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Abstract. The evolution of a migrating cloud of particles with electrohydrodynamic interactions is numerically

investigated. The hydrodynamic interaction is modelled by Oseen dynamics in the limit of small-but-finite

particle Reynolds number. The effects of external field and the particle-particle Coulomb repulsion, calculated

through pairwise summation, are quantified by a charge parameter, κq. With a small or zero κq, the cloud is

seen to flatten into a toroidal configuration and eventually breaks up into two small clouds, indicating that the

external electrostatic field has a similar effect with gravity. Increasing the long-range Coulomb repulsion can

delay or even totally prevent the breakup. With sufficiently strong repulsion, the cloud undergoes a self-similar

expansion. Finally, we show that the breakup of the cloud is strongly related to the initial inhomogeneity of

the particle concentration. This chaotic characteristic, however, is dramatically depressed by the long-range

Coulomb repulsion.

1 Introduction

The migration of charged particles in an electrostatic field

is ubiquitous in engineering processes, including dust re-

moval in an electrostatic precipitator [1, 2], films fabrica-

tion using electrophoretic deposition [3] and self-assembly

of colloidal particles [4]. During these process, both hy-

drodynamic and electrostatic interactions between multi-

ple particles result in a wealth of complex collective be-

haviours of the particle clouds.

For flows with a sufficiently low Reynolds number, the

hydrodynamic interaction among particles is usually sim-

ulated by solving the Stokes/Oseen equations. The dis-

turbance of every individual particle on the flow field is

linearly summed to obtain the flow field at the position of

other particles [5, 6]. Stokes dynamics has been used to

investigate the evolution of the settling velocity and the

shape of a particle cloud during gravity settling in condi-

tions where inertia is negligible [7]. Cloud settling in the

case of small-but-finite Reynolds number was investigated

by Pignatel et al. It is proposed that the evolution of the

cloud deformation is accelerated as the inertia is increased

[8]. Yang et al. proposed analytical expressions of settling

velocities for both spherical and columnar particle clouds,

and compared them with the result of Stokes clouds to re-

flect the effect of the fluid inertia [9].

Most studies are focused on cloud settling under grav-

ity, while the migrating of charged particles in an elec-

trostatic field is rarely involved. The biggest difference

between the electrostatic migration process and the grav-

itational settling process is the need to account for the
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inter-particle Coulomb repulsion. This long-range repul-

sion has been found to have significant effects on parti-

cle packing structure [10]. However, the migration behav-

ior of particle clouds with a coupling effect of hydrody-

namic/electrostatic interactions still remains unclear. In

this paper, we try to understand this process in the limit

of small-but-finite particle Reynolds number through Os-

een simulations with special attention paid to the effect of

long-range Coulomb repulsion.

2 Models and Methods

2.1 Simulation conditions

A sketch of the simulated system is shown in Fig. 1.

A spherical cloud with radius R0 containing N = 1000

charged particles is immersed in an unbounded fluid of

viscosity μ f . The fluid is at rest at infinity and the cloud

is migrating under an action of a uniform electric field.

The radius rp, density ρp, charge q0 of particles and the

strength of the electric field intensity E0 are also listed

in Fig. 1. Besides the hydrodynamic interactions (mod-

elled by Oseen dynamics), we also consider the long-rang

electrostatic forces: a uniform external electrostatic force

in x direction (E0q0) and a pairwise Coulomb repulsion

(q2
0/4πεr

2
i j). It should be mentioned that, higher-order

multipoles, e.g., dipoles or quadrupoles, decay sufficiently

fast with the distance and are ignored in this work due to

the large separation between particles. Such interactions,

which may have effects on particles dynamic when the

concentration of particles in the cloud is high, will be left

to future work. During our simulation, the information of
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Figure 1. Sketch of the simulated system and main parameters.

all particles (position, velocity and forces) and flow field

(velocity and pressure) are simultaneously recorded. Thus

the temporal evolution of migrating cloud can be easily

captured.

2.2 Oseen Dynamics

For a particle with radius rp translating with a velocity US

relative to the surrounding fluid, the generated flow field

can be written as:

ur =
US r2p

r2

{
− rp

2r
cosθ − 3(1 − cosθ)r

4rp
exp

(
−ReS r(1 + cosθ)

2rp

)

+
3

2ReS

[
1 − exp

(
−ReS r(1 + cosθ)

2rp

)]}

uθ = − US rp

r
sinθ

⎡⎢⎢⎢⎢⎢⎣ r2p
4r2
+

3

4
exp

(
−ReS r(1 + cosθ)

2rp

)⎤⎥⎥⎥⎥⎥⎦ .
(1)

With the polar axis (θ = 0) coincident with the di-

rection of particle motion. ReS = 2rpUS ρ f /μ f is the in-

stantaneous particle’s Reynolds number based on particle

slip velocity US . Since the particle Stokes number is very

small (∼ 10−2) in the current simulations, it is reasonable

to assume that the particle inertia is negligible. Thus US

can be directly calculated from the external forces acting

on the particle through US = Fext/6πμ f rp. Then the ve-

locity for a particle i inside the cloud can be obtained as

a summation of its slip velocity US ,i and the fluid veloc-

ity ui at its centre, which is solved by a matrix equation

ui =
∑

j�i Wi jUS , j once the slip velocity of each particle is

known.

In this work, the electrostatic forces are the only exter-

nal forces and the equation of motion for ith particle can

be expanded as

vi =ui + US ,i

=ui +
1

6πμ f rp

⎛⎜⎜⎜⎜⎜⎜⎝E0qi + qi

∑
j�i

q jri j

4πε0r3i j

⎞⎟⎟⎟⎟⎟⎟⎠ . (2)

Here, E0 is the external field in x direction and qi is the

charge on particles which is identical to q0 in this work.

Normalizing the velocity by the migrating velocity of an

isolated particle U0 = E0q0/6πμ f rp, the length by cloud

radius R0, and the time by R0/U0, Eq. 2 becomes

v̂i = ûi +

⎛⎜⎜⎜⎜⎜⎜⎝1ex + κq
1

N

∑
j�i

r̂i j

r̂3i j

⎞⎟⎟⎟⎟⎟⎟⎠ . (3)

Several dimensionless parameters influence migrating

process. The most important one is particle Reynolds

number Rep = E0q0ρ f /6πμ
2
f , which has been related to the

electrostatic properties. Another dimensionless parameter

indicated by Eq. 3 is the charge parameter, κq, which is

defined as

κq =
q0N

4πε0E0R2
0

. (4)

κq is interpreted as the ratio of the order of magnitude of

particle-particle Coulomb repulsion to that of uniform ex-

ternal force.

3 Results and discussions
3.1 Clouds evolutions

The typical evolution of a cloud with different strength of

Coulomb repulsion (κq) is shown in Fig. 2. The cloud with

κq = 0 (Fig. 2(A)), is seen to flatten (at dimensionless time

t̂ = 15) and to transit into a toroidal shape (t̂ = 30). Then

the toroidal cloud expands and finally breaks up into two

small clouds (t̂ = 60) which may undergo repeating beak-

up. This is qualitatively in accord with the simulation and

the experiments of settling under gravity [7, 8]. The result

indicates that the external electrostatic field has a similar

effect with gravity.

In the presence of long-range Coulomb repulsion

(Fig. 2(B)), the vertical collapse of the cloud still remains.

However, instead of an immediate breakup at t̂ = 30, the

cloud remains in an oblate shape. Breakup is delayed

to t̂ = 60. When κq further increases, the cloud under-

goes a self-similar expansion (Fig. 2(C). No breakup hap-

pens during a long-term observation (t̂ ∼ 100). These re-

sults suggest that the long-range repulsion makes the cloud

more stable during its migration.

3.2 Migrating velocity and aspect ratio

The effect of the long-range repulsion can be further quan-

tified by the temporal evolution of the migrating velocity

and the aspect ratio of the clouds (Fig. 3). The migrating

velocity has been normalized by the migrating velocity of

an isolated particle. The initial migrating velocity at t̂ = 0

is Ux/U0 = 2.13, which accords well with the analytical

prediction Ux/U0 = 1.2(rp/R0)N f (l∗) + 1 = 2.12 of cloud

settling under gravity [9]. This result indicates that the uni-

form electrostatic force plays a similar role as gravity. And

the prediction of Yang et al.[9] still holds after substituting
the migrating velocity of a charged particle (E0q0/6πμ f rp)

for the terminal settling velocity of a particle under gravity

(mpg/6πμ f rp).

The decreasing trends of Ux/U0 for the three cases

are quite similar, however the underlying physical mech-

anism is different. For the cloud without long-range re-

pulsion, the drop of the Ux/U0 is mainly due to the evo-

lution towards a torus and the following breakup, which
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Figure 2. Typical evolution of clouds with Rep = 1.27 × 10−3 and (A) κq = 0, (B)κq = 0.023 and (C)κq = 0.14.

splits the big cloud into small clouds and weakens the

particle-particle hydrodynamic interaction (Fig. 2(A)). As

for clouds with long-range repulsion, despite the absence

of any breakups, a radial expansion also leads to a decrease

of hydrodynamic interaction resulting a smaller migrat-

ing velocity. And the decrease rate of Ux/U0 is larger for

cloud with a higher κq.
The temporal evolution of the aspect ratio is a more

intuitive way to reflect the difference between migrating

clouds with and without long-range repulsion. The as-

pect ratio is defined as λ = Rh/Rv, where the horizontal

radius Rh is defined as the average of the maximum dis-

tance from the centre of mass over four quadrants in the

horizontal plane and the vertical radius Rv is the distance

form the leading particle to the center of mass of the cloud.

As shown in Fig. 3(B), the initial increase of λ is caused

by the vertical collapse and then remarkably difference

can be observed. For cloud without long-range repulsion

(κq = 0), λ rapidly decreases from the peak (a) at t̂ = 17

to the point (b) at t̂ = 33 (the corresponding snapshots are

shown below the figure). It is caused by the breakup of

the cloud. Once two small clouds are formed, the inho-

mogeneity of the distribution of particles inside the two

clouds causes a obvious difference between their migrat-

ing velocities. Consequently, they separate in the vertical

direction, which leads to a increase of Rv i.e. a smaller λ.
To some extent, the increasing-decreasing trend of λ ∼ t̂
can be regarded as a sign of cloud’s destabilization.

In the presence of long-range repulsion, the decrease

of λ is delayed (κq = 0.023) or even completely disap-

peared (κq = 0.14). This result suggests that the long-

range Coulomb repulsion can help the cloud maintain a

stable configuration.

3.3 Stability of migrating clouds

In this section, we briefly discuss the stability of migrat-

ing clouds. It has been reported that long-range hydro-

Figure 3. (A) Normalized cloud migrating velocity Ux/U0 and

(B) aspect ratio λ versus time t̂. The snapshots below are taken

at (a) t̂ = 17 and (b) t̂ = 33 in the case of κq = 0.

dynamic interactions lead to a complex chaotic dynamics

and the evolution of a migrating cloud is extreme sensi-

tive to initial configurations[7, 11]. Therefore, we plot the

angular probability distribution of particles in the cloud at

three typical moment t̂ = 0, 17 and 33 to show the rela-

tionship between initial configurations and clouds’ desta-

bilization. As shown in Fig. 4(A), for the case without

Coulomb repulsion, the non-uniformity in the angular dis-
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Figure 4. Angular probability distribution of particles in a cloud

with (A) κq = 0 and (B) κq = 0.14 at t̂ = 0, 17 and 33.

tribution is enhanced with time. At t̂ = 33, the cloud is

drastically stretched in the directions with higher particle

concentrations(around 0◦ and 150◦). In these particle-rich

regions, a higher local concentration leads to a stronger

hydrodynamic interaction and a larger local migrating ve-

locity, which eventually induce the breakup. In this regard,

we infer that for the migrating cloud, which has a strong

chaotic characteristic, the breakup phenomenon is strongly

related to the inhomogeneity of initial particle distribution.

On the other hand, for the cloud with a sufficiently

strong long-range repulsion (κq = 0.14), the initial in-

homogeneity is obviously reduced during the migration.

The angular probability distributions at t̂ = 17 and t̂ = 33

are essentially identical and are close to the average value

(1/2π ≈ 0.159). These results suggest that, an alteration

of micro-scale interaction can cause a significant change

in the macro behaviour of a particle system. To be spe-

cific here, the long-range Coulomb repulsion increases the

stability of migrating clouds.

4 Conclusions

In summary, we use Oseen dynamic simulation with elec-

trostatic interactions taken into account to investigate the

electrohydrodynamic phenomenon of a migrating particle

cloud. It is observed that, the long-range Coulomb repul-

sion can delay or even totally prevent the breakup of the

cloud. Entirely different evolutions of the aspect ratio λ are
demonstrated: an increasing-decreasing trend of λ, which

can be regarded as a sign of destabilization, is observed

for cloud without long-range repulsion, while a cloud with

strong Coulomb repulsion undergoes a self-similar expan-

sion with a slowly changing λ. Finally, we show that the

breakup of the cloud is strongly related to the initial inho-

mogeneity of the particle concentration. This chaotic char-

acteristic of a migrating cloud is dramatically depressed by

the long-range Coulomb repulsion.
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