
2

+ 3.660 3.730 3.784 4.079

(3S 1s) 1
2

+ 3.672 3.816 – 4.159

Ξbb, GeV

(1S 1s) 1
2

+ 10.060 9.89 – 10.314

(2S 1s) 1
2

+ 10.178 9.911 – 10.571

(3S 1s) 1
2

+ 10.210 9.939 – 10.612

7 Conclusion

We considered two non-relativistic potential models with separation of variables in prolate spheroidal
coordinates. In the first model the confinement potential is not spherically symmetrical but has correct
asymptotic behavior. In the second model the potential obey spherical symmetry but too fast grows
at infinity. Despite the fact that the numerical calculations were carried out selectively and were of
evaluative nature, it was shown that both models can successfully describe the experimental data and
require further development.
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